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Chapter 1

Introduction

Figure 1.1: Global temperature increase from average global temperature from 1850 to 2024 !
. The blue stripes represent years with a temperature below the average temperature between
1850 and 2024 and the red stripes represent years with a temperature above.

1.1 From Societal Imperative to Scientific Challenge

The twenty-first century is entering a decisive phase in the struggle to stabilize the Earth’s
climate. The global average atmospheric temperature has already risen by more than 1.3°C
above pre-industrial levels (1750), with the past decade marking the hottest period in recorded
history? . The question is not anymore if we will exceed the 2°C warming limit set by the Paris
Agreement but how much we will exceed it. Extreme weather events, that were once considered
rare and isolated, are now occurring with increasing frequency and intensity: heatwaves in
Europe and North America [1], catastrophic floods in Pakistan [2], and record wildfires across

! https:/ /showyourstripes.info/
2 https:/ /www.eea.europa.eu/en/analysis/indicators/ global-and-european-temperatures
[1] “Heat Extremes in West Europe Increasing Faster than Simulated”. Robert Vautard et al. (2023).
[2] “Causes of 2022 Pakistan Flooding: Link with China and Europe Heatwaves”. Chi-Cherng Hong et al. (2023).
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Chapter 1. Introduction

the Mediterranean [3], western United States (California) [4] and Australia [5], have revealed
the mounting human and economic toll of a rapidly warming planet. Despite this mounting
evidence and decades of coordinated international effort, from the establishment of the United
Nations Framework Convention on Climate Change (UNFCCC) and the annual Conferences of
the Parties (COP), to the legally binding commitments of the Paris Agreement, global green-
house gas emissions have continued to rise, reaching new highs even in the aftermath of the
COVID-19 slowdown.

This widening gap between ambition and outcome exposes a profound paradox at the
heart of contemporary climate governance. Humanity possesses the scientific understanding
and technological capacity to transition toward a low-carbon future: renewable energy is now
cheaper than fossil fuels in much of the world, and viable pathways for decarbonization have
been mapped in detail by the Intergovernmental Panel on Climate Change (IPCC) ® [6]. Yet,
collective progress remains alarmingly inadequate. This failure cannot be explained by tech-
nological or economic constraints alone. It reflects the deeper, systemic difficulty of mobilizing
and sustaining coordinated action across diverse actors, institutions, and societies.

To grasp why emissions continue to rise despite widespread consensus on the need for
rapid reduction, we must view decarbonization as a socio-technical problem, one shaped by the
intertwined dynamics of policy, human behavior, and environmental feedback and not only
following a leap of faith in potential technology solutions as economists often do. Technologies
do not operate in isolation; they are embedded within political and cultural systems that
determine how, and how quickly, they are adopted. The challenge, therefore, is not only to
develop cleaner technologies, but to understand and influence the collective mechanisms that
govern social cooperation, behavioral change, and institutional adaptation.

1.1.1 Why Progress Stalls: Two Key Obstacles

When we look at why progress is so slow, two interconnected obstacles, or "brakes", appear
again and again.

(i) Strategic and Economic Competition. A stable climate is a classic global public good:
while its benefits are shared by all, the costs of action fall on individual actors and are
often felt immediately. This mismatch between collective benefits and individual costs
creates a powerful incentive to delay action or "free-ride"™ on the efforts of others, a
dynamic often described as the Tragedy Of the Commons (TOC) [7]. On a national
level, governments face pressure to protect local industries and jobs. At the corporate
level, climate commitments are felt as a cost weighed against market competitiveness.
At the individual level, the cost of climate action is also often perceived as a burden on
personal convenience or financial security. This leads to a fragile situation where progress
hinges on mutual expectations; each actor’s willingness to commit is conditional on the
perceived actions of others. This strategic interdependence makes large-scale cooperation
inherently difficult to sustain, leading to the cycles of optimism and disappointment that
often characterize international climate negotiations.

[3] “Climate Change Has Increased the Odds of Extreme Regional Forest Fire”. John T. Abatzoglou et al. (2025).
[4] “The 2020 to 2021 California Megafires and Their Impacts on Wildlife Habitat”. Jessalyn Ayars et al. (2023).
[5] “Biodiversity Impacts of the 20192020 Australian Megafires”. Don A. Driscoll et al. (2024).

8 https:/ /www.ipcc.ch/report/ar6/wgl/
[6] IPCC, 2023. Katherine Calvin et al. (2023).

* Individual benefits from the actions of others without contributing to the cost of the action.
[7] “The Tragedy of the Commons”. Garrett Hardin. (1968).
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1.1. From Societal Imperative to Scientific Challenge

(ii) Socio-Behavioral Dynamics. The success of any climate policy ultimately depends on

its social acceptance and the adaptation of collective behaviors. Public support is not
based solely on scientific information; it is shaped by cultural values, group identities,
and perceptions of fairness. A policy that is technically optimal may fail if it is seen as
unfair or illegitimate by the public and political actors. Furthermore, human behavior
is often characterized by inertia, where individuals and communities are slow to change
established habits, even when more sustainable alternatives are available.
These challenges are amplified in the modern information environment. The architecture
of social media can create echo chambers, reinforcing existing beliefs and deepening
partisan divides. As a result, climate change is increasingly framed not as a shared
scientific or policy problem, but as an issue of cultural identity or political ideology (e.g.
climate denialism) [8]. This polarization wears away the common ground of shared facts
needed for productive debate, making compromise more difficult. The same network
effects that can rapidly spread new ideas can also fuel backlash or denial, making public
opinion more volatile and susceptible to short-term events. In such a divided and fast-
changing public arena, building the durable political consensus required for long-term
climate strategy becomes an exceptional challenge.

These two obstacles are linked. For example, politicians are less likely to pursue ambitious
climate policies if they anticipate strong public resistance or if they believe that other countries
are not doing enough. At the same time, the environment itself is part of the system: events
like heatwaves can change public opinion, but this feedback is often slow and affects different
groups in different ways. The result is a complex system where strategy, society, and the
environment are all tied together.

1.1.2 From Description to Explanation: The Need for a Mechanistic Understanding

While descriptions of the decarbonization challenge are common, what is needed are models
that can truly explain its underlying mechanics. Many modeling traditions have contributed
to our understanding of the decarbonization challenge. Here, we provide a concise overview,
intended only to situate the reader, of three paradigms that form the conceptual toolbox of this
thesis:

— Climate-economy models provide the essential macroeconomic and geophysical context.
However, to remain tractable, they must aggregate social and political behavior, thereby
abstracting away the very actor-level strategic interactions and social influence dynamics
that are critical to understanding policy failures and successes [9, 10].

— Game-theoretic models are essential for analyzing the strategic incentives that drive
cooperation or defection. They usually really simplified models of the economy and the
climate and are not able to capture the complex dynamics of the real world. Additionally,
they typically assume that agents” preferences are fixed, often overlooking the dynamic
evolution of beliefs and social norms [11-13].

“The Politicization of Climate Change and Polarization in the US”. Aaron M. McCright et al. (2011).

“Climate Change Policy”. Robert S. Pindyck. (2013).

“The Use and Misuse of Models for Climate Policy”. Robert S. Pindyck. (2017).

Game Theory and International Environmental Cooperation. Michael Finus. (2002).

Game Theory and Climate Change. Parkash Chander. (2018).

Economics, Game Theory and International Environmental Agreements:The ca’ Foscari Lectures. Henry Tulkens. (2019).

[
[
[
[

3



Chapter 1. Introduction

— Opinion dynamics models intend to reveal how ideas and behaviors spread across social
networks. Yet, they often treat the external world, such as the state of the climate or the
policy environment, as a static background rather than a co-evolving part of the system.

The core limitation is that these approaches are rarely integrated analytically, leaving them
unable to explain complex, non-equilibrium behaviors like abrupt opinion shifts or cycles of
collective action and inaction. This recognition is not new [14], and the call to complement
traditional models with paradigms like Game Theory and Agent-Based Modeling remains
acutely relevant [15].

This thesis aims at fulfilling this need. The overarching scientific challenge is to build
a synthesis that integrates strategic choice, the nonlinear dynamics of social influence, and
feedback from a co-evolving environment. Instead of building a large, descriptive simulation,
our goal has been to use the tools of game theory and dynamical systems to identify the core
mechanisms and tipping points that govern the qualitative behavior of this coupled system.

1.2 A Journey into Socio-Environmental Dynamics

The analysis of complex socio-environmental systems, such as international climate policy,
requires a multi-paradigm approach that builds progressively from classical strategic models
to more nuanced behavioral dynamics. Our research program has been structured as a three-
stage investigation, with each stage adopting a different lens to understand the mechanics of
collective action and its environmental consequences.

This journey is divided into three stages which are summarized in the following:

1. Nation-Level (Macroscopic): Strategic Analysis. We employ the tools of Game Theory,
to model the strategic interactions between nations at a world-wide scale in the context of
international climate policy. Those strategic interactions are assumed to lead to equilibria,
Nash Equilibria, and provide a framework to answer the foundational question:

“What are the stable policy configurations when independent nations act in
their own perceived self-interest? Is it the best strategy to act in a cooperative
way or to act in a selfish way? How does the climate model influence the policy
decisions?”

2. Individual-Level (Microscopic): Coupled Opinion-Environment Dynamics Analysis.
We consider the setup of discrete-time Opinion Dynamics, where an agent’s state (e.g.,
its stance on climate policy) evolves based on social influence from its social network.
We introduce a feedback loop where the collective opinion state drives an environmental
dynamic, which in turn influences the evolution of opinions. This stage addresses the
question:

“How do collective opinions and environmental states co-evolve over time, and
what emergent phenomena, like consensus or persistent oscillations or chaos,
arise from this feedback? Is polarization possible and can it be robust?”

3. Social Network-Level (Mesoscopic): Nonlinear Dynamics Analysis. The final step
builds upon the previous trying to distinguish the different types of behaviors that can
arise from the coupled system and the one emerging from the opinion dynamics model.
This stage addresses the question:

“How does the communication and the topology of the social networks shape
the potential for global consensus versus fragmentation into localized, stable
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opinion clusters? From where emerge the polarization and the fragmentation?”

To maintain a concise, coherent and focused narrative, this manuscript is dedicated to a
thorough exposition of the third stage results, which represents one of the main contributions
of this thesis and mainly focus on the analysis of the nonlinear dynamics on networks. Still
in aim of providing a comprehensive understanding of the mechanics of collective action and
its environmental consequences, and provide a broad overview of the research realized during
this thesis, we will provide a brief summary of the first two stages with associated contributions
in the following sections.

1.3 First Stage: Formalizing Strategic Conflict: A Game-Theoretic
Perspective

1.3.1 The Initial Question and Toolkit

The first logical step was to formalize the strategic dimension of decarbonization. The question
we initially posed was:

“Can we model the strategic decision-making of nations concerning climate policy as
a game to understand the conditions for stable, self-enforcing climate agreements?”

To adress this, we turned to the established tools of Game Theory. This paradigm provides the
canonical framework for analyzing the interactions between several decision-making agents or
players using utility functions to capture their preferences and solution concepts like the Nash
Equilibrium to identify stable outcomes.

1.3.2 State of the Art: A Disciplinary Fracture Between Two Worlds

The modeling literature on climate policy has largely evolved along two prolific but parallel
tracks: the holistic, simulation-based approach of Integrated Assessment Models (IAMs) and
the analytical, agent-focused approach of Environmental Game Theory.

Integrated Assessment Models (IAMs) On one hand, IAMs provide a "comprehensive" sys-
tems view, coupling simplified models of the economy, energy sector, and climate system to
explore policy scenarios (see Figure 1.2). Their philosophical goal is to capture the essential
feedbacks of the socio-environmental system. However, their complexity often renders them
"black boxes," making it difficult to extract clear, analytical insights about strategic behavior.
They are invaluable for scenario analysis but are not designed for the formal study of strategic
equilibria.

IAMs originate from the work of Nordhaus and the Dynamic Integrated model of Climate
and the Economy (DICE) model [16, 17], extended in the multi-agent framework in [18], which
established a quantitative framework coupling the economy and the climate system. This
innovation provided an essential foundation for evaluating climate policies in economic terms

[16] “To Slow or Not to Slow”. William D. Nordhaus. (1991).
[17] “An Optimal Transition Path for Controlling Greenhouse Gases.” William D. Nordhaus. (1992).
[18] “A Regional DGE Model of Alternative Climate-Change Strategies”. William D. Nordhaus et al. (1996).
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Figure 1.2: A schematic representation of an IAM possible structure illustrating their complexity
and non-tractable nature.

and has since inspired numerous variants and extensions and some still being developed [19-
22]. Those models are used by IPCC to generate their scenarios and studies as a part of a
multi-model approach [23]. Figure 1.2 presents a possible structure of an IAM, illustrating the
potential complexity and non tractable nature of such models. However, the DICE framework
also exhibits well-documented limitations.

From a physical standpoint, its climate module was highly simplified and does not accu-
rately represent the complexity of carbon-cycle dynamics or feedback processes [24-26]. The
usage of the proper Simple Climate Model (SCM) is requiered to get the right impact over
the environment. For instance climate model as [27-29] (only some of them are cited here for
brevity) are much more accurate than the SCM used by Nordhaus initially. Those models are
used by IPCC in they scenarios and studies as a part of a multi-model approach [30]. Some
authors tried to incorporates better SCM into the DICE model [31] leading finally Nordhaus to
use the FAIR model [32].

From an economic perspective, it relies heavily on a stylized damage function: a mathematical
relationship linking temperature rise to economic losses. This function is both conceptually and

[19] “PAGE95”. Erica L Plambeck et al. (1996).

[20] “The Marginal Damage Costs of Different Greenhouse Gases”. Stephanie Waldhoff et al. (2014).

[21] REMIND - REgional Model of INvestments and Development. Gunnar Luderer et al. (2025).

[22] “Climate Economics Support for the UN Climate Targets”. Martin C. Hansel et al. (2020).

[23] “Long-Term Economic Growth Projections in the Shared Socioeconomic Pathways”. Rob Dellink et al. (2017).
[24] “Correcting the Carbon Cycle Representation”. F. Joos et al. (1999).

[25] “How Well Do IAMs Represent Non-CO2 Radiative Forcing?” Mathijs J. H. M. Harmsen et al. (2015).
[26] “Are Economists Getting Climate Dynamics Right and Does It Matter”. Simon Dietz et al. (2021).

[27] “Carbon Dioxide and Climate Impulse Response Functions”. F. Joos et al. (2013).

[28] “Transient Climate Response in a Two-Layer Energy-Balance Model. Part I”. O. Geoffroy et al. (2013).
[29] “FalRv2.0.0”. Nicholas Leach et al. (2021).

[30] “Overview of CMIP6”. V. Eyring et al. (2016).

[31] “Towards a FAIR-DICE TAM”. Timm Faulwasser et al. (2018).

[32] “Policies, Projections, and the Social Cost of Carbon”. Lint Barrage et al. (2024).
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empirically fragile [33, 34]. Because the true shape of this function cannot be known before
the impacts of climate change fully materialize [9, 10], such models risk giving a false sense of
precision in policy evaluation. The only assumption that seems to be common in the literature
is the convexity of the damage function with respect to the temperature but the function in
itself is still a subject of debate [35, 36]. Moreover, an additional limitation is the presence of a
discounting factor is a major limitation of the model [37] as a small change in the discounting
factor can lead to completely different policy recommendations.

Those two elements, the climate model and the damage function, are central to get the right
quantification of impact on the economy. For instance, in the initial stage of the model, and with
the SCM used by Nordhaus, yields an optimal trajectory for the emissions corresponding to an
increase of 4.5°C in the global average temperature which is far from the current understanding
of the climate system.

Environmental Game Theory On the other hand, Environmental Game Theory provides
the analytical rigor to study strategic interactions. The paradigmatic model in this literature,
following the work of Finus, Chander, Tulkens, and others [11-13], represents an agent’s utility
uy, as a trade-off between the benefits (B,,) of its own emissions a,, and the damage function
(Dy,) resulting from the total sum of all emissions Zgzl ag:

] =

n(at, ..., an) = Bp(an) — Dn< ai) . (CO, Game)
i=1

—— N——

Benefit Damage
This raises a key question:

“Why did this elegant but physically abstract model become the canonical frame-
work, especially when the IAM tradition had already established the importance of
dynamic climate feedback?”

The answer appears to lie in disciplinary priorities and a historical trade-off. As this branch of
game theory flourished, its primary goal was to achieve clean, provable results about strategic
incentives [11-13] and coalition stability [38, 39]. The formulation in (CO; Game) is mathemat-
ically convenient, allowing for a deep analysis of equilibria.

However, this analytical clarity was purchased at a high price. The abstraction from geo-
physical complexity led to two major issues. First, it created a wide gap between theoretical
elegance and empirical validation, as the simplified damage functions were nearly impossible
to calibrate against real-world climate processes [9]. Second, it led to theoretically pessimistic
and sometimes paradoxical conclusions, such as Barrett’s "coalition paradox", which famously
suggested that the conditions for forming large, stable climate coalitions were almost impossible
to meet [40].

33] “Additive Damages, Fat-Tailed Climate Dynamics, and Uncertain Discounting”. Martin Weitzman. (2009).
34] “What Is the "Damages Function" for Global Warming?” Martin L. Weitzman. (2010).

35] “The Economic Impacts of Climate Change”. Richard S. J. Tol. (2018).

6] “Social Cost of Carbon Estimates Have Increased over Time”. Richard S. J. Tol. (2023).

7]

8]

9]

0]

“The Politics of Climate Denialism and the Secondary Denialism of Economics”. Clifford William Cobb. (2025).
“Incentives and Stability of International Climate Coalitions”. Valentina Bosetti et al. (2013).
“The Efficacy of International Environmental Agreements”. Michael Finus et al. (2021).

“Self-Enforcing International Environmental Agreements”. Scott Barrett. (1994).
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In a sense, a disciplinary path dependency was established: while IAMs pursued ever-
greater descriptive complexity, much of the game-theoretic community prioritized analytical
purity. The valuable lessons from climate science about nonlinear dynamics and feedback were
not fully re-integrated into the strategic models. To mention in [13], simulation are conducted
but with DICE model which was already outdated both in terms of climate modeling and in
terms of damage function.

Our first contribution, detailed in the next section, can be seen as a direct response to this
divergence, a first step toward healing this disciplinary fracture by re-embedding a dynamic
climate model within a tractable game-theoretic framework.

1.3.3 Owur Contributions: A Construction of a Socio-Environmental Game

The body of work detailed in this section represents a multi-stage research program developed in
close and synergistic collaboration with my colleague, Dr. Bouchra Mroué. Our joint inquiry was
designed to systematically construct a novel game-theoretic framework for analyzing climate
policy, with each publication marking a deliberate step in this intellectual progression. The
following subsections summarize the core contribution of each key paper in chronological
order to delineate this development. While this overview provides the conceptual architecture
of our approach, the reader is directed to the cited publications or her thesis [41] for the complete
mathematical formalism, proofs, and detailed numerical analyses that underpin our findings.

The Foundational Step: Re-Embedding Climate Physics into Game Theory

[42] Mroué, B., Couthures, A., Lasaulce, S., & Morirescu, 1.-C. (2023). Une approche par la théorie
des jeux du probleme du choix des niveaux nationaux d’émissions de CO2. XXIXeme Colloque
Francophone de Traitement Du Signal et Des Images, GRETSI 2023. https:/ /gretsi.fr/data/collo
que/pdf/2023_mrouel148.pdf

[43] Couthures, A. (2025). AnthonyCouthures/CO2-Game [Jupyter Notebook]. https://github.com
/AnthonyCouthures/CO2-Game (Original work published 2022)
Documentation: https://anthonycouthures.github.io/CO2-Game/

The first step was to reformulate the core strategic interaction under an accurate physical
model. We departed from the physically abstract damage function of classical environmental
games, Dy, (> aj), which treats emissions as a direct proxy for harm. Instead, we posited that
a nation’s utility is contingent on the global atmospheric temperature (9*7), a nonlinear and
dynamic output of a coupled geophysical model from a weighted common damage function:
wnD(HAT) for some weights w,, > 0.

The central theoretical contribution of this initial work was to prove that, despite the intro-
duction of this complex, state-dependent feedback loop, the resulting formulation constitutes
a weighted potential game. This result, established within the framework of Monderer and
Shapley [44], is the building block of our research program on climate change and game theory.
It guarantees the existence of a pure-strategy Nash equilibrium, ensuring that the model is not
an intractable "black box" but an analytically sound framework amenable to rigorous equilib-
rium analysis and simulation guarantees. Moreover, the potential game structure allows an
easy and fast numerical search for Nash equilibria using the Best Response Dynamics.

[41] Bouchra Mroué. “Decarbonization Strategies: A Game Theory Perspective”. PhD thesis. Université de Lorraine,
Apr. 2024.
[44] “Potential Games”. Dov Monderer et al. (1996).
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From Existence to Expression: Deriving Tractable Solutions
[45] Mroué, B., Couthures, A., Lasaulce, S., & Morarescu, I.-C. (2024). A Quadratic Static Game Model
for Assessing the Impact of Climate Change. In H. Cherifi, L. M. Rocha, C. Cherifi, & M. Donduran
(Eds.), Complex Networks & Their Applications XII (pp. 383-394). Springer Nature Switzerland.
https:/ /doi.org/10.1007 /978-3-031-53499-7_31

The next logical task was to characterize the Nash equilibrium. In our subsequent paper,
we specialized the model to the analytically convenient case of quadratic benefit and damage
functions as suggested in [34]. This allowed us to move from an abstract existence proof to a
concrete analytical solution, the unique pure Nash Equilibrium.

We derived a closed-form expression for the unique pure Nash Equilibrium and analytical
conditions for the existence and uniqueness of the Nash equilibrium in the game. This was
a needed step forward, as it rendered the model’s predictions explicit and interpretable. It
enabled us to conduct the first quantitative analyses demonstrating precisely how the perceived
severity of the damage function, a key policy variable, directly and predictably alters the
strategic emission choices of nations.

Incorporating Socio-Political Realism: The Networked Imitation Game
[46] Mroué, B., Couthures, A., Lasaulce, S., & Mordrescu, L.-C. (2025). On the impact of cross-country
imitation on climate change: A game-theoretical analysis. IFAC Journal of Systems and Control,
32, 100309. https:/ /doi.org/10.1016/j.ifacsc.2025.100309

Climate policy is not formed in a political vacuum; it is shaped by international pressures,
alliances, and strategic mimicry. To capture this reality, this work introduced a richer layer of
socio-political structure. We augmented the utility function with an imitation term, effectively
modeling the strategic interactions as a game played on a network. This work is the first to
study the impact of network topology on the equilibrium of the game.

This formulation allowed us to shortly investigate how network topology influences collec-
tive outcomes. We explicitly compared scenarios of a fully-connected, globalized world with
one of fragmented, competing blocs. The key contribution here was to provide a formal, quan-
tifiable basis for the intuition that greater interdependence enforces better climate outcomes.
We demonstrated that a more connected influence graph systematically leads to lower equilib-
rium temperatures, thereby highlighting the critical role of inclusive international diplomacy
in achieving decarbonization goals.

Bridging Static Analysis and Dynamic Policy: Planning and Adaptation

e Couthures, A., Mroué, B., Lasaulce, S., & Morérescu, 1.-C. A static game model for climate change

analysis and strategy design. (Preprint) In appendix

The final and most comprehensive stage of our work addresses the inherently long-term
nature of climate policy, bridging the gap between static equilibrium analysis and dynamic
strategy design. This work recognizes that real-world policy is not a myopic, one-shot game
but an ongoing process of long-term planning, commitment, and adaptation.

Theoretically, our first contribution is to demonstrate that the potential game structure of
the static model is robustly preserved when extended to a multi-stage planning game. This is
a non-trivial extension that underpins the analytical tractability of the long-horizon problem,
guaranteeing the existence of pure Nash equilibria. Furthermore, we provide deep insights into
the structure of the equilibrium set itself. Specifically, we prove an ordering property for the
Nash equilibria, a result related to the concept of supermodularity in games. This establishes
that if one equilibrium involves a player emitting less than in another equilibrium, then all other
players must also emit less or the same, preventing unordered or paradoxical outcomes.
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From a policy perspective, a central contribution is our detailed numerical investigation into
the conditions for cooperation. We demonstrate the critical role and frequent inadequacy of
conventional damage functions. Our results show that simple quadratic damages, while convex
and common in the literature, are often far too optimistic to induce the level of cooperation
required to meet ambitious climate targets. Achieving significant decarbonization within the
model requires assuming more severe, non-linear damage functions, highlighting this function’s
role as a critical lever for policy analysis. Finally, our comparative analysis shows that the receding
horizon strategy, which allows for adaptive re-planning, systematically yields superior climate
outcomes, namely lower equilibrium temperatures, compared to a static, open-loop planning
commitment.

To conduct this analysis, we formalized and systematically compared three distinct temporal
decision-making frameworks:

— The repeated one-shot game, representing myopic, short-term decision-making.

— The planning game, where agents commit to an optimal emissions trajectory over a long
horizon (e.g., to 2100).

— The receding horizon strategy, a more adaptive approach from control theory where agents
iteratively re-optimize their plans as time progresses.

The contribution of this paper is a detailed numerical exploration of the trade-offs between these
strategies, benchmarked against the cooperative Social Optimum. It quantifies the important
value of foresight, demonstrating that longer planning horizons systematically yield superior
climate outcomes. By analyzing these different solution concepts, this work provides a frame-
work for understanding the strategic implications of different international policy architectures,
from short-term pledges to long-term, binding treaties. Other insights are, for example, the
non stability of the Grand coalition as well as the non uniqueness of the emission trajectories
for identical economic outcomes.

1.3.4 Insight and Pivot to the Next Stage

This game-theoretic investigation provided a robust, analytically and numerically grounded
framework for understanding stable strategic outcomes in the face of environmental feedback
and network influence. We successfully identified the conditions for equilibrium and quantified
how policy levers, such as damage perception and planning horizons, shape these stable points.

However, a profound limitation became apparent. The first stage has focused on the steady
state behavior and consequently, our analysis could not capture the temporal dynamics of collective
behavior itself. It identifies strategically stable attracting landing points, the Nash equilibria, but
is uniformative on the transient journey. It cannot, by design, explain the emergence of complex,
non-equilibrium phenomena such as the persistent oscillations observed in public opinion, the
sudden, system-wide shifts in policy consensus, or the stable coexistence of polarized clusters.
These emergent behaviors are the signature of complex feedback systems operating out of
equilibrium.

A pivotal change in our research perspective has been triggered by the realization that a static
equilibrium view, although sophisticated, was by design insufficient to capture the richness of
socio-environmental dynamics. We moved from the analysis of strategic choice to the analysis
of the dynamic evolution of collective states. Thus, we moved from the analysis of strategic
choice to the analysis of the dynamic evolution of collective states. This transition required a
new set of tools and a new conceptual lens, launching the second stage of this research.
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1.4 Second Stage: Interplay of Environment and Opinion Dynamics

1.4.1 The Evolving Question and Toolkit

The limitations of Nash equilibrium analysis made it clear that a deeper understanding requires
capturing the temporal evolution of opinions and environmental states. The question thus
became:

“What happens to collective behavior when we explicitly couple the social dynamics
of opinion formation with a co-evolving environmental state?”

To answer this, we synthesized tools from two key domains: Nonlinear Dynamical Systems,
which brings the concepts of dynamical stability, attractors, and bifurcations; and the literature
on Opinion Dynamics, which offers formalisms for modeling how beliefs evolve over social
networks.

Figure 1.3 presents the observed dynamic behaviors of the coupled system obtained from
the start of this second stage of research. The four panels represent the four possible dynamic
behaviors of the system: constant consensus, oscillating consensus, constant polarized, and
oscillating polarized.

= = = =
8 8 8 8
t t t t

(a) Constant consensus (b) Oscillating consensus (c) Constant polarized (d) Oscillating polarized

Figure 1.3: Initial observed dynamic behaviors of the coupled system.

1.4.2 State of the Art: The Rise of Coupled Socio-Environmental Models

While the general idea that social and environmental systems co-evolve is not new, its formal,
analytical modeling has undergone a dramatic acceleration in just the past few years. At the
outset of this doctoral research, the landscape was considerably less codified than it is today.
Much of the key literature that now defines this emerging field was published in parallel with
the work presented in this thesis. This section looks at these recent developments as a map
of active investigations and not as a fixed backdrop. It illustrates how scholars from several
related disciplines are beginning to probe the feedback loop between human behavior and
environmental dynamics.

Feedback-Evolving Games and Eco-Evolutionary Dynamics A foundational stream of work
emerged from mathematical biology and evolutionary game theory. The seminal contribution
of Weitz et al. [47] introduced the concept of a "feedback-evolving game," demonstrating
that when a population’s strategic choices (e.g., cooperation vs. defection) both depend on
and influence an environmental state (e.g., a shared resource), the system can spontaneously
produce sustained oscillations: an "oscillating tragedy of the commons". This foundational idea

[47] “An Oscillating TOC in Replicator Dynamics with Game-Environment Feedback”. Joshua S. Weitz et al. (2016).
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was generalized by Tilman et al. [48] into a broader eco-evolutionary framework, which clarified
the conditions under which such systems converge to stable equilibria versus exhibiting cycles,
highlighting the role of timescale separation between the social and environmental dynamics.
Complementing these evolutionary approaches, recent studies have extended the framework to
include Mean-Field Games with switched systems [49] and accounted for irrational behaviors
via Prospect Theory [50]. This analytical approach has been further refined with tools from
control theory to rigorously prove the existence and stability of limit cycles via bifurcation
analysis [51], and has matured to the point of a systematic classification of all possible dynamic
outcomes in simple two-strategy games [52].

Incorporating Structural Complexity: Space and Networks The initial models typically as-
sumed "well-mixed" populations, where any individual interacts with any other. Subsequent
research has added important layers of structural realism. Lin & Weitz extended the feedback-
evolving game to a spatial context, showing the emergence of complex spatiotemporal patterns
and anti-phase oscillations, where different regions of the system cycle out of sync [53]. More
recently, Betz et al. introduced an explicit network structure with community divisions, demon-
strating that the feedback loop can induce multistability and anti-synchrony between the con-
nected communities [54]. This line of work proves that network topology is a key determinant
of the system’s macroscopic behavior.

The Epidemiological Approach: Modeling Social Contagion A second influential paradigm
borrows its tools from mathematical epidemiology, treating social phenomena like rumor
propagation or behavioral adoption as a contagious process. This approach uses compart-
mental models (e.g., SIR: Susceptible-Infected-Recovered) to describe the flow of a population
between a small number of discrete states. This framework is particularly well-suited to mod-
eling misinformation, as demonstrated by Satheesh Kumar et al., who developed a coupled
socio-climate model where a climate-denying rumor spreads through a population divided
into susceptibles, hesitators, believers, and rejectors [55]. The strength of this approach lies in
its ability to leverage a well-understood and analytically rich toolkit for studying propagation
thresholds and dynamics. The mathematical depth of this field is further illustrated by work
on reaction-diffusion models for environmentally driven infections, which incorporate spatial
heterogeneity and provide rigorous conditions for the persistence or extinction of the "infection"
[56]. The primary limitation of this paradigm, however, is its reliance on a few discrete behav-
ioral categories (e.g., believer/rejector), which may not capture the full, continuous spectrum of
human opinion on complex issues like climate change. Itis important to note that this modeling
paradigm is not limited to climate science; it has been applied with great success in fields like
epidemiology to model the co-evolution of disease prevalence and vaccination behavior [57].

8] “Evolutionary Games with Environmental Feedbacks”. Andrew R. Tilman et al. (2020).

9] “MEG for Collective Decision-Making in Honeybees via Switched Systems”. Leonardo Stella et al. (2022).

0] “The Impact of Irrational Behaviors in the OPD with Game-Environment”. Leonardo Stella et al. (2023).

1] “Limit Cycles Analysis and Control of Evolutionary Game with Environment”. Lulu Gong et al. (2022).

2] “A Complete Classification of Evolutionary Games with Environmental Feedback”. Hiromu Ito et al. (2024).
3] “Spatial Interactions and Oscillatory Tragedies of the Commons”. Yu-Hui Lin et al. (2019).
4]
5]
6]
7]
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“Evolutionary Game with Environmental Feedback with Two Communities”. Katherine Betz et al. (2024).
‘Climate-Denying Rumor Propagation in a Coupled Socio-Climate Model”. Athira Satheesh Kumar et al. (2025).
“Dynamics in a Reaction-Diffusion Epidemic Model with Environment”. Ning Wang et al. (2022).

“Behavioral Vaccination Policies and Game-Environment in Epidemic Dynamics”. Ariful Kabir et al. (2023).
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1.4. Second Stage: Interplay of Environment and Opinion Dynamics

Agent-Based Models and Coupled Opinion Dynamics A third and parallel research stream
approaches the problem from the perspective of social physics and Agent-Based Modeling
(ABM). Here, the focus is less on stylized analytical models and more on building bottom-
up simulations from the explicit, micro-level rules governing agent behavior. This approach
allows for immense heterogeneity and has been used to explore a wide array of feedback
mechanisms. For instance, models where agents’ opinions co-evolve with their spatial positions
have been used to demonstrate how feedback can drive clustering and consensus [58]. In the
specific context of climate change, a growing number of sophisticated models now couple social
processes (such as the perception of climate risks [59], social learning, and political polarization)
with simplified climate models to generate realistic emission pathways [60]. This research is
invaluable for its descriptive richness and has been applied to study pressing issues like the
impact of climate denialism on environmental degradation [61, 62]. The versatility of this
paradigm even extends to the interface with game theory and network science; for example,
Bernardo et al. model climate negotiations as a social power game [63], while Zino, Cao, and
collaborators have developed multilayer frameworks to rigorously analyze the coevolution of
opinions and collective decision-making [64], applying mean-field approximations to capture
the interplay between climate impact and population behavior [62, 65]. The strength of ABMs is
their ability to capture real-world complexity; their primary trade-off is often a loss of analytical
tractability. While these models can show that a phenomenon occurs, their complexity can make
it difficult to formally prove why it occurs or to derive the precise mathematical mechanisms
that govern it.

The Identified Gap This survey of a rapidly evolving field reveals a clear analytical gap. The
most rigorous analytical work has been concentrated in paradigms (evolutionary game theory,
epidemiology) whose behavioral assumptions can be limiting for studying human opinion.
Conversely, the models that employ more nuanced, continuous opinion dynamics are often
large-scale simulations where formal analytical characterization is sacrificed for descriptive
realism. When our research began, there was a pressing need for a framework that could
synthesize the strengths of these approaches: amodel grounded in a continuous representation
of the opinion state, yet structured enough to permit the rigorous analytical investigation of
its dynamic mechanisms via bifurcation theory but not too complex to be intractable. It is
precisely this gap that our work was designed to fill without even knowing it before starting
this research.

1.4.3 Our Contributions: Uncovering the Mechanisms of Dynamic Behavior

We sought to build and analyze a model that was simple enough to be analytically tractable yet
rich enough to capture the essential nonlinearities of both social interaction and environmental
feedback. Our first contribution was to develop a hybrid coupled model that combines the
strengths of the analytical and simulation approaches.

[58] “Feedback Loops in OD of ABMs with Multiplicative Noise”. Natasa Djurdjevac Conrad et al. (2022).

[59] “On Modeling Collective Risk Perception via Opinion Dynamics”. Lorenzo Zino et al. (2024).

[60] “Determinants of Emissions Pathways in the Coupled Climate-Social System”. Frances C. Moore et al. (2022).
[61] “Overcoming Inaction”. Tabea Hoffmann et al. (2024).

[62] “A Behaviour-Environment Model for the Impact of Climate Change Denial”. Kathinka Frieswijk et al. (2025).
[63]

[64]

[65]

1
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2

“Quantifying Leadership in Climate Negotiations”. Carmela Bernardo et al. (2023).
"A Two-Layer Model for Coevolving Opinion Dynamics and Collective Decision”. Lorenzo Zino et al. (2020).
“Modeling the Co-evolution of Climate Impact and Population Behavior”. K. Frieswijk et al. (2023).
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Opinion Dynamics

Environment

—> Impact from collective Opinion u

—> Feedback from Environment r
—> Communication Signal s

Figure 1.4: Diagram of the coupled dynamics. The opinion state of each agent is represented
by the scalar z;(¢) and the environmental state is represented by the scalar p(¢). The opinion
state of each agent is influenced by the environmental state through the function r(p(¢)) and
the environmental state is influenced by the opinion state of each agent through the function

u(z(t)).

Initial Exploration: A discrete-time coupled model

[66] Couthures, A., Mongaillard, T., Satheeskumar Varma, V., Lasaulce, S., & Morérescu,
L-C. (2024). Analysis of a Continuous Opinion and Discrete Action Model Coupled with an
External Dynamics. 2024 European Control Conference (ECC), 3392-3397. https://doi.or
g/10.23919/ECC64448.2024.10591291

Our first step was to construct and analyze a hybrid system that coupled a continuous-
opinion/discrete-action (CODA) model [67] with a co-evolving environmental state, as shown
in Figure 1.4. This discrete-time model, introduced at ECC 2024, was instrumental in revealing
the system’s rich dynamic potential. We demonstrated that the system’s behavior depends
critically on the coupling strength: the "trust" agents place in the environmental signal 3. The
discrete-time model can be expressed in a stylized form as:

(Opinion)(k + 1) = (Opinion)(k) + S x (Env. feedback)(k) + (1 — /) x (Soc. influence)(k)

When this coupling was weak § =~ 0, the system’s behavior recovered the classical out-
comes of the uncoupled CODA model: the network self-organized into stable, robust polarized
clusters depending on initial conditions. However, the central discovery was that when the
coupling strength surpassed a critical threshold, 8 > 0.5, these stable equilibrium clusters were
destroyed. The system then entered a new dynamic regime characterized by persistent oscil-
lations, including limit cycles and even chaotic dynamics. This work provided the definitive
"proof of concept" that the feedback loop itself was a mechanism capable of altering the system’s
asymptotic behavior, moving it beyond the static clustering paradigm.

[67] “Continuous Opinions and Discrete Actions in Social Networks”. N. R. Chowdhury et al. (2016).
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1.4. Second Stage: Interplay of Environment and Opinion Dynamics

A Comprehensive Analysis of the Discrete-Time Coupled System
[68] Couthures, A., Satheeskumar Varma, V., Lasaulce, S., & Morérescu, 1.-C. (2024). Analysis of an
opinion dynamics model coupled with an external environmental dynamics. Chaos, Solitons &
Fractals, 189, 115719. https:/ /doi.org/10.1016/j.chaos.2024.115719
Building upon these initial findings, we conducted a deeper, more comprehensive investiga-
tion of this coupled discrete-time system, leading to a journal publication. This work formalized
the prey-predator analogy for the observed oscillations for a wide range of communication sig-
nals and provided a more systematic characterization of the different dynamic regimes. A key
analytical step in this work was to first establish the forward invariance of the synchronization
manifold S: the subspace where all agents share an identical opinion. By proving that trajec-
tories starting on this manifold remain on it, we could rigorously reduce the N-dimensional
problem to a more tractable two-dimensional system governing the evolution of a single collec-
tive opinion and the environmental state. This analysis solidified the numerical observations
from our initial exploration, formally delineating the parameter spaces that lead to either weak
coupling (where stable, polarized clusters persist) or strong coupling (where convergence to a
steady state is hampered, leading to limit cycles or chaos).

Bifurcation Theory in a Continuous-Time Model
[69] Couthures, A., Bizyaeva, A., Satheeskumar Varma, V., Franci, A., & Morérescu, 1.-C. (2025). Bifur-
cation analysis of an opinion dynamics model coupled with an environmental dynamics. (preprint
accepted to CDC2025) arXiv:2504.03419. https://doi.org/10.48550/arXiv.2504.03419

The discovery and characterization of these phenomena in discrete time made it imperative

to seek a more rooted, mechanistic explanation. This led to the central analytical work of this
thesis stage: the development and analysis of a fully continuous-time model. This shift from
discrete iterations to a continuous flow allowed us to leverage the rigorous tools of bifurcation
theory. Building on the insight of the forward-invariant synchronized manifold, we were able
to formally treat the trust parameter as a bifurcation parameter and analytically prove the
existence of the two critical transitions that underpin the observed dynamics:

— A Pitchfork Bifurcation, which marks the point where a single, unified consensus state
loses stability and splits into two distinct, stable, and polarized opinion states. This
provides a formal mechanism for the emergence of societal bistability.

— A Hopf Bifurcation, which marks the point where a stable equilibrium loses its stability
and gives rise to a stable, oscillating limit cycle. This provides a formal mechanism for
the emergence of sustained, periodic cycles of public attention and collective behavior.

This final step moves beyond observing the phenomena to providing a rigorous, mathematical
explanation of their origin, confirming that these complex behaviors are properties of the
coupled system’s structure.

1.4.4 Insight and Pivot to the Next Stage

This stage of research was a critical turning point. It moved the analysis beyond static equilibria
and demonstrated that the feedback loop between a social system and its environment is a
strong driver for generating complex, dynamic patterns. The formal characterization of these
bifurcations provided not just a description of what happens, but a rigorous explanation for
why and when it happens.

However, the analysis centered on the "synchronized manifold" (the case where all agents
share a common opinion). This simplification was necessary to make the bifurcation analysis
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Environmental Feedback Strength (55)

Low 8 (8 < fu) High 5 (6 > fBu)
— Equilibria — Limit Cycles

Constant Consensus Oscillating Consensus

Consensus
Synchronization

Constant Polarized Oscillating Polarized

Clustered

What triggers the different behaviors?
Polarization

Figure 1.5: A Conceptual Phase Diagram of Socio-Environmental Dynamics with a missing
element.

tractable, but it left a question unanswered: what happens in a large, heterogeneous network
where agents do not synchronize? How do clusters form, maintain their coherence, and interact
in the presence of nonlinear signals? To answer this, we needed a framework that could handle
disagreement and partial synchronization with the same level of rigor. This required a deep
dive into the foundational properties of the opinion dynamics model itself, which launched the
final stage of this research.

1.5 Third Stage: The Fundamental Mechanisms of Polarization

The discovery of these complex dynamics made it imperative to move beyond numerical ob-
servation to rigorous analytical characterization. We understood how oscillations and chaos
emerged from the coupled system as the horizontal axis on the phase diagram of Figure 1.5, but
we where still lacking a formal understanding of the mechanisms that govern the transitions
between consensus and polarization.

“How does the network structure and the communication mechanisms affect the
transitions between consensus and polarization?”

Answering this question would allow us to complete the phase diagram of Figure 1.5 and to un-
derstand the precise mathematical mechanisms that govern the transitions between consensus
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1.5. Third Stage: The Fundamental Mechanisms of Polarization

and polarization.

1.5.1 State of the Art: Models of Opinion Dynamics with community structure

A central theme in the study of multi-agent systems is the emergence of collective behavior from
local interactions. The foundational model in this domain, particularly for opinion dynamics,
is the linear averaging protocol introduced in the seminal work of [70] extended in [71]. In its
discrete-time form, the opinion z;(k) of an agent i evolves according to a weighted average of
its neighbors’ opinions. This can be expressed compactly for the entire network as:

x(k+1) = Wax(k), (DeGroot Model)

where x(k) € R¥ is the vector of all agent states and W is a row-stochastic matrix (i.e. the sum
of each row is 1) of interpersonal influences. The continuous-time analogue, which became a
cornerstone of the control theory approach to networked systems, is described by the Laplacian
dynamics [72]:

z(t) = —Lx(t), (Laplacian Model)

where L is the graph Laplacian.

For decades, research has rigorously characterized the conditions under which these dynam-
ics guarantee convergence to a global consensus. It is now well-established that for a network
graph that is strongly connected (in the directed case) or connected (in the undirected case), all
agents will asymptotically agree on a single value [73, 74]. The rate of this convergence is tied to
the spectral properties of the system matrix, specifically, the second-largest eigenvalue modulus
of W or the algebraic connectivity (the smallest non-zero eigenvalue) of L [72, 75]. This elegant
framework, built upon the bedrock of matrix theory and algebraic graph theory, successfully
explains how local averaging can produce global coordination even under switching topologies
and delays [76-78].

However, the prediction of global agreement, while mathematically robust, is often at
odds with observed social phenomena such as political polarization, cultural fragmentation,
and the persistence of minority opinions [79]. The classical models (DeGroot Model) and
(Laplacian Model), by their very linear construction, cannot account for the formation of stable
opinion clusters or persistent disagreement. This discrepancy has motivated a series of critical
extensions to the foundational model, each relaxing a key idealization to introduce richer,
non-consensus dynamics [80]. The realy detailed tutorial on opinion dynamics [81] and [82]
also provides a good overview of the extensions to the foundational model discussed in the
following paragraphs and provides a lot of references.

] “A Formal Theory of Social Power.” John R. P. French. (1956).

] “Reaching a Consensus”. Morris H. Degroot. (1974).

] “Consensus and Cooperation in Networked Multi-Agent Systems”. Reza Olfati-Saber et al. (2007).
] “A Necessary and Sufficient Condition for Reaching a Consensus”. Roger L. Berger. (1981).

4] Graph Theoretic Methods in Multiagent Networks. Mehran Mesbahi et al. (2010).

5] “Fast Linear Iterations for Distributed Averaging”. Lin Xiao et al. (2004).

6] “Coordination of Groups of Mobile Autonomous Agents”. A. Jadbabaie et al. (2003).

7] “Consensus Seeking under Dynamically Changing Interaction Topologies”. Wei Ren et al. (2005).
] “Convergence in Multiagent Coordination, Consensus, and Flocking”. V.D. Blondel et al. (2005).
]

]

]

]

1

1

“Statistical Physics of Social Dynamics”. Claudio Castellano et al. (2009).
“Models of Social Influence”. Andreas Flache et al. (2017).

"A Tutorial on Modeling and Analysis of Dynamic Social Networks. Part I”. Anton Proskurnikov et al. (2017).
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Stubbornness or Prejudice One of the most direct approach to model opinion clustering is
the effect of stubbornness or prejudice. The Friedkin-Johnsen model, for instance, modifies
the (DeGroot Model) dynamics by assuming that agents retain a degree of commitment to their
initial opinions [83]:

z(t) = (1 —a)Wx(t) — x(t) + ax(0), (FJ Model)

where o € [0,1] is a parameter that controls the degree of anchoring to the initial opinions.
This anchoring prevents opinions from being fully dragged by social influence, resulting in a
steady-state distribution of opinions that reflects both the network topology and the agents’
initial beliefs, thus preserving a diversity of opinions rather than collapsing to a single point
[84, 85].

Bounded Confidence Another direct approach to modeling opinion clustering is the intro-
duction of bounded confidence. In these nonlinear models, pioneered by [86] and [87], an
agent i only considers the opinions of neighbors j that are sufficiently close to its own, i.e., if
|z — x;|| < € for some confidence threshold e. This homophily-driven interaction rule nat-
urally partitions the network: agents cease to interact across large opinion gaps, leading to
the emergence of multiple, distinct, and internally cohesive opinion clusters. Constraining the
convergence speed of opinion between agents allows [88] to characterize strong communities
satisfying a spectral graph theoretic condition.

Antagonistic Interactions Another important extension incorporates antagonistic interac-
tions. The classical models implicitly assume all interactions are cooperative (positive weights).
By contrast, the framework of signed graphs allows for both positive (trust, friendship) and
negative (distrust, animosity) relationships. The seminal work of [89, 90] demonstrated that
the system’s fate depends on the network’s "structural balance," a concept rooted in social psy-
chology. If the graph is structurally balanced, the network does not reach a global consensus
but rather a "bipartite consensus," where agents converge to two opposite opinion values, form-
ing two polarized factions. If the graph is unbalanced, opinions are typically driven to zero,
representing a failure to sustain any coherent belief. [91]

Perception-Based and Action-Driven Influence A final, highly active branch of research
introduces non-consensus dynamics by breaking the foundational assumption that agents have
direct, linear access to their neighbors’ internal opinions. Instead, influence is mediated through
a perception layer, representing the cognitive and communicative processes that transform a
latent opinion into an influential signal. This has led to two distinct but converging lines of
inquiry: one focusing on nonlinear opinion reinforcement and another on the consequences of
discrete public actions.

The first approach models influence as a nonlinear, continuous function of an agent’s
own conviction. This idea has roots in both control theory and statistical physics. From

] “Social Influence and Opinions”. Noah E. Friedkin et al. (1990).

] “The Problem of Social Control and Coordination of Complex Systems in Sociology”. Noah E. Friedkin. (2015).
1 “Novel Multidimensional Models of Opinion Dynamics in Social Networks”. Sergey E. Parsegov et al. (2017).

] “Mixing Beliefs among Interacting Agents”. Guillaume Deffuant et al. (2000).

] “Opinion Dynamics and Bounded Confidence Models, Analysis, and Simulation”. R. Hegselmann et al. (2002).
]

]

]

]

3
41 “
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“Opinion Dynamics With Decaying Confidence”. Irinel-Constantin Morarescu et al. (2011).

“Dynamics of Opinion Forming in Structurally Balanced Social Networks”. Claudio Altafini. (2012).

)] “Consensus Problems on Networks With Antagonistic Interactions”. Claudio Altafini. (2013).

1] “A Lifting Approach to Models of Opinion Dynamics with Antagonisms”. Julien M. Hendrickx. (2014).
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1.5. Third Stage: The Fundamental Mechanisms of Polarization

the control and dynamical systems perspective, a large body of work, such as that by [92]
and [93], uses sigmoidal gain functions to model collective decision-making, often inspired
by biological systems like honeybee swarms. This work have been significantly extended in
[94-97] to also encompasse antagonistic interactions and understand the polarization behaviors
in this situation. In this context, the system is designed to exhibit a pitchfork bifurcation,
where a group transitions from a state of indecision (consensus at zero) to a committed decision
state. The nonlinearity here represents a social reinforcement mechanism that is requiered for
breaking deadlock and ensuring robust consensus on a choice. In parallel, work emerging from
computational social science, such as [98, 99], has independently adopted a similar sigmoidal
tanh(oz;) function. Here, the motivation is to model phenomena like group polarization
and the formation of echo chambers. The nonlinearity parameter, «, is interpreted as the
“controversialness” of a topic; for high o, even moderate opinions exert non negligible influence,
creating a feedback loop that drives opinions to extremes [100]. Though originating from
different communities, these models share the core mechanism of a nonlinear activation function
to explain the emergence of radicalized, non-consensus states.

The second, distinct approach formalizes a difference between an agent’s continuous internal
opinion and its discrete public action. These models, often referred to as Continuous Opinions
and Discrete Actions (CODA), were introduced by [101, 102] and assert that influence is driven
not by the internal opinion z;, but by a quantized representation of it, ¢(x;). The model have
been expressed in a discrete time dynamical system framework in [67] where polarization was
shown to be a robust phenomenon. Analysing the continuous counterpart of this model, [103,
104] showed that this seemingly simple modification has profound dynamical consequences,
transforming the system into a set of differential equations with a discontinuous right-hand side.
The rigorous analysis of such systems requires sophisticated tools for non-smooth dynamics,
often involving solutions in the sense of Krasovskii or Filippov. This line of work, advanced by
[105], has demonstrated that the act of quantization itself is a potent source of disagreement.
By restricting the information agents can exchange, this mechanism can robustly prevent global
consensus, leading to persistent disagreement clusters. More recent work has shown that this
framework can even produce highly complex dynamics, including stable limit cycles and Zeno
phenomena, where an infinite number of switching events occur in finite time [106, 107].

While historically developing in parallel, these two approaches (one based on smooth non-
linear activation and the other on discontinuous quantized action) are conceptually convergent.
Both explain the failure of consensus not by the structure of the network (e.g., negative ties), but
by the very nature of the social interaction process. They shift the focus from who influences

“Multiagent Decision-Making Dynamics Inspired by Honeybees”. Rebecca Gray et al. (2018).
“The Nonlinear Feedback Dynamics of Asymmetric Political Polarization”. Naomi Ehrich Leonard et al. (2021).
A Model-Independent Theory of Consensus and Dissensus Decision Making. Alessio Franci et al. (2020).
“Breaking Indecision in Multiagent, Multioption Dynamics”. Alessio Franci et al. (2023).

Nonlinear Opinion Dynamics With Tunable Sensitivity”. Anastasia Bizyaeva et al. (2023).
"Multi-Topic Belief Formation Through Bifurcations”. Anastasia Bizyaeva et al. (2025).
"Modeling Echo Chambers and Polarization Dynamics in Social Networks”. Fabian Baumann et al. (2020).
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“Transitions between Polarization and Radicalization in a Echo-Chamber”. Lukasz G. Gajewski et al. (2022).
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[101] “Continuous Opinions and Discrete Actions in Opinion Dynamics Problems”. André C. R. Martins. (2008).
[102] “Discrete Opinion Models as a Limit Case of the CODA Model”. André C.R. Martins. (2014).

[103] “Continuous-Time Consensus Dynamics with Quantized All-to-All”. Francesca Ceragioli et al. (2015).

[104] “Discontinuities, Generalized Solutions, and (Dis)Agreement in Opinion Dynamics”. F. Ceragioli et al. (2018).
[105] “Consensus and Disagreement”. Francesca Ceragioli et al. (2018).
[106] “Disagreement, Limit Cycles and Zeno Solutions in COBA”. Raoul Prisant et al. (2024).
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whom to how an agent’s internal state is translated into an influential signal. The emerging
synthesis, which this thesis aims to advance, recognizes that both nonlinear reinforcement and
communicative constraints are critical mechanisms, offering a richer, more nuanced framework
for understanding the complex, clustered, and often polarized opinion landscapes we observe
in reality.

These four research thrusts, bounded confidence, antagonistic interactions, agent stub-
bornness, and perception based influence, represent an evolution from the original consensus
paradigm. They demonstrate that by carefully introducing psychologically and sociologically
plausible mechanisms into the dynamics, multi-agent models can successfully explain not only
agreement but also the complex, clustered, and often polarized opinion landscapes we observe
in reality.

1.6 Outline of the Manuscript

1.6.1 Contributions

The primary contributions of this manuscript are centered on the development and rigorous
analysis of a general framework for nonlinear opinion dynamics, leading to a deeper under-
standing of synchronization and clustering phenomena in multi-agent systems.

— A general framework for nonlinear opinion dynamics: We generalize the Continu-
ous Opinion Discrete Action (CODA) model to the Continuous Opinion Signaled Action
(COSA) model, a versatile framework that generalizes existing models by allowing for a
large class of nonlinear communication signals. By establishing the forward invariance
of the fully synchronized manifold (that is the set where all agents are synchronized),
we make the link with the one dimensional dynamics and establish the relation between
the equilibria of the system and the fixed points of the interaction function. Moreover,
we show that the system is inherently cooperative, which ensures that all (or almost all)
trajectories converge to the set of equilibria and precludes complex oscillatory or chaotic
behaviors.

— Global structure of the state space: We characterize the global behavior of the system by
proving that the state space is partitioned into invariant hypercubes whose boundaries
are defined by the unstable fixed points of the signal function. This result allows us to
localize trajectories and characterize the basins of attraction for synchronized equilibria
in the high-dimensional space based solely on the properties of the scalar signal function.

— A sharp threshold for global synchronization: We provide a comprehensive characteri-
zation of the conditions leading to full network consensus. To achieve this, we introduce a
natural geometry for the system based on a degree-weighted inner product, which renders
the interaction operator self-adjoint and facilitates rigorous Lyapunov analysis. The cen-
tral result is the derivation of a sharp threshold, KA\x_1 < 1, which elegantly balances the
cohesive strength of the network topology (quantified by its spectral properties) against
the divisive potential of the signal nonlinearity (quantified by its Lipschitz constant K).
This result provides an elegant and verifiable condition for predicting the emergence of
global agreement.

— A structural theory of perfect and robust clustering: We analyze the structure of dis-
agreement when global consensus fails.

— We prove that the formation of perfect clusters, where agents within a group reach
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exact agreement, is not a generic phenomenon but is strictly constrained by structural
symmetries in the network topology, namely the existence of a regular partition.
This allows for an exact model reduction to a lower-dimensional quotient system.
Furthermore, we derive necessary and sufficient conditions for the stability of such
clusters, decoupling the analysis into quotient stability (inter-cluster dynamics) and
transversal stability (intra-cluster cohesion).

— For networks lacking such perfect symmetry, we develop a novel framework for
analyzing approximated local synchronization. By employing the control-theoretic tools
of Input-to-State Stability (ISS), we quantify the robustness of clusters and their ability
to maintain internal coherence against perturbations from the rest of the network.

1.6.2 Chapter contents

— Networked Systems Preliminaries establishes the necessary mathematical preliminaries.
It provides a self-contained review of concepts from algebraic graph theory, the theory of
continuous-time dynamical systems with a focus on cooperative and monotone systems,
and Lyapunov stability theory.

— A non-linear opinion dynamics model: Continuous Opinion Signaled Action (COSA)
formally introduces the central theoretical object of the thesis: the Continuous Opinion
Signaled Action (COSA) model. This chapter details the model’s construction, establishes
its core properties such as cooperativity and the invariance of the state space, and provides
a complete characterization of the dynamics on the fully synchronized manifold.

— The Full Synchronization in COSA is dedicated to a comprehensive analysis of the full
synchronization regime. Building from local stability of synchronized equilibria, it derives
conditions for global attractivity and concludes with the derivation of a sharp spectral
threshold that guarantees global convergence to consensus for the entire network.

— Partial Synchronization in COSA investigates the phenomena of partial synchronization
and clustering that emerge when global consensus is not achieved. It first establishes the
necessary structural conditions for the existence of perfect clusters (equitable partitions)
and then develops a framework based on Input-to-State Stability (ISS) to analyze the
robustness of imperfect clusters.

— Conclusions and Perspectives concludes the thesis by providing a summary of the main
contributions and perspectives for future research.

1.6.3 List of publications

Journal papers
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32,100309. https:/ /doi.org/10.1016/j.ifacsc.2025.100309

[68] Couthures, A., Satheeskumar Varma, V., Lasaulce, S., & Mordrescu, 1.-C. (2024). Analysis of an
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1.6.4 Other activities

Software

[43] Couthures, A. (2025). AnthonyCouthures/CO2-Game [Jupyter Notebook]. https://github.com
/AnthonyCouthures/CO2-Game (Original work published 2022)
Documentation: https://anthonycouthures.github.io/CO2-Game/
[111] Couthures, A. (2024). AnthonyCouthures/Private-Transport-Sector-Optimization-Model [Jupyter
Notebook]. https://github.com/AnthonyCouthures/Private-Transport-Sector-Optimization-M
odel (Original work published 2024)
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Couthures, A. (2025). AnthonyCouthures/COSA-Simulator [Python]. https://github.com/Ant
honyCouthures/COSA-Simulator (Original work published 2025)
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Couthures, A., Mroué, B., Mordrescu, 1.-C., & Lasaulce, S. (2022). A static game model for analyzing
country carbon emissions. PGMO days (Programme Gaspard Monge pour I'Optimisation) 2022
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Visit to other laboratories

During the course of this thesis, I had the opportunity to collaborate with external research
teams through the following visits:

EDF Lab Paris Saclay (Palaiseau, France):

I spent one month in the R&D OSIRIS department working on the ProspER project.
The objective of this visit was to apply an optimization framework to the problem of
decarbonizing the private transportation sector. This collaboration led to the development
of a specific simulation tool [111] and the publication of the conference paper [109].
Institut Montefiore, University of Liege (Liége, Belgium):

I visited the Department of Electrical Engineering and Computer Science for one week.
The discussions focused on theoretical extensions of the coupling between Opinion Dy-
namics and Environmental dynamics. Specifically, we explored a new theoretical frame-
work to analyze the feedback mechanisms between the vector of influence between the
opinion dynamics and the environmental dynamics, as an extension to the analysis [69].

Scientific mediation

Participation at "Ma These en 180 secondes" 2024 event ("Three minutes Thesis"). This
event is a competition where PhD students have to present their thesis in 180 seconds to a
non scientific audience. I was Regional finalist. Video available at https://ultv.univ-lor
raine.fr/video/17235-ma-these-en-180-secondes-2024-anthony-couthures/.

Research Group

During this thesis I got the opportunity to participate to diverse actions of the Research Group
"Modélisation, Analyse et Conduite des Systemes Complexes (MACS)":

e Presentation of my research during a working group meeting on the topic of "Opinion

Dynamics and Environmental Dynamics".
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e Presentation of a poster during the "Grand séminaire MACS - Systéemes multi-agents"
event. This workshop is organized by the Research Group MACS, https://sma.uphf.fr/.
The poster is available at https:/ /hal.science/hal-04715787v1/document.
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Chapter 2

Networked Systems Preliminaries

2.1 Introduction

This chapter establishes the foundational concepts and tools essential for modeling and ana-
lyzing interconnected dynamical systems. Networked systems, prevalent in various domains
from social and biological interactions to engineered infrastructures, exhibit complex collective
behaviors that necessitate a systematic analytical approach.

We begin by introducing Algebraic Graph Theory, a framework for representing and quan-
tifying network structures. This section defines key graph components such as nodes, edges,
and their connectivity properties, and details how these structures can be translated into matrix
representations. These matrix forms enable the application of linear algebra for the quantitative
analysis of network characteristics.

Following this, we delve into the basics of Dynamical Systems theory. As networked
systems are inherently dynamic, their states evolve over time governed by interactions between
components. We introduce the general form of a continuous-time autonomous dynamical
system (and its properties)

and define core concepts such as solutions, trajectories, and equilibrium points. This section also
explores specialized classes of systems, including cooperative and monotone systems, which
exhibit predictable order-preserving behaviors. This will be important for the rest of the thesis
where we will study the behavior of networked systems under various dynamics.

A critical aspect of understanding these dynamic processes is Stability Theory. This section
outlines various stability notions, from basic boundedness to exponential convergence, provid-
ing the means to assess how system states behave in the vicinity of equilibria or other invariant
sets. These stability criteria are indispensable for predicting long-term network behavior.

Finally, we present a set of fundamental Mathematical Tools that underpin the rigorous
development and proofs throughout the thesis. These preliminaries provide a robust analytical
foundation, preparing the reader for subsequent chapters where these concepts will be applied
to study phenomena such as synchronization, consensus, and the impact of external influences
on multi-agent systems.
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2.2 Algebraic Graph Theory

This section introduces the basic concepts of graph theory and algebraic graph theory, which
are essential for modeling and analyzing interconnected dynamical systems. Graphs provide
a language to describe relationships and interactions within a network, while algebraic graph
theory equips us with tools to analyze these structures numerically using matrices. The concepts
and results presented here will establish a solid foundation for understanding network behavior
in various dynamical models that will be required in the rest of the thesis.

2.2.1 Basic Graph Concepts

We begin by defining the core components of a graph, which serves as our abstract representa-
tion of a network. A graph consists of a set of vertices and a set of connections between them,
which can be either undirected or directed, and optionally assigned weights. The definitions
and results presented here are taken from [113].

Definition 2.2.1 (Graph). A graph G = (V, ) is formally defined as a pair consisting of a finite
non-empty set of vertices (or nodes) V and a set of edges £.
— An undirected graph has edges as unordered pairs of distinct vertices {i, j}.
— Adirected graph (or digraph) has edges as ordered pairs of distinct vertices (i, j), indicating
a connection from i to j.

— A weighted graph assigns a real number w;; > 0 to each edge (i, j) or {1, j}, representing
the strength or capacity of the connection, and w;; = 0 if the edge (i, j) does not exist. When
the weight is not specified, the graph is unweighted and we assume it to be 1.

We will assume that V = {1,2,..., N} for some N € Nwith N > 2.

1 (2) 3

(a) A simple undirected, unweighted graph G;  (b) A simple weighted directed graph (digraph)
with edges set G, with edges set

E={{1,2},{2,3},{1,4},{2,4},{3,4}}. £=1{(1,2),(2,3),(1,4),(2,4),(3,4),(4,1)} and
weights w;;.

Figure 2.1: A simple undirected, unweighted graph G; (left) and a simple weighted directed
graph G (right). The vertices are labeled as V = {1,2, 3, 4}.

Throughout this thesis, we will predominantly refer to undirected, unweighted, and simple
graphs unless otherwise specified.

Definition 2.2.2 (Node and Edge). A node (or vertex) is an element i € V representing an
entity in the network.

[113] Algebraic Graph Theory. Chris Godsil et al. (2001).
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— For an undirected graph, an edge {i, j} represents a symmetric connection between node i
and node j. If {i,j} € €, then (i,j) € £ and (j,i) € £.

— For a directed graph, an edge (i, j) represents an ordered connection from node i to node j.
Node i is the tail and node j is the head.

We say that the graph is simple if it has no loops (edges that connect a vertex to itself) or multiple
edges (edges with the same tail and head). i.e., £ is a set of unordered pairs of distinct vertices.

Definition 2.2.3 (Neighborhood and Degree). To each node i € V, we associate the notion of
neighborhood and degree.
— In an undirected graph, the neighborhood N of vertex i is

Ni={jeV|{ij}e&}

The degree d; is | N;| since every edge has weight 1. For a weighted undirected graph, the
weighted degree of i is
di = Z ’LUij.

JEN;
— Ina directed graph (digraph):
— The out-neighborhood NP of i is NP" = {j € V | (i,j) € E}. The out-degree
A9 i " = 3 o wij.
— The in-neighborhood Ni® of i is NI* = {j € V| (j,i) € E€}. The in-degree d™ is
din = Ejej\fj“ Wy

Let us now compute the neighborhood and degree for the graphs in Figure 2.1a and Fig-
ure 2.1b as an example.

Example 2.2.1. For the undirected graph in Figure 2.1a: N1 = {2,4} and Ny = {1, 3,4} with d; = 2
and dy = 3 and so on.

For the weighted directed graph in Figure 2.1b: NP = {2,4} and Ni* = {1} with d"* = 0.8 and
d® = 0.8. Similarly, N$"* = {3,4} and Ni* = {1} with d3"* = 2.2 and d} = 0.5 and so on.

In graph theory, sequence of vertices connected by edges are central to the study of graph
properties. We will now define the notion of a path linking two vertices.

Definition 2.2.4 (Path). A path (or walk) in an graph is a ordered sequence of vertices/edges
i1,12, ..., ipt1 such that {iy,ix41} € € forall k € {1,...,p}. All edges must follow their specified
direction.

Having defined the notion of a path, we can now define the notion of connectedness in the
graph.

Definition 2.2.5 (Connectedness). In a graph G, two vertices i and j are connected if there exists
a path between them. Such notion of connectedness extends to the entire graph:

— An undirected graph is connected if all pairs of vertices are connected.
— In a directed graph (digraph), we refine the notion of connectedness:
— A digraph is weakly connected if its underlying undirected graph (ignoring edge
directions) is connected.
— A digraph is strongly connected if for every ordered pair of vertices (i, j), there exists
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(a) A disconnected graph G with two connected  (b) A subgraph ¢’ C G with two connected
components: A = {1,2,3} and B = {4,5}. components: A’ = {1,2} and B’ = {4}.

Figure 2.2: Illustration of the notion of a connected component. The graph is disconnected with
two connected components: {1,2,3} and {4, 5}.

a directed path from i to j.

A connected component is a maximal connected subgraph.
Figure 2.2a illustrates an undirected graph with two distinct connected components.

It is then intuitive to define the notion of a subgraph, which is a subset of the vertices and
edges of a graph.

Definition 2.2.6 (Subgraph and Induced Subgraph). A subgraph G' = (V'.£’) of a graph
G = (V,E)isagraph such that V' CV and &' C &, with the additional condition that all edges in
&' must connect vertices within V'

An induced subgraph is a subgraph formed by choosing a subset of vertices V' C 'V and
E'=EnN (V' x V). ie., the nodes in V' and the edges that connect two vertices in V'

Figure 2.2 illustrates the notion of a subgraph as a subset of the vertices and edges of a graph
presented in Figure 2.2a. Note that a subgraph of G is not necessarily a connected component
of G since it is not connected.

2.2.2 Canonical Graphs

Canonical graphs are mathematical objects that appear frequently in graph theory and network
analysis. They serve as building blocks and illustrative examples for various graph properties.

Definition 2.2.7. We define the following canonical graphs:
— A path graph Py is a graph with N vertices and edges connecting vertices in order.
— A complete graph K is a graph with N vertices and edges connecting every pair of vertices.

— A star graph Sy is a graph with N vertices and one central vertex connected to all other
vertices.

— A cycle graph C\ is a graph with N vertices and edges connecting vertices in a cycle.

— Abipartite graph B\ y is a graph with two sets of vertices, V1 with M vertices and Vo with
N wvertices, such that every edge in € connects a vertex in V; to a vertex in Vs.

— A complete bipartite graph K n is a graph with two sets of vertices, V1 with M vertices
and Vo with N vertices, such that every vertex in V; is connected to every vertex in Vo, and
there are no edges within Vy or Va.

— A 2D lattice (or grid graph) G N is a graph with M x N vertices arranged in a grid,
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(a) Path Graph (Ps) (b) Complete Graph (K4) (c) Star Graph (Ss)

(d) Cycle Graph (Cs) (e) Complete Bipartite Graph (f) 2D Lattice (Grid Graph, 3x3)
(K33)

OH2-HOA®)

Figure 2.3: Illustrations of Canonical Graph Structures.

where each vertex is connected to its four nearest neighbors (up, down, left, right) except for
the boundary vertices.

The canonical graphs are illustrated in Figure 2.3. Those graphs are useful for illustrating the
properties of graphs and for testing the correctness of algorithms and will be used throughout
the thesis for illustration purposes.

2.2.3 Graph Representations: Matrices

To perform quantitative analysis of network structures and dynamics, we represent graphs
using matrices. These matrices encode the connectivity and other properties of the graph in a
mathematical form, enabling the application of linear algebra tools. The definitions and results
presented here are inspired by [113, 114].

Definition 2.2.8 (Adjacency Matrix). The adjacency matrix A € RN*Y foragraph G = (V, )
with N = |V| vertices specifies the connections between nodes. Its entry a;; represents the weight
of the edge from node i to node j.

— For an unweighted graph, a;; = 1 if an edge exists, and 0 otherwise.

— For a weighted graph, a;; = w;; if an edge exists, and 0 otherwise.

— For an undirected graph, A is symmetric (a;; = a;;).

— For a directed graph (digraph), A is generally asymmetric.

Let us continue to illustrate the notion of adjacency matrix on the graphs presented in
Figure 2.1a and Figure 2.1b.

[114] Lectures on Network Systems. Francesco Bullo. (2018).
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Example 2.2.2. For the undirected graph Gy in Figure 2.1a and the weighted directed graph Gy in
Figure 2.1b, the adjacency matrices Ay and As are respectively:

0101 0 0 0 08
101 1 05 0 0 0
Ar=10 1 9 1| ™ A=|, 15 ¢ o
1110 03 1 07 0

Definition 2.2.9. The degree matrix D € RYN*N of a graph G = (V, ) is a diagonal matrix
where each diagonal entry d;; is the degree of vertex i. i.e., d;; = Zj\f: 1 @i = [N

Continue with the example of the graphs presented in Figure 2.1a and Figure 2.1b, we can
now define their respective degree matrices.

Example 2.2.3. For the graph in Figure 2.1a, the degree matrix Dy of G and the degree matrices D"
and D™ of G, are:

200 0 08 0 0 0 08 0 0 0
o3 0 0 ot | 0 22 0 0 w o 05 0 0
Di=|g g9 oD =|¢ 4 o7 o|™D=]¢ o 12 ¢
000 3 0 0 0 08 0O 0 0 2

One can note define the family of graphs for which the degree matrix is a diagonal matrix.

Definition 2.2.10. Let d € N. A undirected graph is called d-regular if all its vertices have the
same degree d. i.e., Vi € V,d; = d or equivalently D = d1I.

Being equipped with the notion of adjacency matrix and degree matrix, we can now define
the Laplacian matrix that will be used throughout the thesis.

Definition 2.2.11. The Laplacian matrix L € RN*N of a graph G = (V, ) is defined as the
difference between the degree matrix and the adjacency matrix:

L=D-A.

With the convention that D = D™ for directed graphs.

For the graph in Figure 2.1a, the Laplacian matrices Ly and Ly are:

29 -1 0 -1 08 —05 0 —0.3
1 3 -1 -1 0 22 -12 -1
Li=| oy 4 o _q| ond La=} 0 07 —07
1 -1 -1 3 —08 0 0 08

The Laplacian matrix is symmetric for undirected graphs, and its rows (and columns) sum
to zero, which implies that L1 = 0, where 1 is the vector of all ones. This property indicates
that 0 is always an eigenvalue of L, with 1 as its corresponding eigenvector.
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Normalized Graph Matrices

For certain network dynamics, particularly those involving averaging or distributed updates,
it is often useful to work with normalized versions of these matrices. Normalization helps to
standardize the influence or activity of each node, regardless of its raw degree.

Definition 2.2.12. The left-normalized adjacency matrix (or random walk matrix) A, €
RN*N is defined as Ay, = D~' A, with the convention that D = D™ for directed graphs.

The left-normalized Laplacian matrix L, € RVN*N is defined as Ly, = D™'L = I —
DA

Example 2.2.4. For the graph in Figure 2.1a, the left-normalized adjacency matrices A,y and L., are:

0 1/2 0 1/2 1 —1/2 0 —1/2

|13 0 13 13 -3 1 —1/3 -1y
A =10 12 0 1| ™ In=| o _1p 1 —ip
1/3 1/3 1/3 0 ~1/3 -1/3 -1/3 1

The left-normalized adjacency matrix D! A is a row-stochastic matrix. This means all its
entries are non-negative and each row sum equals 1. This property is especially important in
many network dynamics because:

— It inherently constrains the state variables to a bounded domain, provided the update

function itself maps into that domain.

— It effectively equalizes the total "outgoing influence" from each agent. In dynamics
where agents aggregate information from neighbors, normalization by degree ensures
that agents with many connections do not inherently dominate over less connected agents
simply by virtue of their degree.

Spectral Properties of Graph Matrices

The matrix representations allow us to leverage powerful results from linear algebra to rigor-
ously analyze graph properties and network behavior.

Perron-Frobenius Theorem. [114, Theorem 2.12] Let M € RVN*N pe g non-negative matrix
(i.e., all entries m;; > 0).
There exists a real eigenvalue Ap (called the Perron root or spectral radius p(M)) such that
Ap > || for all other eigenvalues v of M.
(6i) There exists a non-negative right eigenvector vp > 0 (i.e., v; > 0 for all i) and a non-negative
left eigenvector wp > 0 corresponding to \p.
(iii) If M is irreducible (meaning its associated directed graph is strongly connected), then \p
is strictly positive, simple (multiplicity 1), and its corresponding eigenvectors vp > 0 (i.e.,
v; > 0 for all i) and wp > 0 are unique (up to scaling).

Application for normalized adjacency matrices: For a connected, undirected graph G, its
left-normalized adjacency matrix Ay, = D~ A is irreducible (since G is connected, any node can
reach any other node). Furthermore, Ay, is row-stochastic. According to the Perron-Frobenius
Theorem:

The largest eigenvalue (Perron root) is A\p = 1. This is because Aw1 = 1 (sum of each row
is 1), so 1 is a right eigenvector with eigenvalue 1.
— This eigenvalue \p = 1 is simple, and all other eigenvalues 1 of Ay, satisfy p < 1 and
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lul < 1.

— There exists a unique (up to scaling) positive left eigenvector w >> 0 corresponding to A\p =1,
such that w' A, = w'. This vector w represents the stationary distribution of a random
walk on the graph.

These properties are necessary for understanding the convergence of many network dynamics to a
consensus or equilibrium state.

[114] Lectures on Network Systems. Francesco Bullo. (2018).

We now state some properties of the eigenvalues of symmetric graph matrices.

Proposition 2.2.13 (Eigenvalues of Symmetric Graph Matrices). For an undirected graph,
both the adjacency matrix A and the Laplacian matrix L are symmetric. Therefore, all their
eigenvalues are real. Additionally, for an undirected graph, the Laplacian matrix L is positive
semi-definite, meaning all its eigenvalues are non-negative.

Proof. This is a direct consequence of matrix theory of symmetric matrices [115].
For an undirected graph, the Laplacian matrix L = D — A. For any vector € RY, the
quadratic form z " Lz can be written as:

N N N N N
TLe = d: 2 . — 2
x' Lz = Ty — Qi T;T5 = Wi T; — Wi Ti T,
i=1

i=1 j=1 i=1 jEN; i=1 jeN;

since d; = ) JeN; Wi and a;; = w;; with the convention that w;; = 1if {i,j} € £&. Moreover,
since the graph is undirected, a;; = a;;, the second sum can be rewritten as:

N N N
E E aijxiazj =2 E wijﬂiiﬂjj =2 E E U)Z'jl‘il‘j.

i=1 j=1 {i,j}e€ i=1 jEN;

Thus, because each edge {i,j} appears twice in the sum (once for ¢ and once for j), we can
rewrite:

:BTL:B = Z wij(a:? + sz — 2.731‘%]‘) = Z wij(aci — 1’]‘)2

{igree {igree
Finally, since w;; > 0 and (z; — acj)2 > (), it follows that " Lz > 0 for all z € RY. This proves
that L is positive semi-definite, and thus all its eigenvalues are non-negative. O

One can formulate the following proposition regarding the eigenvalues of bipartite graphs.

Proposition 2.2.14 (Eigenvalues of Bipartite Graphs). Let G be a bipartite graph. If X is an
eigenvalue of its adjacency matrix A, then —\ is also an eigenvalue of A. The same holds for the
random walk adjacency matrix A.y,.

Proof. Since G is a bipartite graph, its vertices can be partitioned into two sets, V; and V5, such
that all edges connect a vertex in V; to one in V5. This induces a block structure on the adjacency
matrix A and the diagonal degree matrix D:

(0 B (D1 O
A(BT 0), and D(O D2>.
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Let \ be an eigenvalue of A with a corresponding eigenvector v, partitioned as v = (v1,v2)".

The eigenvalue equation Av = Av yields the system:
Bvs =My and B'v; = M.

Now, consider the vector v’ = (v1, —v9) T. Applying A to v’ gives:

o —sz o —)\’Ul _ V1 _ /
av = () = (o) ==a () =
Thus, — A\ is also an eigenvalue of A with eigenvector v'.
The same logic applies to the random walk matrix A,, = D~1A. Let A be an eigenvalue of
A, with eigenvector v. The eigenvalue equation A,,v = Av is equivalent to Av = ADwv. In

block form, this is:
B'U2 = )\Dlvl and BT’Ul = )\DQUQ.

Using the same transformed vector v’ = (v, —v9) ", we find:

r —B’02 . —)\levl _ D1 0 U1 _ /
Av' = <BT’U1> o < ADovy | A 0 Dy)\-vs) AD
Pre-multiplying by D~! gives D71 Av’ = —\v/, which shows that —) is an eigenvalue of

Ay O

For the normalized adjacency matrices, we can provide the following relationships between
the eigenvalues of the normalized adjacency matrix and the Laplacian matrix.

Proposition 2.2.15 (Eigenvalue Relationships for Normalized Matrices). Let G be a graph
with adjacency matrix A and degree matrix D.
(i) If \is an eigenvalue of A, = D™ A, then 1 — )\ is an eigenvalue of Ly = I — D71 A, and
vice versa.

(ii) Foraregular undirected graph, the eigenvalues of L = D — A are related to the eigenvalues
of Aby A\p =d — Aa.

Proof. (i) Let A be an eigenvalue of A,, with corresponding eigenvector v. By definition,
A.wv = M. Now consider the action of L, on v:

Lyw=(I-Awv=Iv—Aww=v— ) v=(1-\v.

Thus, if A is an eigenvalue of A,y then 1 — X is an eigenvalue of L,,, with the same eigenvector
v. The converse is proven similarly.

(ii) For a regular undirected graph, every node has the same degree d. Thus, the degree
matrix is D = dI. The Laplacian matrix is then L = dI — A. Let A4 be an eigenvalue of A with
corresponding eigenvector v. So, Av = A4v. Now consider the action of L on v:

Lv=(dl — A)v=dlv— Av=dv — A v = (d — \y)v.

Thus, if A4 is an eigenvalue of A, then d — A4 is an eigenvalue of L with the same eigenvector
v. ]
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Proposition 2.2.16 (Similarity and Weighted Self-Adjointness). For an undirected connected
graph G with degree matrix D, the left-normalized adjacency matrix Ay, = D7'A and the

symmetric normalized adjacency matrix Asym, = D~Y2AD™Y2 are similar and thus have the
same set of eigenvalues, denoted by Ay, ..., \y. Moreover, Ly and Ly, share the same set of
eigenvalues, denoted by pu1, ..., N

Consequently:

(i) All eigenvalues of Ay, and Ly, are real.
(ii) A,y is self-adjoint with respect to the weighted inner product

(x,y)p = x' Dy. 2.1)

(iii) Ay is diagonalizable over R, and its eigenvectors can be chosen to form a D-orthonormal
basis, i.e.
’UZTD v; = (5” (22)

Proof. Let S = D'/2. Then § is invertible (since G is connected, all degrees d; > 0), and
Agym =D 2AD™ Y2 =8 A4,,87L. (2.3)

Hence A, and Agyy, are similar and share the same eigenvalues.

(i) Since Agym is symmetric, all its eigenvalues are real. The same reasoning applies to L,
and Ly, via Proposition 2.2.15.

(ii) For any =,y € RY,

(x,Arwy)p =2 DD 'Ay=2"Ay =y Az = (Aryx,y)p, (2.4)

where we used the symmetry of A for an undirected graph. Thus A, is self-adjoint in (-, -) p.
(iii) It follows from the spectral theorem for finite-dimensional self-adjoint operators. ]

Proposition 2.2.17 (Properties of the Symmetric Normalized Laplacian). For an undirected
graph G, the symmetric normalized Laplacian is defined as Ly, = I — D™'/2AD~1/2,
(i) Lgym, is a real symmetric matrix, so all its eigenvalues are real.
(ii) Ly is positive semi-definite, meaning all its eigenvalues are non-negative.
(iii) The multiplicity of the eigenvalue O for Lgyy, is equal to the number of connected components

ing.

Proof. (i)-(ii) The proof follows from the one of Proposition 2.2.13.

(iii) Let £ denote the set of edges in G. We examine the null space of Lgy,,. Let x be an
eigenvector such that Lgy,,« = 0, which implies :BTLSym:IZ =0.

Recall that the unnormalized Laplacian is L = D — A, which allows us to write Ly, =
D~'2LD~'/2. By defining y = D~'/?z, we can rewrite the quadratic form as:

wTLsymw = yTLy = Z (yz - yj)2 =0.
{i,7}€€

Because the sum consists of non-negative terms, we must have y; = y; for every pair of adjacent
vertices (i, j) € £. Consequently, y must be constant on each connected component of G.
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Suppose G has k connected components Cy, ..., Cj. Since y is piecewise constant, it can be
written as a linear combination of the % indicator vectors yi, . . ., yr, where the i-th entry of y,,,
is 1if ¢ € C,, and 0 otherwise.

Transforming back to x, any eigenvector in the null space of Ly, must be a linear combi-
nation of the vectors x,, = D'/?y,,. Because the connected components are disjoint, these &

vectors x1, ..., x; have disjoint supports and are therefore linearly independent. Thus, they
form a basis of the eigenspace associated with A\ = 0, proving that the multiplicity of the
eigenvalue 0 is exactly &. ]

Spectral Gap and Algebraic Connectivity

The eigenvalues of graph matrices provide important insights into the structural properties of
a network, particularly its connectivity. The concept of the spectral gap or algebraic connectivity
quantifies how "well-connected" a graph is.

Definition 2.2.18. For a connected undirected graph G with Laplacian matrix L, let its eigenvalues
be ordered 0 = p1 < po < ... < un.

— The algebraic connectivity (or Fiedler eigenvalue) is s, the second smallest eigenvalue of
L

— The spectral gap of L is jio — p11 = po.
A larger spectral gap implies stronger connectivity.

For a normalized adjacency matrix A, of a connected graph, we note its eigenvalues be ordered
“1< << ... <Ay =1

— The algebraic connectivity of the graph is s = 1 — An_1.

— The generalized spectral gap of Ay, is 1 — maxj£1 [A|.

The algebraic connectivity po provides a quantitative measure of how robustly connected a
graph is. A larger ps implies:

— The graph is "harder to disconnect" (more robust).

— Random walks on the graph mix faster, meaning they reach a stationary distribution more

quickly.

— Consensus algorithms converge more rapidly.
Conversely, a small ji5 indicates that the graph is "loosely connected" or has a bottleneck, making
it easier to partition.

Remark 2.2.1 (Relation with the normalized adjacency matrix). Those observations can be trans-
lated to the metrics on the normalized adjacency matrix A, of a connected graph. Indeed, since
p2 = 1 — An—1, we have a more connected graph for Ay _1 close to 0 and a less connected graph for An_1
close to 1. The generalized spectral gap is 1 — maxy1 |\,| and corresponds to the spectral gap only if
AN—1 > ‘)\1‘

The spectral gap is a critical parameter in analyzing the rate of convergence for various
network processes, including consensus algorithms and diffusion dynamics. A larger spectral
gap indicates faster convergence to a stable state across the network.

2.24 Graph Partitions

Partitions provide a way to divide a network into smaller, distinct groups of nodes, which is
useful for analyzing community structures or modular behaviors within complex systems.
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OHHOA®

(a) Path Graph (FP5): p2 ~ 0.293 (b) Complete Graph (K5): po = 1.25

P

(c) Two connected complete graphs connected
by a single edge: uo ~ 0.073

Figure 2.4: Examples illustrating varying algebraic connectivity. The P5 graph is weakly con-
nected, resulting in a small X\o. The K5 graph is maximally connected, leading to a large Ao.
The two connected complete graphs are connected by a single edge leading to the presence of
a bottleneck and thus a really small \;.

Definition 2.2.19 (Partition of a graph). A partition @ = {Cy,...,Cn} of the vertex set V
is a collection of non-empty, disjoint subsets (or cells) such that their union covers all vertices
(UL, Cw = V) and they are mutually exclusive (C; N C; = () for i # j).

Definition 2.2.20 (Characteristic matrix). The characteristic matrix P € RN*M for a partition
7 is a matrix whose entries are defined by:

P 1, ifvertexic Cj,
“ 0, otherwise.

This matrix maps individual nodes to their respective cells. Its columns are indicator vectors for
each cell, and its rows sum to 1. We will note its Moore-Penrose inverse as P* = (PTP)~'P".

The characteristic matrix P helps to map between the full state space and the states within
the partitioned substructures.

Definition 2.2.21 (Subgraphs and adjacency internal and external matrices). Given a graph
G = (V,€&) and a partition m = {C1,...,Cpr} of V:

— The induced subgraph G;, = (Cy, &) for each cell Cy, consists of only the vertices in Cj, and
all edges from £ that connect two vertices within Cy. The set of these internal edges for cell
Cris & ={{i,j} € €| 1,5 € Cx}. The adjacency matrix of Gy, is denoted Ay,.

— Internal edges are edges whose both endpoints belong to the same cell of the partition, i.e.,
&L = UM, &.. The internal adjacency matrix AL is defined as [AL];; = 1if (i,5) € &L
and 0 otherwise. It is the block diagonal matrix AL = Blockdiag(Ay, ..., Ay).

— External edges are edges connecting vertices that belong to different cells of the partition, i.e.,
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L

Figure 2.5: Illustration of a graph partition. A graph G is partitioned into three disjoint cells
C1=1{1,2,3,4},Co = {5,6,7,8},and C3 = {9, 10, 11, 12}. Edges within cells are internal edges in
black, while those connecting different cells are external edges in gray.

EE = £\ EL. The external adjacency matrix AL is defined as [AL];; = 1if (i,5) € EF
and 0 otherwise. We have the relation A = AL + AL,

Definition 2.2.22 (Connected partition). A partition m is said to be connected if the induced
subgraphs Gy, are connected for any cell C, € 7.

Definition 2.2.23 (Selection matrix). For a partitionm™ = {Cy,...,Cpr} ofagraph G = (V,E), the
selection matrix S € RV*M is g matrix that extracts the states of agents belonging to each cell Cy,
from a global state vector & € R™ associated with the graph G. Specifically, if Cr = {v1, ..., v},
then Sy, is a matrix with 1 at (j, k) and O elsewhere, such that Sx = (z,,, . . . s Tuyg, )T

Those concepts relate to the notion of community in graph. The following example illustrates
how to partition a graph and how to extract the states of agents belonging to each cell.

Example 2.2.5 (Partitioning a graph). Consider the graph from Figure 2.5 with N = 12 nodes and a
partition m = {C1,Ca,Cs}, where C; = {1,2,3,4}, Co = {5,6, 7,8}, and C3 = {9, 10, 11, 12}.
— The corresponding adjacency and characteristic matrix are given by:

0101/00000000 110 0
101000000000 10 0
010110000000 10 0
101000001000 10 0
001 00101/0000 0 1]0
000010100000 01 0

A=l 000001010100 ]| ™ P=fy7,
000010100001 01 0
00010000[01T10 0 01
00000O0T1O0[1 001 0 01
000000O0O0/1O0O01 001
000000O0T1/01T10 0 0|1

— Induced Subgraphs and Internal Edges: The induced subgraph G, for cell C; = {1,2,3,4}
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includes nodes {1,2, 3,4} and edges {{1, 2}, {1,4},{2,3},{3,4}}. These are the black edges fully
contained within the blue region in Figure 2.5. The adjacency matrix A, for G; would be a 4 x 4
matrix.

— External Edges: The gray edges in Figure 2.5 are external edges. Examples include {3,5}, which
connects Cy and Co, and {4, 9}, connecting Cy and Cs.

— Selection Matrix: For cell C; = {1,2, 3,4}, the selection matrix Sy € R¥*12 is:

100 0[{00O0O0OO0TUO0TGO0ODO
S 01 0 00 O O O OOO0ODTUO
= flo o1 0/000000O0DO0
0O 00O 1/0 0 0 O0O0OO0OTO0OTDO
Ife = (x1,... ,xlg)T is the global state vector, then S1x = (x1, x2, T3, a:4)T, effectively extracting

the states of nodes within C.

Up to a reindexing of the nodes, for a given partition 7 of a graph G, the adjacency matrix
A can be decomposed such that A = AL + AZ. Example 2.2.5 and Figure 2.5 illustrate these
concepts for a sample graph.

Equitable Partitions

Equitable partitions are a special class of graph partitions that possess structural symmetries,
simplifying the analysis of network dynamics. The definitions and results presented here are
inspired by [113, Section 9.3].

Definition 2.2.24 (Equitable partition). A partition 7 = {C1,...,Cn} of V is called equitable
if for any two cells C; and C; (which can be the same cell), the number of neighbors in C; of a vertex
I € C; is a constant b;; that is independent of the specific choice of | in C;. These values b;; are called
the quotient graph weights.

An equitable partition groups vertices that are "structurally equivalent” with respect to the
partition. This symmetry allows for a reduced representation of the graph’s dynamics.

Definition 2.2.25 (Quotient graph). Given a graph G and an equitable partitionm = {C1,...,Cn},
the quotient graph G/ is a directed graph whose vertices are the cells Cy,...,Cp. A directed
edge exists from C; to C; with weight b;; (as defined above) if b;; > 0. The adjacency matrix of the
quotient graph is B = (b;;) € RM*M,

The quotient graph G/m provides a reduced-order representation of the original graph,
preserving the essential connectivity patterns between the cells of an equitable partition. This
reduction is particularly useful for simplifying the analysis of dynamical systems on graphs.
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(a) A graph with a connected equitable partition.
1

2 VO 1 VR 1
&yr (Y

¢ D2

3
22(¢ ) (¢, ),
2 N—/ 1 N—/ 1

(b) Quotient graph of the graph (a) with the partition 7 = {C1,...,Cs}.

Figure 2.6: Example of a graph with equitable partition and its quotient graph.

Lemma 2.2.26 (Equitable Partition Properties). Let 7 = {C1,...,Car} be an equitable partition
of a undirected graph G with adjacency matrix A and degree matrix D. Let P be its characteristic
matrix and B be the adjacency matrix of the quotient graph G /m. Let D = diag(dc, , ... ,dc,,) be
the diagonal matrix of cell degrees. The following identities hold:

(i) The adjacency matrix of the original graph A and the quotient graph B are related by

AP =PB
(ii) The degree matrices of the original graph D and the quotient graph D are related by DP =
PD

(iii) The inverse of the degree matrix of the original graph D~" and the quotient graph D' are
related by D~'P = PD~!

Proof. (i) See [113, Lemma 9.3.1].
(ii) The (i, k)-th ~entry of DP is dszk~ If i ¢ Cy, Py, = 0. If i € Cy, the entry is d; = dg, . The
(i, k)-th entry of PD is ), Py Dy, = Pj, Dy, = Pirdc, . This is also d¢, if i € C, and 0 otherwise.
(iii) Follows directly from (ii) by multiplying by inverses. O

2.3 Matrix Eigenvalue Theorems

This section reviews standard results regarding the eigenvalues of Hermitian matrices and thus
on symmetric matrices. Specifically, we focus on variational characterizations, which allow
us to bound eigenvalues using optimization over subspaces. These tools are essential for the
stability and convergence analysis performed in later chapters. The following theorems are
taken from [115, Chapter 4].

The first result is the Rayleigh-Ritz theorem, which relates the smallest and largest eigen-
values of a matrix to the minimum and maximum values of the Rayleigh quotient.

39



Chapter 2. Networked Systems Preliminaries

Rayleigh-Ritz Theorem. [115, Theorem 4.2.2] Let A € CN*N be a Hermitian matrix with
algebraically ordered eigenvalues Ay < --- < An. The extremal eigenvalues can be expressed using
the Rayleigh quotient:
*A
Al = Apin = min rAx

zeCN x*X
z#0

and

x*Ax
AN = Amax = max
zeCN T'T
x#£0
For any non-zero vector & € C, the Rayleigh quotient is bounded by the extremal eigenvalues:
T Ax

x*x

<

>\min >~

< )\max

Equality holds if and only if « is an eigenvector corresponding to the respective eigenvalue.

[115] Matrix Analysis. Roger A. Horn et al. (2017).

While Rayleigh-Ritz Theorem handles the extremal cases, the Courant-Fischer theorem
generalizes this concept to all eigenvalues. It characterizes the k-th eigenvalue as a min-max
problem over subspaces. This is particularly useful for analyzing how structural changes in
a network (such as removing edges or nodes) affect the spectral gap and, consequently, the
convergence speed of consensus algorithms.

Courant-Fischer Min-Max Theorem. [115, Theorem 4.2.6] Let A € CN*N be a Hermitian
matrix with algebraically ordered eigenvalues \y < --- < An. Foreach k € {1,..., N}, the k-th
eigenvalue has the following variational characterizations:

. r*Ax

AL = min max
SCCN zeS xT*x

dim S=k =70

and
. xT*Ax
A = max min

sccN xcS x*xT
dim S=N—k+1 ©#0

where the optimization is over all subspaces S C CN of the specified dimension.

[115] Matrix Analysis. Roger A. Horn et al. (2017).

Finally, we state Ostrowski’s inequality. This theorem describes how the eigenvalues change
under a congruence transformation SAST. In the context of this thesis, this result helps
quantify the effect of coordinate transformations into the normalized adjacency matrix D~ A
on the system dynamics.

Ostrowski’s inequality. [115, Theorem 4.5.9] Let A,S € RN*N with A symmetric. Let
the eigenvalues of A, SST, and SAST be arranged in nondecreasing order, denoted by \,(A),
Me(SST), and M\, (SAST) respectively, for k = 1,...,N. Then foreach k = 1,..., N, there exists
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a real number 0y, € [\1(SS 1), A\n(SST)] such that \j,(SAST) = 0.\ (A).

[115] Matrix Analysis. Roger A. Horn et al. (2017).

2.4 Dynamical systems

Definition 2.4.1 (Autonomous Dynamical System). A continuous-time autonomous dy-
namical system is described by a system of first-order Ordinary Differential Equations (ODEs) of
the form:

x(t) = f(z(t)), (2.5)
where:
— X C RN is the state space (the set of all possible states),
— x(t) € X is the state vector at time t,
— f: X = X isa function called the vector field of the dynamical system.
— the “&(t)” notation denotes the time derivative of the state vector, i.e., &(t) = %x(t),
The term autonomous signifies that the function f does not explicitly depend on time.

Remark 2.4.1. For notational brevity, we will often omit the explicit time dependence of the state vector,
writing x instead of x(t) when the context is clear. This convention simplifies the presentation without
sacrificing formal accuracy.

2.4.1 Existence and properties of solutions of differential equations

The definition of a dynamical system presents an abstract rule for evolution. For this abstraction
to serve as a meaningful and predictive model, we must first establish several core properties
of its solutions.

The most basic requirements are the existence and uniqueness of trajectories. Existence
ensures that the system has a well-defined evolution from any starting point. Uniqueness is
even more critical: it guarantees that the system is deterministic. A given initial state leads to
one, and only one, future. This property, established under the Lipschitz condition, underpins
the very concept of the system’s flow and is the foundation for any predictive analysis.

Beyond determinism, a useful model must also be robust. In any real-world application,
initial conditions are known only with finite precision, and model parameters may contain
small uncertainties. It is therefore essential that solutions depend continuously on these values.
A small change in the starting point or a slight variation in a system parameter should result in
only a small change in the resulting trajectory over any finite time horizon.

The following definitions and propositions formalize these necessary requirements.

Definition 2.4.2 (Solution and Trajectory [116, Definition 1.3]). A functionx : Ry x X — X'is
a solution of the system (2.5) originating from an initial state o € X if there exists a neighborhood
I of 0in Ry such that:

— the functiont € I — x(t; o) € X is continuous,
— we have

t
x(t;xp) = o —i—/o f(x(T;20))dT, Vtel.
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The point x is called the initial condition of the solution.
The image of this function, i.e., the set of points {x(t;xo) | t € I}, is called the trajectory or
orbit through x.

[116] Fonctions de Lyapunov : Stabilité. Delphine Bresch-Pietri et al. (2022).

Under the assumption that the vector field function f is continuous, the solutions follow the
Carathéodory’s conditions [116]. The following proposition states the existence and uniqueness
of solutions under the Lipschitz condition.

Proposition 2.4.3 (Existence and uniqueness of solutions [116, Chapter 1, Theorems 1, 2 and
4]). Let f : X — X be a continuous function. Then, for any xo € X, there exists a neighborhood
I of 0in Ry and a function t — x(t; o) € X that is a solution of the system (2.5) with initial
condition xq on the interval 1. This solution is C' on I and verify

&(t;z0) = f(®(t;20)), Vi€l
Moreover, if the function f satisfies the Lipschitz condition over X, i.e.,

[f(x) = fll < Kllz—yl, foralzyecd,

for some K > 0, then the solution is unique and can be extended to the entire positive real line. i.e.,
forany x € X, there exists a unique solution x(t; xo) for all t € Ry passing through x.

[116] Fonctions de Lyapunov : Stabilité. Delphine Bresch-Pietri et al. (2022).

Proposition 2.4.4 (Continuity in parameters of solutions [117, Theorem 3.5]). Let f : X x
R — X be a continuous function and locally Lipschitz in its first argument uniformly in the second.
Forany (zo, ) € X x R, let x(t; xo, o) be the solution of the system (2.5) with initial condition
xo on an interval I C R.. Then, the solution x(t; xo, o) is continuous in the parameters (xo, o)
on the interval I x R. i.e., for all € > 0, there exists a 6 > 0 such that if

o — xp|| <6 and | —o'| <4,

then there exists a unique solution ' (t; x{,, o) of the system (2.5) with initial condition x{, on the
interval I and it verifies

|’ (t; zh, ) — (t; @0, ) || <&, VtelL

[117] Nonlinear Systems. Hassan K Khalil. (2002).

The collection of all possible solutions can be unified into a single mathematical object
called the flow. Assuming conditions that guarantee unique solutions for all time (cf. Proposi-
tion 2.4.3), the flow describes the mapping from any initial state to its future state.

Definition 2.4.5 (Flow of a Dynamical System [118]). Let x(t; xo) denote the unique solution to
(2.5) with initial condition (0) = xq. The flow (sometimes called the semiflow) of the dynamical
system is the map ¢ : Ry x X — X defined by

o(t,xo) = x(t; o).
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It is often convenient to use the shorthand notation ¢i(xo) = ¢(t, xo). The flow has the following
properties:
(i) Identity Property: ¢o(x) = x forall x € X. i.e., the flow at time zero is the identity map.
(ii) Semigroup Property: ¢iys(x) = ¢i(¢ps(x)) forall € € X and forall t,s > 0.

[118] “The Dynamical Systems Approach to Differential Equations”. Morris W. Hirsch. (1984).

2.4.2 Invariant Sets and Asymptotic Behavior

A central goal in the study of dynamical systems is to characterize how trajectories behave over
time. This begins with the core concept of an invariant set: a region of the state space that traps
trajectories within it for all time.

Definition 2.4.6 (Positively Invariant Set [116, Definition 1.65]). Consider the autonomous
system (2.5) defined on a domain X C RYN. A set D C X is said to be positively invariant (or
forward invariant) with respect to the system if every trajectory starting in D remains in D for all
future time. Formally,

ifeg € D, then ¢i(xo) € D forall t > 0.

[116] Fonctions de Lyapunov : Stabilité. Delphine Bresch-Pietri et al. (2022).

While the definition of positive invariance is conceptually clear, checking it for every possible
initial condition is intractable. A more powerful approach is to derive a local condition on the
vector field f that guarantees this global property. The key insight is that a trajectory can only
exit a set S by crossing its boundary, 0S.

Therefore, for S to be positively invariant, it is sufficient to ensure that at every point « on the
boundary, the direction of motion, given by the vector field f(x), does not point outward. The
vector f(x) must either point into the interior of S or be tangent to its boundary. To formalize
this geometric condition for general sets, including those with non-smooth boundaries (e.g.,
corners), we introduce the tangent cone and Nagumo’s theorem.

Definition 2.4.7 (Tangent cone [119]). Let S C X be a compact set. The tangent cone of S at

x € S is the set
d(x+hy,S) O}

_ 2 | B it
Ts(z) {ye | lim in .

Nagumo’s Theorem ([119]). Consider the system of differential equations &(t) = f(x(t)), and
assume that, for each initial condition xo € X, it admits a globally unique solution. Let S C X be
a closed and convex set. Then, the set S is forward invariant for the system if and only If

f(x) € Ts(x) forallxz € S.

[119] “Set Invariance in Control”. F. Blanchini. (1999).

Having defined invariance, we can now introduce the elementary structures that describe
long-term behavior, which are themselves prime examples of invariant sets.

Definition 2.4.8 (Equilibrium Point). A point x* € X is an equilibrium point (also called
a fixed point or stationary point) of the system (2.5) if the vector field vanishes at that point:
f(x*) = 0. An equilibrium point corresponds to a constant solution, x(t) = x* for all t.
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_.» Violates condition
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Figure 2.7: Illustration of Nagumo’s condition for a set S C A with a smooth boundary and
a sharp corner. For invariance, the vector field f(x) must belong to the tangent cone 7Tsx at
every boundary point £ € 0S. The red dashed vector are examples of vectors that violates
the condition.i.e., a dynamical system with a vector field that is not in the tangent cone at a
boundary point will not make the set forward invariant.

Definition 2.4.9 (Periodic Orbit). A trajectory x(t) is a periodic orbit if there exists a minimal
time T > 0, called the period, such that:

— z(T) = z(0),

— The initial state x(0) is not an equilibrium point.

The set of points O = {x(t) | 0 < t < T} forms a closed curve in the state space and is a
positively invariant set. A periodic orbit that is isolated from other periodic orbits is called a limit
cycle.

More generally, the long-term destination of any single trajectory is captured by its omega-
limit set, which is guaranteed to be an invariant set.

Definition 2.4.10 (w-limit set). The omega-limit set of a point xo € X, denoted w(xy), is the
set of all points y € X for which there exists a sequence of times t;, — oo such that the trajectory
¢1,, (o) converges to y.

w($0) = {y cX ’ El{tk}keN with tp — 00 s.t. klim qbtk(a:o) = y} .
—00

The w-limit set of any point is a closed and positively invariant set.

While the w-limit set describes the asymptotic destination of a single trajectory, the concept
of an attracting set describes the collective convergence of a whole neighborhood of trajectories
to a common invariant set. This leads to the core concepts of attracting sets and their basins of
attraction.
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Definition 2.4.11 (Attracting Set). Let A C X be a compact set. A is called an attracting set
for the system (2.5) if it is positively invariant and there exists an open neighborhood U containing
A such that for every initial condition xo € U, the resulting trajectory converges to A. Formally,

Veo €U, lim d(i(zo), A) =0,

where d(y, A) = inf,c 4 ||y — z|| is the point-to-set distance.

Definition 2.4.12 (Basin of Attraction). Let A be an attracting set. The basin of attraction of
A, denoted B(A), is the set of all initial conditions in X whose trajectories converge to A.

B(A) = {wo € X | Jim d(ey(xo), A) = o} .
Equivalently, the basin of attraction is the set of points whose omega-limit set is contained within A:

B(A) = {z0 € X | w(wo) C A}

Remark 2.4.2. The basin of attraction B(.A) is an open and positively invariant set. Its boundary,
O0B(A), is known as the separatrix. A particularly important case is when the attracting set is an
asymptotically stable equilibrium point x*; then B(x*) defines the set of initial conditions from which
the system will return to equilibrium. If B(A) = X, then A is said to be globally attracting.

2.4.3 Cooperative, monotone, and strongly monotone systems

Beyond the general properties of invariance and asymptotic behavior, certain classes of systems
exhibit a much higher degree of structural regularity in their flows. A particularly important
class are cooperative systems, whose flows are order-preserving. This geometric property
imposes powerful constraints on the dynamics, precluding complex oscillatory or chaotic be-
havior. As we will see, this structured behavior has profound consequences for the system’s
long-term evolution, often simplifying it to convergence towards equilibria and making its
analysis significantly more tractable than that of general nonlinear systems.

Definition 2.4.13. We use the following notation for the standard partial order on RN :
— x <y means x; < y; for all componentsi=1,...,N.
— x<ymeansx < yand x £ y.
— x < ymeans x; < y; for all componentsi=1,...,N.

Cooperative systems

The starting point is the definition of a cooperative system, which generates a monotone flow.

Definition 2.4.14 (Cooperative System). A dynamical system (2.5) is cooperative if its flow ¢
is order-preserving with respect to the standard partial order < on RN . That is, for any pair of initial
conditions xqg, yg € X:

xo<yo = H(xo) < (yo) forallt>0.

In this case, we say that the flow ¢ is monotone.
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Figure 2.8: A cooperative system with a monotone flow. The red arrows represent the vector
field of the system. The shaded regions represent the unordered orthant.

Whether a system is cooperative can often be verified directly from its vector field f. The cen-
tral condition is the Kamke-Miiller condition or, equivalently, the quasimonotone condition
of the vector field f [120].

Definition 2.4.15 (Quasimonotone function). A function f : X — X is quasimonotone
increasing if for any x,y € X with x <y, and for any index i € {1,...,N}:

ifr; =y, then fi(z) < fi(y). (2.6)

In other words, increasing other components x; (j # i) cannot decrease the value of the i-th
component, f;(x).

Proposition 2.4.16 (Kamke-Miiller condition for cooperativity [120, Theorem 3.2]). A dy-
namical system & = f () is cooperative if and only if the function f : X — X is quasimonotone
increasing.

[120] “Chapter 4 Monotone Dynamical Systems”. M.W. Hirsch et al. (2006).

Proof. The proof follows the classical approach in [120, Theorem 3.2], extended here to cover
non-differentiable vector fields.

(<) Assume f is quasimonotone increasing. Let xp < yo. We must show that ¢;(zg) <
¢1(yo) for all t > 0. Let x(t) = ¢¢(xp). Consider a perturbed vector field g(y) = f(y) + € for
a constant vector € > 0 (i.e., ¢; > 0 for all 7). Let y.(¢) be the solution to y = g(y) with initial
condition y.(0) = yo.

We claim that x(t) < y.(t) for all ¢ > 0 in their common interval of existence. Suppose the
claim is false. Let 7 = inf{t > 0 | x(¢) £ y(t)}. We first establish that 7 > 0. At¢ = 0, we have
2(0) = o < yo = .(0).

— For any component i where z(; < yo,, continuity of solutions ensures that z;(t) < y.(t)

for t in some interval [0, ¢;) for some §; > 0.

— For any component i where z(; = yo,i, we have ¢y < yo and zp; = yo,;. By the quasi-

monotone condition, f;(xo) < fi(yo). The time derivatives at ¢ = 0 are %;(0) = f;(xo) and

[120] “Chapter 4 Monotone Dynamical Systems”. M.W. Hirsch et al. (2006).

46



2.4. Dynamical systems

Ue.i(0) = fi(yo) + €. Thus, the derivative of the difference h;(t) = yei(t) — xi(t) att = 01is
7i(0) = 9ei(0) — #:(0) = (fi(yo) — fi(xo)) + € > e > 0.

Since h;(0) = 0 and h;(0) > 0, it follows that h;(t) > 0 (i.e., 7;(t) < yci(t)) for ¢ in some
interval (0, 9;).
Combining both cases, we see that x(t) < y.(t) holds for all t € (0,0) for some § > 0. This
proves that 7 > § > 0.

By the definition of 7 and the continuity of solutions, we must have z(7) < y.(7), and
there must be at least one component ¢ for which x;(7) = y. (7). For this index i, the function
hi(t) = ye,i(t) —x;(t) satisfies h;(t) > 0fort € (0,7) and h;(7) = 0. Let us evaluate the derivative
of hi(t) att =T: '

hi(T) = gei(T) — &i(7) = (fi(ye(7)) + &) — fi(2(7)).
Since z(7) < y(7) and z;(7) = y.,i(7), the quasimonotone condition (2.6) implies f;(x(7)) <
fi(ye(7)). Therefore, .
hi() = (fi(ye(7)) — fi(z(7))) + & = € > 0.

The fact that h;(7) = 0 and h;(7) > 0 implies that for some small &’ > 0, we must have h;(t) < 0
forallt € (1 —0',7). ie., yei(t) < mi(t) forallt € (7 — ¢', 7). This contradicts the definition of 7,
because it requires z;(t) < yi(t) forall t € (0, 7). Thus, our initial assumption that the claim is
false must be incorrect.

So, we have shown that ¢:(xo) < y(¢) for all ¢ > 0. Taking the limit as € — 0, the solution
yc(t) converges to ¢.(yo) due to the continuous dependence of solutions on parameters. By the
closed nature of the partial order, we conclude that ¢.(xo) < ¢+(yo)-

(=) Assume the flow is monotone. Let x < y with z; = y; for some ¢. By monotonicity,
() < ¢(y) for all t > 0. Define the difference z(t) = ¢i(y) — ¢1(x). We have z(t) > 0 for
t > 0and z;(0) = 0. This implies that the right-derivative of z;(t) at ¢ = 0 must be non-negative:

(
con e Zi(h) = 2(0) zi(h)
4(0) = e = hli%a h

But %;(0) = 9;(0) — 2;(0) = fi(y) — fi(x). Therefore, f;(y) > fi(x), which is the quasimonotone
condition. O

> 0.

When f is differentiable, this reduces to a simple check on the Jacobian.

Corollary 2.4.17 (Metzler Jacobian Criterion [121, Chapter 4, Theorem 1.1]). A smooth dy-
namical system & = f(x) is cooperative if and only if its Jacobian matrix J(x) = Of/O0x is a
Metzler matrix forall x € X. A matrix is Metzler if all of its off-diagonal entries are non-negative:

Ofi
81‘]'

[121] Monotone Dynamical Systems. Hal L. Smith. (2008).

Jij(x) = (x) >0 foralli#j.

Even this baseline property imposes meaningful constraints on the dynamics. Trajectories
cannot alternate between rising and falling intervals, and periodic orbits cannot be ordered.

This raises a natural question: if cooperativity preserves order, can one strengthen the
property so that inequalities between trajectories not only persist but also become strict over
time? This leads to the notion of strong monotonicity.
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Proposition 2.4.18 (Dynamical Consequences of Cooperativity [120, Proposition 1.5, 1.6]).
A non-trivial periodic orbit of a cooperative system is unordered. That is, for any two distinct points
x,y on the orbit, neither x < y nor y < x can hold.

Consequently, cooperative systems do not admit limit cycles.

[120] “Chapter 4 Monotone Dynamical Systems”. M.W. Hirsch et al. (2006).

In summary, cooperative systems behave in a more structured way than general nonlinear
systems. Their dynamics resemble those of one-dimensional flows, with trajectories typically
converging toward equilibria rather than displaying recurrent or chaotic patterns.

Strongly monotone systems

Cooperativity ensures that order is preserved, but it does not guarantee that inequalities become
strict. A stronger property, called strong monotonicity, requires that once two initial conditions
are distinct, their separation becomes strict under the flow.

Definition 2.4.19 (Strongly Monotone Flow). A flow ¢ is

— strongly monotone if for any x,yo € X with xo < yo, we have ¢:(xo) <K Pt(yo) for all
t>0,
— eventually strongly monotone if for any xo,yo € X with xo < yo, there exists a time
to > 0 such that ¢i(0) < Pty (Yo)-
Clearly, a flow that is strongly monotone is also eventually strongly monotone, but the converse is
not true in general.

Strong monotonicity typically arises when cooperativity is combined with an irreducibility
condition, which ensures that all variables influence one another, directly or indirectly. For
systems with a continuously differentiable vector field f, strong monotonicity can be verified
by examining the Jacobian matrix.

Proposition 2.4.20 (Sufficient Condition for Strong Monotonicity [121, Chapter 4, Theo-
rem 1.1]). Let & = f(x) be a cooperative system with a continuously differentiable vector field f
on a convex domain X. If the Jacobian matrix J(x) is irreducible for all x € X, then the flow ¢, is
strongly monotone.

[121] Monotone Dynamical Systems. Hal L. Smith. (2008).

For non differentiable vector fields, we can introduce a novel object as the dependency graph
of the dynamics and define a more general notion of irreducibility on this object.

Definition 2.4.21 (Dependency Graph and Irreducibility). For a dynamical system & = f(x)
on a domain X C RY, the dependency graph, denoted G(f), is a directed graph (V, ) where:

— The set of vertices is V = {1,2, ..., N}, corresponding to the components of the state vector
x.

— Adirected edge (j, 1) exists from vertex j to vertex i if the function f; depends on the variable
Zj.

For a general continuous vector field f, the condition for the existence of an edge (j, ) is made
precise as follows: for any point w € X and any non-degenerate interval [a,b] such that the line
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segment
L= {(Ul,. . '7uj—17€7uj+1)' . '7“]\7) ’ 5 € [a7b]}

is contained in X, the function £ — f;(v) for v € L is not constant on [a, b].
A cooperative system is irreducible if its dependency graph G(f) is strongly connected.

This means that no variable evolves independently: a change in any one component even-
tually affects all the others.

Theorem 2.4.22 (Irreducibility Implies Strong Monotonicity). Let & = f(x) define a coop-
erative and irreducible dynamical system on a domain X C RN. Then the flow ¢ is strongly
monotone.

Proof. Let xo,yo € X be initial conditions such that xy < yo. Let (t) = ¢(xo) and y(t) =
¢+(yo), and define the difference vector z(t) = y(t) — «(t). By Proposition 2.4.16, a cooperative
system ensures that the flow is quasimonotone, so z(t) > 0 for all t > 0. Our goal is to prove
that z(¢) > O forall t > 0.

The argument relies on showing that the set of components for which z;(t) is strictly positive
expands over time, following the paths in the dependency graph G(f). Let Z(0) = {i | 2;(0) >
0}. Since xg < yo, this set is non-empty. We proceed by induction on the length of the shortest
path from Z(0) to any other component.

First, consider a component k such that there is a direct edge (j, k) from some j € Z(0).
Since k ¢ Z(0), we have z;(0) = 0. The evolution of zj(t) is given by the integral

t t
) = [ 1Aty ~ flalr)ldr = [ g,
The quasimonotone condition (2.6) guarantees that g;(7) > 0. To show that 24 (¢) > 0 for ¢ > 0,
we must demonstrate that gy (7) is not identically zero on any interval [0, t] for ¢ > 0.

Assume for contradiction that gi(7) = 0 for all 7 € [0,t] for some ¢ > 0. This implies
z(1) = 0 for this interval. Since j € Z(0), z;(0) > 0, and by continuity of solutions, there exists
at’ € (0,t] such that z;(7) > 0 for all 7 € [0,t']. For any fixed 7 € (0,t¢'], we have a state where
zj(1) < y;j(7) and zx(7) = yx(7), yet fr(y(7)) = fi(x(7)). By (2.6), fi, must be constant along
the line segment between «(7) and y(7). This contradicts the irreducibility condition for the
edge (j, k), which requires that fj; not be constant on the non-degenerate interval [z;(7), y;(7)]
when all other components are held fixed. Thus, the assumption is false, and it must be that
z(t) > 0 forall t > 0.

This argument extends inductively. Assume that for any component i reachable from Z(0)
by a path of length at most m, we have z;(t) > 0 for all ¢ > 0. Now, consider a component k
whose shortest path from Z(0) has length m + 1. It has an immediate predecessor, say j, whose
shortest path has length at most m. By the inductive hypothesis, z;(t) > 0forall ¢ > 0. The same
argument as in the base case applies: if z;(t) were to be zero for any positive duration, it would
imply that f;, is constant with respect to changes in the j-th component over a non-degenerate
interval, again contradicting irreducibility.

Since the dependency graph G( f) is strongly connected, every component i € {1,..., N}is
reachable from the non-empty set Z(0). By induction on the path length, it follows that z;(t) > 0
for all 7 and for all ¢ > 0. Therefore, z(t) > 0, which is equivalent to ¢;(xo) < ¢+(yo) for all
t > 0. U
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In conclusion, strongly monotone systems sharpen the picture provided by cooperativity.
Ordered states remain strictly separated throughout their evolution, and the influence of each
variable propagates across the entire system. As a result, their asymptotic behavior is even
more constrained and predictable, often reducing to convergence toward equilibria.

We will see next that the stronger property of strong monotonicity also has consequences
beyond directly ordered trajectories. This motivates the broader concept of strongly order-
preserving flows, which extend the same rigidity to nearby states.

Strongly Order-Preserving Flows and Their Consequences

A strongly order-preserving (SOP) flow extends the idea of monotonicity by requiring that order,
once present, also propagates robustly to nearby states.

Definition 2.4.23 (Strongly Order-Preserving Flows). A flow ¢ is strongly order-preserving
(SOP) if it is monotone and whenever & < y there exists open subsets U and V with € U and
y € Vandatg > 0such that

d)to(U) < (bto (V)
Moreover, if ¢ is monotone, then ¢+(U) < ¢(V) for all t > t.

By continuity, any strongly monotone flow is automatically SOP, since one can choose
to > 0 and suitable neighborhoods to satisfy the definition.

Proposition 2.4.24 (Strongly Monotone Flows are SOP [121, Chapter 2, Proposition 1.1]). If
¢ is eventually strongly monotone, then it is SOP.

[121] Monotone Dynamical Systems. Hal L. Smith. (2008).

The first consequence is that w-limit sets of SOP flows cannot contain points that are ordered.

Proposition 2.4.25 (Nonordering of Omega Limit Sets [120, Theorem 1.8]). Let w(x) be an
omega limit set of a monotone flow ¢.

(i) No points of w(x) are related by <.
(ii) If w(x) is a periodic orbit, or ¢ is SOP, then no points of w(x) is related by <.

A second, and more profound, consequence is the Limit Set Dichotomy, which restricts
the possible long-term relations between two ordered initial states.

Theorem 2.4.26 (Limit Set Dichotomy [120, Theorem 1.16]). Let ¢ be a SOP and let all orbits
have compact closure. For any two initial states xo,yo € X such that xo < yo, exactly one of the
following must hold:

(i) The omega-limit sets are strictly ordered: w(xo) < w(Yo).
(ii) The omega-limit sets are identical and consist only of equilibria.

[120] “Chapter 4 Monotone Dynamical Systems”. M.W. Hirsch et al. (2006).

Taken together, these results show that strongly order-preserving flows inherit and extend
the rigidity of monotone dynamics. By excluding both oscillatory patterns and complex at-
tractors, they channel the long-term evolution of trajectories toward simple outcomes, typically
convergence to equilibria. In this way, SOP flows provide a unifying framework: they capture
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the structure imposed by strong monotonicity while applying in a broader setting, making them
a central tool for understanding organisation of trajectories in nonlinear dynamics.

2.4.4 Lyapunov Stability of Autonomous Systems

Stability theory provides a rigorous framework for characterizing the behavior of a system in
response to perturbations from an equilibrium point. Instead of solving the system’s equations
explicitly, we analyze its qualitative properties, such as whether trajectories remain close to,
or converge to, an equilibrium. We assume without loss of generality that the equilibrium of
interest is at the origin (z* = 0).

Definitions for Stability Analysis

The analysis of stability, particularly via Lyapunov’s method, relies on specific classes of func-
tions that characterize properties like positivity and growth.

Definition 2.4.27 (Positive Definite and Radially Unbounded Functions). Let V : D — R be
a continuous function on a domain D C RN containing the origin.

— Vis positive semi-definite centered at «* if V(x*) = 0and V(x) > Oforallx € D\ {z*}.
— V is positive definite centered at * if V(x*) = 0and V(x) > 0 forallx € D\ {z*}.
— V is radially unbounded if D = R and V (x) — oo as ||z| — oc.

Definition 2.4.28 (Class K and K., Functions [117, Definition 4.2]). A function o : R>g —
R>q is said to be a class K function if it is continuous, strictly increasing and o(0) = 0. Moreover,
it is of class K if it is a class K function and lim, | o a(r) = +o0.

Definition 2.4.29 (Class K £ Functions [117, Definition 4.3]). A function 8 : R>oxR>0 — R>g
is said to be a class KL function if, for each fixed s > 0, B(-, s) is a class K function, and for each
fixed r > 0, B(r, -) is strictly decreasing with respect to s and lims_, o, B(r, s) = 0.

[117] Nonlinear Systems. Hassan K Khalil. (2002).

Notions of Stability

With these core concepts, we can formally define the different types of stability.

Definition 2.4.30 (Stability of an Equilibrium Point [117, Definition 4.1]). Let ** € X be an
equilibrium point of the system (2.5). We say that:

— x* is stable (or Lyapunov stable) if for every € > 0, there exists a 6 > 0 such that if
|lx(0) —x*|| < 6, then ||x(t) — x*|| < € forall t > 0. (Trajectories starting nearby remain
nearby.)

— x* is unstable if it is not stable. (Trajectories starting nearby may move away.)

— x* is asymptotically stable if it is stable and, in addition, there exists an n) > 0 such that if
|lz£(0) — x*|| < n, then lim;_, o x(t) = x*. (Trajectories starting nearby converge to x*.)

The set of all initial conditions that converge to an asymptotically stable equilibrium point is called
its region of attraction. If the region of attraction is the entire state space X, the equilibrium is
globally asymptotically stable.

[117] Nonlinear Systems. Hassan K Khalil. (2002).
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(a) Stable (b) Unstable (c) Asymptotically Stable

Figure 2.9: Visual representation of stability notions for an equilibrium point *. (a) A stable
system: all the trajectories starting within § remain within . (b) An unstable system: trajectories
starting within ¢ eventually leave €. (c) An asymptotically stable system: trajectories starting
within 1 converge to z*.

To further clarify these critical notions of stability, we provide illustrative figures for each
case in Figure 2.9.

Definition 2.4.31 (Exponential Stability). An equilibrium point x* is locally exponentially
stable if it is locally asymptotically stable and there exist positive constants c, ¢z, n) such that for all
x(0) with ||x(0) — x*|| < n:

() — 2| < c1]|2(0) — a*[le”".

If this holds for all =(0) € X (ie., the region of attraction is X), the equilibrium is globally
exponentially stable. Exponential stability implies a uniform, rapid rate of convergence ca.

Analytical Tools for Stability: The Comparison Principle

To rigorously analyze stability, we often need to infer the long-term behavior of a function (e.g.,
a Lyapunov function V (z(t))) from a bound on its derivative (V). The following analytical tools
provide the formal link between a differential inequality and a bound on its solution over time.
The most important of these is the Comparison Lemma. But first, introduce the notion of upper
right-derivative.

Definition 2.4.32 (Upper Right-Derivative [116, Definition 1.24]). Let f : R — R bea function.
The upper right-derivative, also known as the Dini derivative of f at x is defined as:

DT f(z) = limsup flz+ h})L — f(x)’
h—0+

which could be infinite.

[116] Fonctions de Lyapunov : Stabilité. Delphine Bresch-Pietri et al. (2022).

We can now state the Comparison Lemma.
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Comparison Lemma ([117, Lemma 3.4]). Consider the scalar differential equation:

#(t) = f(z(t), 2(to) = xo,

where f is continuous and locally Lipschitz. Let I be the maximal interval of existence of the
solution x(t). Let v : I — R be a continuously differentiable function. Suppose that v(t) satisfies
the differential inequality:

DFu(t) < f(u(t)), Vtel, and w(ty) < xo,
where D is the upper right-derivative. Then, for as long as both solutions exist, we have:

o(t) <az(t), Vtel.

[117] Nonlinear Systems. Hassan K Khalil. (2002).

A direct and frequently used consequence of the Comparison Lemma is Gronwall’s inequal-
ity, which provides explicit exponential bounds.

Gronwall’s Inequality ([122] or [116, Theorem 1.59]). Let v(t) be a continuously differentiable
function satisfying the differential inequality

o(t) < ko(t)
for some constant k € Rand all t > to. Then, for all t > t:
v(t) < v(tg)ekt=to),

Inparticular, ifo(t) < —cw(t) forsomec > 0, then v(t) decays exponentially: v(t) < v(to)e ¢(t—t0),

[122] “Note on the Derivatives with Respect to a Parameter of the Solutions of a System of Differential Equations”.
T. H. Gronwall. (1919).
[116] Fonctions de Lyapunov : Stabilité. Delphine Bresch-Pietri et al. (2022).

Lyapunov’s Direct Method

Lyapunov’s direct method is the basic tool of stability analysis, providing a way to prove
stability without explicitly solving the system’s differential equations. The core idea is to find a
scalar, "energy-like" function V' : X — R whose properties along the system’s trajectories reveal
the stability of an equilibrium. For this to work, such a function must satisfy two intuitive
conditions:
(i) It must be positive definite, meaning it is zero at the equilibrium and positive everywhere
else, thus acting as a generalized measure of the state’s distance from equilibrium.

(ii) Its value mustbe non-increasing along all solution trajectories. This is verified by checking
that its time derivative, V(zc), is negative semi-definite (i.e., V< 0). A strict decrease in
energy corresponds to a negative definite derivative (V <0).

The following definition formalizes these requirements for different types of Lyapunov func-
tions.
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Definition 2.4.33 (Lyapunov Function). Let «* be an equilibrium point of the system & = f(x).
A continuously differentiable function V : X — R is called a:
— Lyapunov function candidate if V (x*) = 0.
— weak Lyapunov function if V (x*) = 0 and V(x) > 0 for x # x* in a neighborhood of =*,
and its Lie derivative

V(@) =VV(@)- f(x)
is locally negative semi-definite around x*. ie., V(x) <
6> 0.

— local Lyapunov function if it is a weak Lyapunov function and V() is locally negative
definite around x*. i.e., V(x) < 0 for all x € B(x*, d) for some § > 0.

— global Lyapunov function ifit is a local Lyapunov function, V (x) is globally positive definite
and radially unbounded. ie., V(x) > 0 forallx € X \ {x*} and lim||| o V(x) = o0

0 for all x € B(x*,¢) for some

The power of this method is that just the existence of a function satisfying these properties is
sufficient to guarantee stability. The following theorems make this connection explicit.

Theorem 2.4.34 (Lyapunov Stability Criteria [117, Theorem 4.1]). Consider a dynamical system
& = f(x) with an equilibrium point x*.
(i) The equilibrium point x* is stable if there exists a weak Lyapunov function V.

(ii) The equilibrium point x* is locally asymptotically stable if there exists a local Lyapunov
function V.

(iii) The equilibrium point x* is globally asymptotically stable if there exists a global Lyapunov
function V.

(iv) The equilibrium point x* is globally exponentially stable if there exist class Ko, functions
aq, o and a class KC function oz such that:

on(|lzll) < V(x) < ax(lz]l) and V(x) < —as(|lz]).
More specific criteria for exponential stability often involve quadratic bounds:
killzl® < V(@) < kaflzl* and V(@) < ks,

for some positive constants ki, ko, k3.

[117] Nonlinear Systems. Hassan K Khalil. (2002).

2.4.5 Invariance Principle

LaSalle’s Principle extends Lyapunov’s method, allowing one to conclude asymptotic stability
even when V' is only negative semi-definite (a weak Lyapunov function). This principle is
particularly useful for analyzing the stability of complex systems with multiple equilibrium
points.

LaSalle’s Invariance Principle ([117, Theorem 4.4]). Let Q C D be a compact set that is
positively invariant with respect to the autonomous system & = f(x) where f : D — RN is
a locally Lipschitz map from a domain D C RY into RN. Let V : D — R be a continuously
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differentiable function such that V(x) <0 forall x € Q. Let S be the set of all points in  where
V(x) =0, that is, .
S={xecQ|V(z)=0} (2.7)

Let M be the largest invariant set in S. Then every solution starting in 2 approaches M as t — oo.

[117] Nonlinear Systems. Hassan K Khalil. (2002).

2.4.6 Input-to-State Stability

We now generalize the concept of stability to systems with external inputs, © = f(x,u).
Input-to-State Stability (ISS) provides a framework to analyze how the state is bounded by
the decaying influence of the initial condition and the persistent influence of the input. This
requires a specialized class of comparison functions.

Definition 2.4.35. Consider a nonlinear system described by the differential equation

where x(t) € R™ is the state vector and u(t) € R™ is the input vector. Let x(t) denote the solution
starting from the initial state x(0) = xo under the input u(t).
The system is said to be Input-to-State Stable (ISS) if there exist functions y : [0, 00) — [0, 00)
and 3 : [0,00) x [0,00) — [0, 00) such that:
(i) 7y isa K function. i.e., it is continuous, strictly increasing, and v(0) = 0.
(i) fis a KCL function. i.e., for any fixed t > 0, B(-,t) is a K function, and for any fixed r > 0,
B(r,t) is decreasing with respect to t and lim;_, 5(r,t) = 0.
And for any initial state xo € R™ and any bounded measurable input u : [0,00) — R™, the
solution x(t) exists for all t > 0 and satisfies the inequality:

()] < B(lzoll . t) +( sup [u(r)]) (2.8)
0<r<t

forallt > 0.

Remark 2.4.3. This inequality implies two key properties:
— If u(t) = 0, the system is globally asymptotically stable with respect to the origin, as ||z (t)| <
B(llxol| ;) = 0ast — oo.
— Iftheinput is bounded (||u(t)|| < U forsome U), the state is ultimately bounded: lim sup,_, ., ||z (t)| <
7).
Moreover, since the system is finite-dimensional, the condition is satisfied with any norm by equivalence
of norms.

2.5 Mathematical Tools

In addition to properties of networks and dynamical systems, the analysis of dynamical systems
relies on fixed-point theory to establish the existence of equilibria. This section summarizes the
key theorems used to guarantee that valid solutions and steady states exist for the algorithms
proposed in this thesis.
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We begin with the classical Intermediate Value Theorem. While this is a standard result in
real analysis, it serves as a fundamental building block for existence proofs involving continuous
scalar functions.

Intermediate Value Theorem. Let f : [a,b] — R be a continuous function defined on a closed
interval [a,b]. For any value y between f(a) and f(b), there exists at least one number ¢ € (a,b)
such that f(c) = y.

For higher-dimensional systems, specifically when dealing with continuous dynamics on
bounded sets, we require stronger topological tools. Brouwer’s Fixed Point Theorem is the
standard result used to prove that a system has at least one equilibrium point. This is required
for validating that the control protocols we design have a state to converge to.

Brouwer’s Fixed Point Theorem. [123] Let f : B — B be a continuous function defined on a
closed ball B C RYN. Then, f has a fixed point in B.

[123] Fixed Point Theory. Andrzej Granas et al. (2003).

Finally, not all systems studied in this thesis rely on continuity. For systems involving
discrete states or strictly monotone update rules, order-theoretic properties are often more
relevant than topological ones. The Knaster-Tarski theorem guarantees the existence of fixed
points for order-preserving mappings. This is particularly useful for analyzing the convergence
of algorithms that maintain a specific ordering between agents, such as in monotone consensus
problems.

Knaster-Tarski Fixed-Point Theorem. [123, Theorem 1.1] Let (L, <) be a complete lattice, i.e.,
a partially ordered set in which every subset has both a supremum and an infimum. Let f : L — L
be an order-preserving (or monotone) function, meaning that for all x,y € L, if v < y, then

f) < f(y).
Then the set of fixed points of f, denoted Fix(f) = {x € L | f(z) = x}, has the following
properties:
(i) The set Fix(f) is non-empty.
(ii) The set (Fix(f), <) is also a complete lattice.
Furthermore, the least fixed point and the greatest fixed point of f exist and are given by:

inf(Fix(f)) =inf{x € L | f(z) <z} (the least fixed point)
sup(Fix(f)) =sup{z € L |z < f(x)} (the greatest fixed point)

[123] Fixed Point Theory. Andrzej Granas et al. (2003).
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Chapter 3

A non-linear opinion dynamics model:

Continuous Opinion Signaled Action
(COSA)

3.1 Introduction

In this chapter, we introduce the Continuous Opinion Signaled Action (COSA) model, a natu-
ral generalization of the Continuous Opinion Discrete Action (CODA) framework. The COSA
model extends CODA by allowing agents to communicate through general signal functions
rather than binary actions, thereby capturing a broader spectrum of interaction mechanisms
ranging from fully quantized to fully transparent communication.

We begin by formally defining the model and its structural properties, paying particular
attention to the role of the communication graph and the influence of the signal function on agent
dynamics. We then establish the standing assumptions that will be maintained throughout the
remainder of the thesis. These results provide the foundation for subsequent analysis: in the
next chapter, COSA will be used to study synchronization phenomena, both full and partial.
Later in the thesis, the model will be enriched by coupling it to an external environment,
enabling us to analyze how collective behavior is shaped by external influences.

3.2 Continuous Opinion Signaled Action (COSA)

Before introducing the COSA update rule, we first describe the agents and the communication
graph that mediates their interactions.

3.2.1 Model Setup: Agents and Communication Graph

We consider a multi-agent system composed of a population of N agents, indexed by the set
V ={1,...,N}. Each agent i € V holds a continuous opinion, denoted by z; € [—1, 1], where 0
represents a neutral stance and +1 represent opposing extremist positions.

The interactions among agents are described by a static, communication graph G = (V. €),
where £ C V x V is the set of edges. The presence of an edge (i, j) € £ signifies that agents i
can influence j. The set of neighbors of agent i is denoted by N; = {j € V| (j,7) € £}.

The graph topology is encoded by several matrices:
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— The adjacency matrix A € RN*N s a binary matrix with entries a;; = 1if (i,5) € € (i.e,,
agent 7 influences agent j), and a;; = 0 otherwise. We consider unweighted graphs for
simplicity, thus w;; = 1 for existing edges.

— The in-degree matrix D € RV

degrees of the agents, d; = [N;| ="

connections for each agent.

— The Laplacian matrix is defined as L := D — A.

is a diagonal matrix whose diagonal entries are the in-

;yzl a;;. This matrix records the number of incoming

These matrices allow us to describe information flow on the network in algebraic terms.
In what follows, we will work under a standard structural assumption on the communication
graph.

Standing Assumption 3.1. The communication graph G is connected and undirected.

Assumption 3.1 ensures that the communication graph G is both connected and undirected.
These conditions are standard in the consensus and opinion dynamics literature for the follow-
ing reasons:

— Connectedness: If the graph were not connected, then the system would naturally de-
compose into independent connected components, each evolving according to its own
dynamics. In that case, analyzing the global system adds no additional insight beyond
analyzing each component separately. Hence, the connectedness assumption allows us to
focus on a single, nontrivial collective dynamics.

— Undirectedness: By restricting attention to undirected graphs, we assume that influence
between two connected agents is bidirectional. This symmetry significantly simplifies the
analysis, since the associated Laplacian matrix is symmetric and its spectral properties
are well understood. At the same time, this assumption still captures a broad class of re-
alistic social and communication networks, where reciprocal interactions are a reasonable
modeling choice.

In summary, this standing assumption makes a balance between analytical tractability and
practical relevance, allowing us to capture the essential features of inter-agent communication
without unnecessary technical complications.

Notation 3.2.1. In the following of this thesis, we will denote A\; < Ay < --- < Ay as the eigenvalues
of D' A ordered in non-decreasing order, and vy, v, . .., vy as the corresponding right eigenvectors.
Moreover, we will denote j11 < po < --- < py as the eigenvalues of DL ordered in non-decreasing
order, and w1, ug, ..., uN as the corresponding right eigenvectors.

Proposition 3.2.1 (Spectral Properties of D~ A for Symmetric Graphs). Under Standing
Assumption 3.1 (connected, undirected G), let Ay, :== D' Aand Ly, := DL =1 - D' A.
Then:
(i) The eigenvalues of A, (and consequently of L) are real.

(i) Ay and the symmetric matrix D—'/2 AD~/? share the same eigenvalues.

(iii) Ary is irreducible.

(iv) Amax(Arw) = 1 is simple, with right eigenvector 1.

(v) The spectrum of Ly is 0(Lyyw) = {ps =1—XN; | i=1,...,N},sopu; =0and uny = 1— ;.

(vi) The eigenvalues of A,y lie in [—1, 1] with Amax = 1. Moreover, —1 € o( Ay ) if and only if

G is bipartite. Consequently, o(L,y) C [0,2], and 2 € o(Lyy) if and only if G is bipartite.
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(vii) Ay is diagonalizable over R; its eigenvectors can be chosen orthonormal for the weighted
inner product (x,y)p = ' Dy.
We define the projection Q; onto the eigenspace of A, associated to \;. i.e.,

Qix = (v, x)pv; forallx € RY.

Then, Q; is self-adjoint and Q;Q; = 0;; Q.
(viii) If G is d-reqular, then Ay, = 2 A and 0(Aw) = {Xa/d | Aa € o(A)}; equivalently,
Liw=1I-%Aando(L,)={1-Xa/d| s €c(A)}.

Proof. (i)—(ii) By Proposition 2.2.16, D! A is similar to the symmetric matrix D Y2AD1/2,
and therefore has real eigenvalues and shares the same spectrum.

(iii)—(iv) By Perron-Frobenius Theorem, since the graph is connected (Standing Assump-
tion 3.1), the matrix D! A is irreducible. Additionally, A = 1 is an eigenvalue with right
eigenvector 1 and is simple.

(v)—(viii) Proposition 2.2.15 shows that the spectrum of L, is obtained from that of A,, by
the relation p; = 1 — \;. In case of a d-regular graph, Ay, = éA, s0 0(Arw) = {Aa/d : Xa €
o(A)}.

(vi) By Proposition 2.2.16, since A, is similar to a symmetric matrix, its eigenvalues lie
n [—1,1]. Proposition 2.2.14 shows that —1 € o(A,y) if and only if G is bipartite, which via
Proposition 2.2.15 is equivalent to 2 € o (Lyy).

(vii) By Proposition 2.2.16, A, is diagonalizable over R and its eigenvectors can be chosen
to form a D-orthonormal basis. O]

The spectral facts above explain how information propagates on G: A,,, averages neighbor
values, its simple eigenvalue 1 (with eigenvector 1) singles out the consensus direction, and the
remaining spectrum governs the decay of disagreement.

Having established the spectral properties of the communication graph, we now turn to
the modeling of opinion dynamics. Our starting point is the well-known CODA model, which
provides the foundation upon which COSA is built on.

3.2.2 From CODA to COSA

The starting point of our framework is the Continuous Opinion Discrete Action (CODA) model

introduced by [101] as a stochastic model that was later proved to be equivalent numerically

to the differential model proposed in [67]. In this model, agents hold continuous opinions

zi(k) € [0, 1], but at every time step, agent i observes only the discrete actions of its neighbors
;.

The CODA update with step size 1 rule is then

wi(k + 1) = (k) + 2 (k) (1 - xi(k))(w\l” S (k) — mi(k)). (CODA)
LiEN;

where the action of agent j is defined as

1 ifax;(k)>1/2,
T S (3.1)
0 ifx;(k) <1/2.

[101] “Continuous Opinions and Discrete Actions in Opinion Dynamics Problems”. André C. R. Martins. (2008).
[67] “Continuous Opinions and Discrete Actions in Social Networks”. N. R. Chowdhury et al. (2016).
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The multiplicative factor z;(1 — ;) in (CODA) acts as a stubbornness term; mathematically, it is
a state-dependent gain on the agent’s update rule, which vanishes as opinions approach the
extremes, making agents less responsive to influence.

For our purposes, however, it is more convenient to recenter the opinion space symmetrically
around zero. By applying the transformation « — 2z — 1, the CODA model is equivalently
expressed on the domain [—1, 1], where neutrality corresponds to 0 and opposing camps are
represented at +1. In this rescaled formulation, the quantized action of an agent reduces to

q;(k) = sign(x;(k)),

making the symmetric structure of the model explicit and more natural for analyzing polar-
ization dynamics. The action g;(k) can be seen as a signal sent by agent j to agent 7 at time k.
ie. ¢j(k) = s(z;(k)) where s(z) = sign(x) is the sign function defined as s(z) = 1if z > 0,
s(z) = —1lifz <0,and s(0) = 0.

This observation motivates the Continuous Opinion Signaled Action (COSA) model,
which generalizes CODA by replacing the binary action with a flexible, possibly nonlinear,
signal function s : [—1,1] — [—1, 1]. This function is assumed to be non-decreasing and maps an
agent’s internal opinion to the information it communicates to its neighbors. The dynamics for
agent ¢ then become

i) = (1 —xi(t)2)a<m s(z;(1)) —xi(t)>, (3.2)
with a discrete-time counterpart with step size h:

wik 1) = 2i(k) + b | (1= 24(k)%)" (Wll sy (R) —mi()) | (33)

JEN;

The parameter a > 0 provides a modular way to capture stubbornness:

— If o = 0, it eliminates stubbornness altogether, leaving only a uniform linear relaxation
toward the average signal. This yields a simpler, analytically tractable system in which
the nonlinear effects of s(x) can be studied in isolation.

— If o = 1, the model reproduces the opinion-dependent inertia of the original CODA
model, where opinions near +1 are less prone to change.

— Forlarger values of « it accentuates the stubbornness, increasingly slowing dynamics near
the extremes.

This general formulation unifies several well-known models. When s(z) approaches a step
function, CODA is recovered; when s(z) = = and o = 0, the model reduces to linear consensus
with symmetric bounded opinions. In this sense, COSA interpolates between discontinuous
and fully transparent communication, while the parameter « tunes the extent of endogenous
stubbornness.

For the following chapters, however, we will focus on the case a = 0, i.e., COSA without
stubbornness. This choice is primarily motivated by traceability: it removes the additional
nonlinearities associated with opinion-dependent inertia, thereby allowing us to isolate and
rigorously analyze the role of the signal function s(z) in shaping emergent collective behavior.

We are now ready to present the COSA model formally.
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3.2. Continuous Opinion Signaled Action (COSA)

3.2.3 The COSA model

The state of agent ¢ € V is denoted by z; € [—1, 1] and evolves according to

N
x,(t) = dl Z a,-js(xj (t)) — l‘i(t), (agent COSA)
7 =1
where s : [-1,1] — [-1,1] is a common non-decreasing signal function. The discrete-time
version with step size h is
R
zi(k+1) = 2i(k) +h | - ( 3 aijs(mj(k:))) (k) | (agent COSA-DT)
) J=1

These dynamics capture imperfect communication among agents through the signal func-
tion s(x), which models how opinions are perceived and transmitted. Typical choices include
the linear map s(z) = z (unbiased estimation), affine maps s(z) = ax + b (biased estima-
tion), and nonlinear functions such as s(z) = tanh(x), which are motivated by biological or
neuroscientific mechanisms [92, 96].

The framework also accommodates quantized communication. Discontinuous quantization
schemes [67, 101, 105] can be approximated by continuous piecewise affine functions, preserv-
ing the qualitative behavior: synchronization, when it occurs, settles at fixed points of s(x).
In practical terms, s(x) can be interpreted as the expectation of a quantized signal, possibly
smoothed by small noise. Thus, (agent COSA) provides a versatile and analytically tractable
model bridging idealized linear consensus and more realistic nonlinear or discontinuous inter-
actions.

For collective dynamics, we write

#(t) = D~ As(a(t)) — o(t) == F((t)), (COSA)
and its discrete-time counterpart with step size h:
z(k+1) = z(k) + h (D' As(z(k)) — z(k)) . (COSA-DT)

where x = (z1,...,2x5)" € X :=[-1,1]Y and s(x) = (s(z1),...,s(zn)) " € X.

It is important to emphasize the role of the normalized adjacency matrix D~ A (also known
as the random-walk adjacency matrix) in (COSA). Using this normalized form, rather than the
raw adjacency matrix A, has two main advantages:

— First, it ensures that the dynamics remain confined to the bounded domain [-1, 1]V, so
that the signal function s is always well-defined.

— Second, it equalizes the interaction speed across agents regardless of their degree.

— Inaddition, since D~! A is row-stochastic, the Perron-Frobenius Theorem applies: for con-
nected graphs it has a simple eigenvalue 1 with eigenvector 1, while all other eigenvalues
lie strictly inside the unit circle.

This means that normalization changes only the timescale of convergence, not the structure
of the synchronization equilibria.

[92] “Multiagent Decision-Making Dynamics Inspired by Honeybees”. Rebecca Gray et al. (2018).
[96] “Nonlinear Opinion Dynamics With Tunable Sensitivity”. Anastasia Bizyaeva et al. (2023).
[105] “Consensus and Disagreement”. Francesca Ceragioli et al. (2018).
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Remark 3.2.1. In the special case s(x) = x, the dynamics reduce to the normalized linear consensus
model:

#=D'Ax —x=—-D 'Lz (3.4)

It is worth noting that the dynamics (COSA) admit several equivalent formulations, each
highlighting different structural aspects:

& =D1As(x) —x
=-D 'Lz + D 'A(s(z) — z) (3.5)
= —D 'Ls(x) + s(x) — = (3.6)

The original form (COSA) most directly reflects the interaction between agents and is the
natural extension of the (CODA) to the continuous-time setting.

The second form (3.5) shows that (COSA) can be interpreted as the linear consensus dynam-
ics perturbed by the nonlinear discrepancy between agents’ states and their transmitted signals.
At the agent level, this reads

1 & 1 <
T; = — T Zaij(mi — xj) + T Zaij(s(xj) - xj)’ (3.7)
i vi=1

linear consensus over states  nonlinear perturbation from neighbors

which separates the pure consensus mechanism from the nonlinear correction induced by the
signal function.

Finally, the third form (3.6) emphasizes consensus directly over the signals, together with
an individual-level perturbation:

N
. 1
b= — o (@) = s(z)) + (s(m) — ). (3.8)
(2 le
consensus over signals signal-state mismatch at agent 4

The alternative formulations above highlight that COSA can be understood either as a
perturbed consensus process or as consensus directly over transmitted signals.

We next examine the properties of the signal function s, which plays the central role in
mediating how opinions are perceived and communicated.

3.2.4 Signal Function and Communication Model

Let us introduce the notion of underestimation and overestimation for the communication
function s.

In many social and networked settings, agents do not receive neighbors’ states directly but
only signals derived from them, often coarse, quantized, or otherwise filtered. This motivates
starting from a classical quantized model (CODA) and then broadening it to a signal-based
formulation (COSA) that cleanly separates the roles of the graph and of the communication
nonlinearity.

To characterize the properties of the signal function, we introduce the following definitions:
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Figure 3.1: Examples of different signal functions s(x) classified as stable estimations, underes-
timations, and overestimations. An understimation can be transformed into a stable estimation
by translating and shifting the function s(z) by c. i.e., the function §(x) = s(x — ¢) — ¢ for ¢ to
be a stable estimation of c.

Definition 3.2.2. A signal function s is said to be:

— a stable estimation around c € Fix(s) if there exists a neighborhood I of ¢ where for all
xel, (x—c)(s(x)—x) <0.

— an unstable estimation around c € Fix(s) if there exists a neighborhood I of ¢ where for all
zel, (xr—c)(s(z)—z)>0.

— an underestimation if x(s(x) — x) < 0, forall x € [—1,1]. i.e., it is a stable estimation
around 0 for the interval [—1, 1].

— an overestimation if x(s(z) —x) > 0, forall z € (—1,1) \ {0}. ie., it is a unstable
estimation around 0 for the interval (—1,1).

Those definitions are illustrated in Figure 3.1.

To elaborate, a function is an underestimation (resp. overestimation) at a given state x if the
processed signal s(z) is closer to (resp. further from) the origin than z itself, relative to the sign
of z. This characterizes how the nonlinearity biases the perceived state.

These properties of the signal function s are instrumental in understanding its qualitative
behavior. Crucially, the equilibria of our multi-agent system are linked to the fixed points of
this signal function Fix(s), where an agent’s state matches the signal it generates. We therefore
proceed to classify these fixed points based on their local stability characteristics.

Definition 3.2.3. A fixed point ¢ € Fix(s) is classified based on its one-sided stability:
— It is left-stable (resp. right-stable) if there exists a neighborhood I of ¢ such that (v —
c)(s(z) —x) <0forall x € I withx < c(resp. x> c).
— It is left-unstable (resp. right-unstable) if the strict inequality (z —c)(s(x) —x) > 0 holds
forall z € I withx < c (resp. x > c).
Based on these properties, we define a fixed point as stable if it is both left- and right-stable, unstable
if it is both left- and right-unstable, and semi-stable otherwise.

Remark 3.2.2. For example, one can notice that 0 is an unstable fixed point for the sgn () function.
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The local stability defined in Definition 3.2.3 captures a dichotomy. A stable fixed point acts
as a local attractor: for a state x slightly deviating from ¢, the dynamics generate a restoring
force that pushes x back towards c. In contrast, an unstable or semi-stable fixed point is locally
repelling from at least one side. As we will prove, this simple one-dimensional classification is
the key determinant of stability for the full V-dimensional synchronized states.

Based on this property, we partition the set of all fixed points, Fix(s), into the set of stable
fixed points, which we denote by Fix*(s), and the set of unstable or semi-stable ones, Fix°(s).

Fix(s) = Fix*(s) U Fix°(s).

For a more granular analysis, we will also need to identify the specific sources of instability.
We define Fix] (s) as the set of all fixed points that are unstable from the left, and Fixy (s) as the
set of those that are unstable from the right. Note that a fully unstable fixed point belongs to both
of these subsets.

Fix°(s) = Fix}.(s) U Fixg(s).

We can now prove the existence of a stable fixed point for any non-decreasing signal function.

Lemma 3.2.4. Any non-decreasing signal function s : [—1,1] — [—1, 1] must have at least one
stable fixed point. i.e., Fix*®(s) # (.

Proof. The interval [—1, 1] with the usual ordering is a complete lattice. Since s is a non-
decreasing function from this complete lattice to itself, the Knaster-Tarski Fixed-Point Theorem
guarantees that the set of fixed points, Fix(s), is non-empty. Furthermore, the set Fix(s) itself
forms a complete lattice, which implies it is a closed set and contains its own supremum and
infimum. Let cyin = inf Fix(s) and c¢pax = sup Fix(s). These are the smallest and largest fixed
points of s.

We establish two key properties about the behavior of s outside the interval [ciin, Cmax]-

(i) For any « > c¢max, we must have s(z) < z. Indeed, assume for contradiction that there
exists an zg € (¢max, 1] with s(zg) > x¢. Consider the interval J = [z, 1]. For any y € J,
we have y > 0, and since s is non-decreasing, s(y) > s(zg) > xo. Thus, s maps the
complete lattice J into itself. By the Knaster-Tarski theorem, s must have a fixed point
¢ € J. This implies ¢ > x¢ > ¢max, which contradicts the definition of ¢,y as the largest
fixed point. The assumption must be false, so s(z) < z for all > cpax.

(if) For any = < ¢min, we must have s(x) > x. This can be proved by symmetrical arguments.

We now show that this structure forces at least one fixed point to be stable. Let us assume for
contradiction that all fixed points are unstable. Let the fixed points be indexed by ¢; € Fix(s).

Consider the largest fixed point, cpax. From property (i), for any = > cpax, we have
T — Cmax > 0and s(z) —z < 0, so their product is non-positive. The stability condition holds on
theright side of ciyax. For ciuax tobe unstable, the violation must occur onits left side. This means
that for any 6 > 0, there must exist an # € (¢max — 0, Cmax) such that (z — ¢max)(s(z) — ) > 0.
Since x — ¢max < 0, this requires s(x) < x.

Let cprev = sup{c € Fix(s) | ¢ < cmax} be the fixed point immediately preceding cpax (if one
exists). The instability of cyax implies the existence of points = € (cprev, Cmax) Where s(z) < .
If such a point exists, we can show that s(y) < y for all y € (x, ¢max), as s(y) > y would imply
a fixed point between y and cyax. Therefore, the instability of cax implies s(z) < z for all z in
some interval (cprev, Cmax)-

Now consider this preceding fixed point, cprey. For any € (cprev, cmax), the stability product
is (z — cprev) (s(x) — ). Since x > cprev and we have just shown s(z) < x, the product is negative.

64



3.3. Trajectory Behavior: Invariance and Cooperation

Thus, the stability condition for cprey holds onits right side. If cprey is also unstable, the violation
must occur on its left side, which in turn implies s(x) <  on the interval to the left of cprey.

This argument creates a chain reaction: if a fixed point ¢; is unstable, it must be because
s(x) < x on the interval (¢;—1, ¢;), which ensures that the stability condition holds on the right
side of ¢;—;. This means that if all fixed points cmax, cN—1, - - . , ¢2 are unstable, it is because their
instability is passed down from right to left.

Finally, consider the smallest fixed point, cyin. If all other fixed points are unstable

However, property (ii) states that for all < ¢pin, we must have s(x) > . This implies
(€ — cmin)(s(x) — z) < 0. The stability condition for cpin is always satisfied on its left side. This
is a contradiction. The assumption that all fixed points are unstable cannot hold.

Therefore, there must exist at least one stable fixed point. O

The above lemma establishes not only the existence of a stable fixed point for any continuous
non-decreasing signal function but for any discontinuous one as well.

In the sequel, we will restrict our attention to signal functions s satisfying a few structural
properties. These assumptions are weak from a modeling standpoint but crucial from a math-
ematical one: they guarantee that the induced dynamics can be treated within the framework
of dynamical systems introduced in Chapter Networked Systems Preliminaries, especially in
Section 2.4. In particular, they ensure that the vector field is well defined, that trajectories
exist and are unique (by Theorem 2.4.3), and that we can apply the theory of monotone and
cooperative systems developed there.

Thoughout the sequel, we will assume the following standing assumption.

Standing Assumption 3.2. The signal function s : [—1,1] — [—1, 1] is:
(i) non-decreasing: s(x) < s(y) whenever x <y,
(ii) K-Lipschitz continuous with K > 0:

s@) = s()| < Kl —y| forallz,y € [-1,1],

so that the vector field is Lipschitz, guaranteeing existence and uniqueness of solutions.

The monotonicity assumption reflects the natural idea that stronger opinions should not
produce weaker signals or actions, while Lipschitz continuity ensures the well-posedness of the
dynamics. Together, these conditions make a balance: they are weak enough to cover a broad
class of signal functions of interest, yet strong enough to put the system in a highly structured
and predictable dynamical behavior, as we will now demonstrate.

Remark 3.2.3. We will sometimes relax the Lipschitz continuity assumption and consider signal func-
tions that are only non-decreasing. This will allow us to study the behavior of the system in a more
general setting.

3.3 Trajectory Behavior: Invariance and Cooperation

Having formally defined the (COSA) model and its core assumptions, we now turn to analyzing
its collective dynamics. A natural first question is whether the system is well-behaved: do
trajectories remain bounded, and can they exhibit complex non-convergent patterns like limit
cycles or chaos?
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This section establishes two foundational properties that provide an answer. We will first
prove that the state space is forward-invariant, ensuring all trajectories are bounded. We
will then demonstrate that the system is inherently cooperative (Definition 2.4.14), a powerful
structural property that precludes oscillatory behavior.

3.3.1 Invariance of the state space X

As recalled in Definition 2.4.6, a set D C X is forward invariant for (COSA) if every trajectory
starting in D remains in D for all future time. Our first step is to ensure that trajectories never
leave the natural state domain. Establishing the invariance of the hypercube X = [—1,1]¥
guarantees the boundedness of solutions and the well-posedness of the model on X'

Proposition 3.3.1. The set X = [—1,1]" is forward invariant for the dynamics (COSA). i.e., if
x(0) € X, then x(t) € X forall t > 0.

Proof. Since the vector field, (COSA) is Lipschitz-continuous and admit unique solutions starting
from any initial condition, we can then apply Nagumo’s Theorem to ensure that the solution
remains in X

From Nagumo’s Theorem, an analysis at the set’s boundary is sufficient to ensure that the
solution initialised inside of & remains inside of X for all ¢ > 0. Then, for any « € X such that
x; = 1 for some 7 € V, one has

N N N
i,‘i = Zaijs(xj) — Xy = Zaijs(:nj) —1 < Zaijs(l) —1=0.
j=1 j=1 Jj=1

Similarly, for any € & such that z; = —1 for some ¢ € V, one has
N N N
T; = Zaijs(xj) —x; = Zaijs(a}j) +1> Zaijs(—l) +1=0.
j=1 j=1 7=l

Thus, for any « € 0X (i.e., the boundary of X, i.e., the set of x € X such thatz; = 1orz; = —1
for some i € V), one has @;(t) < 0 or #;(t) > 0. Therefore, by Nagumo’s Theorem, the solution
remains in X forall ¢ > 0. O

This proposition confirms that the dynamics are well-defined on &, justifying its choice as
the state space. Moreover, this result ensures the boundedness of all trajectories, which is a
critical prerequisite for analyzing their long-term behavior and convergence.

3.3.2 Cooperative Properties and Guaranteed Convergence

With boundedness established, we now address the question of the behavior of the dynamics.
Does it exhibit complex non-convergent behaviors such as limit cycles or chaos? A priori, a
bounded nonlinear system could still exhibit such behaviors. However, the (COSA) model is
shielded from such complexities by a powerful structural property: it is inherently cooperative.

Intuitively, this means that the influence exerted by any agent j on its neighbors is always
positive: anincrease in agent j’s state, xj, can only ever encourage its neighbors’ states to increase
(or remain unchanged), never to decrease. This cooperative principle is a direct consequence of
two key structural elements of our model:
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— the non-negative nature of the interaction weights in the adjacency matrix (a;; > 0),
reflecting an absence of antagonistic interactions;

— the non-decreasing property of the signal function s, as stipulated in Standing Assump-
tion 3.2, which ensures that a higher input state always translates to a higher or equal
perceived signal.

This unidirectional, positive influence has strong implications for the behavior and long-term
predictability of the system.

We now formally establish the cooperative properties of the dynamics (COSA).

Proposition 3.3.2. The dynamics defined by (COSA) is cooperative, inducing a monotone flow on
the invariant hypercube X = [—1,1]N. Specifically, for any two initial conditions =(0),y(0) € X
such that x(0) < y(0) (component-wise), their corresponding trajectories satisfy x(t) < y(t) for
all t > 0.

Proof. To demonstrate that the dynamical system (COSA) induces a monotone flow, from Propo-
sition 2.4.16 we need to show that its vector field f(z) = D 'As(x) — z satisfies the quasi-
monotonicity condition (2.6).

Let us consider two state vectors x,y € X that satisfy the conditions < y and z; = y; for
a specific index i. We now examine the difference between the i-th components of the vector
field at y and :

N
fily) = filw) = -3 (s(a) — 5(23)) — (s~ )
gt

Since we have the condition x; = y;, the last term vanishes and for all 7,5 € V, d; > 0, a;; > 0
and s is non-decreasing. Therefore, fi(x) < fi(y). Since this would hold for any component
i € V such that x; = y;, we conclude that the vector field f satisfies the quasimonotonicity
condition (2.6). O

Proposition 3.3.2 is more than a technical statement. It places strong restrictions on the
possible behaviors of the system. Because the flow is now proven to be cooperative, trajec-
tories cannot display oscillatory or chaotic dynamics, which ensures a significant degree of
predictability and a much simpler analysis. In particular, the absence of attracting cycles is a
powerful simplification as given by the following corollary.

Corollary 3.3.3. The dynamics (COSA) does not admit limit cycles.

Proof. From Proposition 3.3.2, the dynamics is cooperative. Then, Proposition 2.4.18 ensures
that the dynamics does not admit limit cycles. O

The absence of attracting cycles ensures that for almost every initial condition, the system’s
trajectory will eventually converge to a point within the set of equilibria, Fix(f), which we will
now define and classify in Section 3.4. This completely changes our analytical focus since now
the central problem is no longer if the system settles down, but rather where within the set of
equilibria it settles.

Under stronger assumptions on the signal function s, one can refine the proof of Proposi-
tion 3.3.2 to establish that the dynamics (COSA) is not only cooperative but also generates a
strongly monotone flow. This stronger property leads to even more robust convergence guaran-
tees, ensuring convergence to a single equilibrium point for all trajectories.

67



Chapter 3. A non-linear opinion dynamics model: Continuous Opinion Signaled Action (COSA)

Proposition 3.3.4 (Strongly Monotone Flow for Strictly Increasing Signal Function). Let s be
a nondecreasing Lipschitz continuous signal function. If s is strictly increasing, then the dynamics
(COSA) is strongly monotone. Moreover, every trajectory of the dynamics (COSA) converges to an
equilibrium point of (COSA).

Proof. We need to show that the flow ¢ is strongly monotone under the assumption that s is
strictly increasing. Indeed, by Proposition 2.4.24, eventual strong monotonicity implies that
the flow is Strongly Order-Preserving (Definition 2.4.23), and then Theorem 2.4.26 ensures that
omega-limit sets of bounded trajectories reduce to equilibria.

The strong monotonicity of the dynamics (COSA) follows from Theorem 2.4.22. If s is strictly
increasing, then the dependency graph G¢(x) (as in Definition 2.4.21) of (COSA) coincides with
the interaction graph G, which is strongly connected by assumption. To see this, fix i € }V and
j € N;. Consider the function

fz<§) = fi($17 e ,mj_1,f,$j+1, - ,xN).

For any interval [a,b] C [—1, 1] with a < b, we compute

) ) 1 N 1 N
fz(b) — fi(a) = df aiks(xk) + aijs(b) —x; — df aiks(:vk) + aijs(a) —x;
v\ k=1,k#j b \k=1k#j
= 2L (s(b) — s(a)) >0,

since s is strictly increasing and a;; > 0. This shows that f; is strictly increasing on [a, b],
implying that f; is never independent of z; on this interval. Since this holds for all j € N;, we
conclude that G¢(x) is strongly connected. We, then, apply Theorem 2.4.22 to ensure that the
flow ¢ is strongly monotone. O

The condition of strict monotonicity for s in Proposition 3.3.4 provides a sufficient condition
for guaranteeing convergence to a single equilibrium point for all trajectories.

Remark 3.3.1. If s is only non-decreasing (and not strictly increasing), while attracting cycles are
still ruled out by Proposition 3.3.2, the results is not proven for all trajectories, but only for almost all
trajectories. This does not means that there could be trajectories that converge to something else than
an equilibrium. But, unfortunatly, the tools of strong monotonicity alone does not allows us to prove
it in this particular case and remains an open problem. One can infer that it is likely that the system
will converge to an equilibrium even in this particular case due to the symmetry of interactions between
agents. In the case of directed graphs, example of attracting cycles can be exhibited see [106].

Collectively, these results provide a crucial guarantee: for almost all initial conditions,
trajectories converge to the set of the system’s equilibria. This finding a complete shifts our
analytical focus for the remainder of the part. The central problem is no longer if the system
settles down, but rather where within the set of equilibria it settles. This validates an equilibrium-
centric approach and motivates the subsequent detailed characterization of these steady states,
to which we proceed next.
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3.4 Characterization of System Equilibria

The preceding analysis provides a powerful guarantee: the cooperative nature of the (COSA)
dynamics ensures that trajectories do not exhibit complex oscillatory behavior and, for almost
all initial conditions, converge to the set of equilibria. This allows us to shift our focus from the
transient dynamics to the properties of these final states.

An equilibrium point z* € X is, by definition, a state satisfying © = 0. From the system
dynamics (COSA), this directly implies:

x* = D' As(z"). (3.9)

Component-wise, this fundamental condition states that for every agent i € V), its equilib-
rium state =] must precisely balance its own value with the weighted average of the signals
received from its neighbors:

x; = ;Z Z s(x3). (3.10)
JEN:

Beyond this per-agent condition, a global constraint on all equilibria can be derived from
the spectral properties of the network interaction matrix D' A. This condition provides a
collective balance property that every equilibrium must satisfy, reflecting a strong conservation
law embedded in the system’s structure.

Lemma 3.4.1 (Global Equilibrium Condition). Let * be an equilibrium of the dynamics (COSA).
Then, the weighted sum of the differences between the signal and the state, Zf\; 1di(s(x)) — xf),

A
must be zero:

1"D(s(z*) —x*) = Zdl(s(mf) —x;) =0.

Proof. Takes w be the left eigenvector of D! A associated with the eigenvalue 1. Since the
graph is connected and symmetric, one has w = D1. Thus, the scalar product of z* with w
yields

w'z* =w D 'As(z*) = w's(z").
Equivalently, one has w ' (s(z*) — z*) = 0 & 1" D(s(z*) — z=*) = 0. O

This lemma implies that at equilibrium, the total "pressure" exerted by agents on the system
(quantified by s(z}) — z} and weighted by degree) must sum to zero. While this provides a
useful diagnostic, it does not guarantee that such equilibria exist. The following result, based
on Brouwer’s Fixed Point Theorem, establishes their existence.

Lemma 3.4.2 (Existence of Equilibria). The system (COSA) possesses at least one equilibrium
point * € X.

Proof. Under Standing Assumption 3.2 on the signal function, s is a continuous function. Then,
the map g(z) = D! As(x) is continuous on the compact, convex set X = [—1,1]". Further-
more, as D! A is a row-stochastic matrix and the range of s is contained within [—1,1] (i.e.,
s(X) C X), the map g necessarily maps & to itself. i.e.,, g(X) C X.

Then, by Brouwer’s Fixed Point Theorem, the continuous map g must have at least one fixed
point z* € X. This fixed point x*, satisfying =* = D~ As(x*), is precisely an equilibrium for
the dynamics (COSA). O
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Having guaranteed their existence, we can now classify equilibria based on the collective
outcome they represent: perfect agreement versus persistent disagreement. This distinction is
central to understanding the expressive power of the model.

Definition 3.4.3 (Classification of Equilibria: FSE and NFSE). Equilibria of the system (COSA)
fall into one of two classes:
— Fully Synchronized Equilibria (FSE): States of complete agreement, x* € S, where all
agents share a common value, x7 = cforall i € V.
— Non-Fully Synchronized Equilibria (NFSE): States of persistent disagreement, * € X\S,
where agents’ states settle to different values, often forming distinct clusters or patterns.

This FSE/NFSE dichotomy forms the central analytical axis for the remainder of this thesis.
It partitions the system’s long-term behavior into two completely different regimes of either
full synchronization or structured disagreement. To understand the conditions that lead to one
regime or the other, we must analyze each class in detail. It is analytically prudent to begin
with the simplest and most structured class of outcomes: the Fully Synchronized Equilibria.

3.5 The Fully Synchronized (FS) manifold and the FS dynamics

Our analysis now proceeds to the first and most central class of equilibria: the states of full
synchronization (FSE). The study of these states is greatly simplified by recognizing that they
all reside on a common, one-dimensional geometric structure within the state space.

We formally define this structure as the Fully Synchronized Manifold (FSM). This section
is dedicated to characterizing this manifold and, most importantly, the dynamics restricted to
it. By reducing the N-dimensional problem to a simple scalar dynamic on this manifold, we can
rigorously determine the stability and basins of attraction for all potential states of consensus.

Definition 3.5.1 (Fully Synchronized (FS) states and the Fully Synchronized Manifold
(FSM)). A state is a fully synchronized (FS) state (also called consensus state) if v; = z;
foralli,j € V.

The fully synchronized manifold (FSM) is defined as the set of all fully synchronized states:

S:{:ce[—l,l]N]Vi,jEV, l‘i::L‘j}.

Notation 3.5.1. For ¢ € [—1, 1], we denote by
— forascalar ¢ € [—1,1], c1 the fully synchronized state at c,
— foranset I C [—1,1], S[I] = {x € S |3y € I, = y1} the fully synchronized manifold
(FSM) intersecting IV

For the analysis within this section, particularly concerning the dynamics over the Fully
Synchronized Manifold S, we can relax the strict requirements of Standing Assumption 3.1. The
derivations here primarily rely on a more general condition for the communication topology.

Alternative Assumption 3.3 (No Isolated Agents). Every agent i € V has at least one incoming

connection, i.e., its in-degree d; = Z;V: 1aj; > 0.
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Alternative Assumption 3.3 ensures that the normalized adjacency matrix D! A is well-
defined and row-stochastic, satisfying the property D~'A1 = 1. This property is sufficient
for analyzing the scalar dynamics of the common opinion on S, as the specific graph structure
(e.g., directedness, global connectivity) does not affect the self-consistent evolution of a shared
state. It is crucial, however, to remember that Standing Assumption 3.1 remains in full effect
for the analysis of the full multi-dimensional (COSA) system outside S, especially when con-
sidering non-synchronized states and strong monotonicity properties (needed for the strong
monotonicity property of the dynamics).

3.5.1 Invariance of the Fully Synchronized Manifold (FSM)

The most central property of the synchronized manifold is that it is a "trap" for the dynamics:
once a trajectory enters this state of perfect agreement, it can never leave. Establishing this
forward invariance is the key step that will later allow us to reduce the N-dimensional system
(COSA) to a simple one-dimensional one for all synchronized states.

Proposition 3.5.2. The synchronization manifold S is forward invariant for the dynamics (COSA).
ie,ifx(0) €S, then x(t) € S forallt > 0.

Proof. To prove that the synchronization manifold S is forward invariant, we must show that
for any trajectory x(t) starting in S, it remains in S for all ¢ > 0. This is equivalent to showing
that if all agent states are identical at some time ¢, their velocities are also identical at that time,
thus preserving their perfect agreement.

Let x € S. Then, there exists a scalar ¢ € [—1, 1] such that = ¢1. This means z; = ¢ for all
agents k € V.

Let us examine the time derivative for an arbitrary agent i € V:

1 & 1 &
Ti = @ ;aiks(fﬁk) —x; = @ ;aikS(C) —c

1 N
= s(c) (d- Zaik) —c.
! k=1

As established in the Proposition 3.2.1-(ii), the matrix D! A is row-stochastic, which means
each of its rows sums to one. The term in the parenthesis is precisely the sum of the i-th row of
D! A. Therefore, for any agent i with d; > 0 (as per Alternative Assumption 3.3), we have:

| XN
k=1
Substituting this back into the expression for the velocity, we find:

z;(t) = s(c(t)) — c(t).

This result is crucial because the expression for the velocity i;(t) is independent of the specific
agent index i. It depends only on the common state ¢(t). Therefore, &;(t) = 4;(¢) foralli,j € V.

Since all agents starting on the manifold share the same initial state and have the same
velocity at all times, their states remain identical. Thus, the synchronization manifold S is
forward invariant. O
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The invariance of the fully synchronized manifold is a cornerstone of the analysis. It
identifies consensus as a structurally stable configuration of the system and, most importantly,
allows us to study the behavior of FSM independently. Since trajectories cannot leave S, the
complex N-dimensional dynamics (COSA), when restricted to this manifold, must collapse into
a much simpler form. The next section will exhibit this simplification.

3.5.2 The Fully Synchronized Dynamics

We now leverage this invariance to derive the precise form of these simplified dynamics. For
any trajectory x(t) € S, there exists a scalar trajectory z(¢) € [—1, 1] such that (t) = x(¢)1. By
substituting this into the main (COSA) equation, we can study the system onto a single scalar
ordinary differential equation that governs the evolution of the common opinion. This reveals
the core mechanisms of consensus in their simplest form (this will be the starting point of the
analysis of the FSM in Chapter 4):

=D 'As(x) —x =D 'As(z1) — z1
= D 'As(2)1 — 21 = s(z)(DtA1) — 21
=s(x)l —z1 = (s(z) —2)1

which is equivalent to the scalar dynamics:
Tt =s(x)—x:= f(x) (FS)

This scalar dynamics governs the evolution of the common opinion x when all agents are
synchronized.

Being able to restrict the analysis to the FSM simplifies the analysis of the asymptotic behavior
on S, guaranteeing that we only need to identify and analyze the stability of equilibrium points
in (FS). It also highlights a key distinction: while the full multi-dimensional system (COSA)
requires Lipschitz continuity for its general monotone flow property, the one-dimensional
synchronized dynamics on S robustly exhibits monotonicity and lacks oscillations even with
discontinuous, non-decreasing signal functions as we will see in the following sections.

Characterizing Equilibria on the FSM

We now analyze the equilibria of the one-dimensional dynamics (FS).

Proposition 3.5.3. Let s : [—1,1] — [—1,1] be a signal function. Then, the equilibria of the
dynamics (FS) are precisely the fixed points of s.

Proof. An equilibrium z* € [—1,1] is defined by the condition f(z*) = 0. From (FS), this is
equivalent to s(z*) — 2* = 0, which precisely means s(z*) = z*. Therefore, the set of equilibria
is Fix(s). O

Remark 3.5.1. This results is completely aligned with the classical linear consensus model where
s(x) = x. In that particular case, any x € [—1, 1] is an equilibrium on S, representing a continuum of
possible consensus values. But for a general nonlinear s(x), the set of equilibria is only restricted to the
specific values where s(x) intersects the identity line y = x. i.e., v* € Fix(s). This set is often the union
of a finite number of points, meaning that the system can only converge to a finite number of consensus
values.
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Since s is a non-decreasing function mapping the compact convex set [—1,1] to itself,
Lemma 3.2.4 guarantees that the set of fixed points Fix(s) is non-empty, and thus at least
one equilibrium for (FS) is guaranteed to exist within [—1, 1].

Corollary 3.5.4. Let s : [—1,1] — [—1,1] be a signal function. Then, the dynamics (FS) has at
least one equilibrium.

Proof. This is a direct consequence of Proposition 3.5.3 and Lemma 3.2.4. O

Invariant Intervals and Trajectory Localization

A key feature of the (FS) dynamics is that over S, trajectories can be trapped within certain
intervals. The boundaries of these intervals are determined by the points where the signal
function s(z) crosses the identity line (i.e., the fixed points of s).

Proposition 3.5.5 (Invariant Intervals). The following statements hold true:
(i) Foranya,b € [—1,1] witha < b, if s(a) > a and s(b) < b, then the interval [a, b] is forward
invariant for the dynamics (FS).
(ii) In addition, if s(a) > a and s(b) < b, then the open interval (a,b) is forward invariant for the
dynamics (FS).
For the fixed points of s, this means that:
(i-bis) For any two fixed points ¢, ¢ € Fix(s) such that ¢ < ¢, the interval [c, €| is forward invariant
for the dynamics (FS).
(ii-bis) In addition, if there exist x1,x2 € (c,€) such that s(x1) > x1 and s(x2) < xo, then the open
interval (¢, €) is forward invariant for the dynamics (FS).

Proof. (i) The dynamics are governed by & = f(x) = s(z) —z. For an interval [a, b] to be forward
invariant, by Nagumo’s Theorem, the vector field must not point outward at its boundaries.

At the upper boundary = = b, the condition for invariance is ¢(b) < 0. This is equivalent to
s(b) — b <0, or s(b) < b, which is given by the proposition’s assumption.

At the lower boundary = = q, the condition for invariance is ©(a) > 0. This is equivalent to
s(a) —a >0, or s(a) > a, which is also given.

Since the vector field is non-positive at b and non-negative at a, any trajectory starting in
[a, b] cannot exit this interval.

(ii) Since s is non-decreasing, there exists a ¢ > 0 such that for all y € [b — ¢,b], we have
s(y) < yandforally € [a,a+ ], we have s(y) > y. Letusnote I,, = [a+¢/n,b—¢/n] forn > 1.
For n > 1, the interval I,, is forward invariant and the sequence I, is increasing. i.e., I, C Ip41.
Since every I, is forward invariant, so is their union:

€ €
U= U[a%—ﬁ,b— =] = (a,b).
n>1 n>1

Thus, the open interval (a, b) is forward invariant.

(i-bis)-(ii-bis) These items are a direct consequence of (i)-(ii). O

This result provides a powerful tool for localizing trajectories. It guarantees that the long-
term behavior of a synchronized system is confined to the smallest such invariant interval
containing its initial state. This naturally leads to the question of what happens inside these
intervals.
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Dynamical Behavior of the FS dynamics

The one-dimensional nature of the FS dynamics (FS) implies strong structural properties re-
garding its trajectories and that even with discontinuous, non-decreasing signal functions. Let us
drop the Standing Assumption 3.2 for a moment and state the following proposition.

Proposition 3.5.6. For the scalar dynamics (FS), given that s is non-decreasing on [—1, 1]
(i) The dynamics cannot exhibit limit cycles or chaotic behavior.
(ii) Every trajectory x(t) starting in [—1, 1] converges to a limit o, € [—1,1].
(iii) Let f(x) := s(x)—z. A non-equilibrium trajectory (a trajectory not starting in an equilibrium
point) is strictly monotonic.

— Ifthe trajectory is strictly increasing, its limit xo satisfies f(x5,) :=lim, _, - f(y) =0
0

— Ifthetrajectory is strictly decreasing, its limit vo satisfies f (v3,) :=lim _ + f(y)

If additionally s is continuous, then
(ii-bis) Every trajectory starting in [—1, 1] converges to an equilibrium point in Fix(s).
iii-bis) Trajectories exhibit monotonic behavior between equilibria: if x7 < x5 are two consecutive
equilibria, then for any xo € (x¥,x3), the trajectory x(t) will either monotonically increase
towards % (if f(xo) > 0) or monotonically decrease towards x7 (if f(zo) < 0).

To simplify the proof, let us state and prove the following technical lemma.

Lemma 3.5.7. Let f(x) = s(x) — x, where s : [—1,1] — [—1, 1] is a non-decreasing function. If
f(a) > 0and f(b) < 0 for some a < b, then there exists a point ¢ € (a,b) such that f(c) = 0.

Proof. Let C = {z € [a,b] | f(x) > 0}. The set C is non-empty since a € C, and it is bounded
above by b. By the least-upper-bound property of the real numbers, its supremum exists, let us
define it as ¢ = sup C. By construction, ¢ € [a,b]. Since f(a) > 0 and f(b) < 0, we must have
c € (a,b). Indeed, if we have ¢ = a, we would have a contradition by taking the right-hand limit
of s(a™) = lim,_,,+ s(y), which would be greater than s(a™) > s(a) > a (since f(a) > 0). This
would yield s(a™) —a = f(a’) > 0, then there exists an = € (a,a™) such that f(z) > 0, which
contradicts the definition of c.

We now analyze the one-sided limits of s(x) at c.

— For any y € (c,b], we have y ¢ C, which implies f(y) < 0, or s(y) < y. Since s is
non-decreasing, the right-hand limit s(c*) = lim,_, .+ s(y) exists. Taking the limit of the
inequality gives s(c¢t) < c.

— By the definition of the supremum, for any ¢ > 0, there exists an z. € C such that
¢ —¢ < z. < c. For this point, f(z:) > 0, so s(xz.) > z.. Since s is non-decreasing, the
left-hand limit s(c™) = lim,_, .- s(y) exists and must satisfy s(c™) > c.

For any non-decreasing function, we have the property s(c™) < s(c¢) < s(c¢*). Combining our
results yields the chain of inequalities:

c<s(c) <s(e) <s(ch) <e

This forces every term in the chain to be equal to c¢. In particular, s(¢) = ¢, which means
f(c) = 0. This proves that f(x) cannot change sign on an interval without having a zero in that
interval. O

We are now ready to prove the proposition.
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Proof of Proposition 3.5.6. Let f(z) := s(z) — x.

(i) A trajectory x(t) follows the vector field f(x). For any non-equilibrium point z(0), its
velocity f(z(0)) is non-zero. By Lemma 3.5.7, the sign of f(z) cannot change between any two
consecutive equilibria. Thus, a trajectory starting at a non-equilibrium point is strictly mono-
tonic. In a one-dimensional state space, trajectories cannot cross themselves, which excludes
the existence of limit cycles or chaotic behavior.

(ii) If 2(0) is an equilibrium, the trajectory is constant and has converged. If not, the trajectory
is strictly monotonic as established above. Since the state space [—1, 1] is compact, the trajectory
is bounded. By the Monotone Convergence Theorem, any bounded and monotonic function
must converge to a finite limit. Therefore, xo = lim;_,» x(t) exists and lies in [—1, 1].

(iii) Consider a strictly increasing trajectory where @(t) > 0 and limy o 2(t) = Zoo. As
t — 00, z(t) approaches x, from the left. Since s(x) is non-decreasing, the one-sided limits of
f(z) exist. The limit of the velocity is:

roo = Jim (1) = Jim fo(0)) = I f(4) = [

Since #(t) > 0, we must have z, > 0. Assume for contradiction that o, > 0. Then, there
exists a time 7" such that &(t) > z,/2 for all ¢t > T Integrating from 7" to ¢ gives x(t) — x(T) >
Too/2(t —T). As t — oo, the right-hand side grows unboundedly, contradicting that z(¢)
converges to a finite limit. Thus, we must have z., = 0, which implies f(zy) = 0. An
analogous argument for a strictly decreasing trajectory shows its velocity must converge to
Too = f(zd)) < 0. The assumption z, < 0 leads to a contradiction, so z, = 0, which implies
flal) =0.

(ii-bis) If s is continuous, then f(x) is also continuous. For a continuous function, the one-
sided limits equal the function value: f(z3) = f(zl) = f(2). From (iii), the limit 2o, of any
trajectory must satisfy either f(z5) = 0 or f(z}) = 0. By continuity, both conditions imply
f(zoo) = 0. Therefore, the limit z., must be an equilibrium point in Fix(s).

(iii-bis) Let ] < x5 be two consecutive equilibria. Since f(z) is continuous and has no zeros
in (z7, z%), the Intermediate Value Theorem implies that f(x) must have a constant sign on this
interval. For any initial condition z¢ € («7, z3), if f(xo) > 0, the trajectory is strictly increasing
and, by (ii-bis), must converge to the next available equilibrium, which is 3. Conversely, if
f(zo) < 0, the trajectory is strictly decreasing and must converge to zj. The dynamics are
confined to [-1,1] as &#(—1) = s(—1) — (—1) > 0and #(1) = s(1) — 1 < 0. O

This powerful result simplifies the analysis of the asymptotic behavior on S, guaranteeing
that we only need to identify and analyze the stability of equilibrium points. It also highlights a
key distinction: while the full multi-dimensional system (COSA) requires Lipschitz continuity
for its general monotone flow property, the one-dimensional synchronized dynamics on S
robustly exhibits monotonicity and lacks oscillations even with discontinuous, non-decreasing
signal functions.

Remark 3.5.2. It is important to note that the trajectories in the discontinuous case may not necessarily
converge to an equilibrium point but can also converge to a limit point instead. This phenomenon is
captured by the definition introduced by [105, 106, 124] of extended equilibria. There the authors prove
the convergence to an extended equilibrium point, which is a limit point of the trajectory.

Figure 3.2 provides a visual representation of f(z) = s(x) — x and its associated vector field.
Equilibria correspond to the points where the graph of f(x) = s(x) — z intersects the z-axis. The
direction of the vector field & (indicated by arrows) shows whether z increases or decreases. We
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Figure 3.2: Illustration of the scalar dynamics ¢ = s(z) — x for the signal function s(z) =
0.7 max(—1, min(5x, 1)). Equilibria are at the intersections (z7, z3, z3). The vector field f(z) =
s(x) — z (indicated by arrows on the horizontal axis) shows the direction of movement. We
present some invariant intervals of the dynamics to illustrate Proposition 3.5.5.

can then intuitively see that 2] and z} are stable equilibria and 2% is an unstable equilibrium.
In the next section, we will characterize the stability of these equilibria more rigorously.

3.5.3 Stability Analysis of Equilibria on the FS Manifold

The stability of an equilibrium z* for a one-dimensional continuous-time dynamical system
& = f(x) is determined by the sign of f(z) in the immediate neighborhood of z*. An equi-
librium z* is locally asymptotically stable if f(z) points towards z* from both sides, ensuring
monotonic convergence. This condition is mathematically expressed as (z — z*) f(z) < 0 for
in a sufficiently small neighborhood of z*.

To characterize this behavior, we utilize the concepts of stable estimation, underestimation, and
overestimation as introduced by Definition 3.2.2. The following theorem precisely characterizes
the local stability properties of the equilibria of (FS) based on these signal function properties.

Theorem 3.5.8. Let x* € [—1, 1] be an equilibrium of the dynamics (FS). Then:
(i) x* is locally stable if and only if x* is a stable fixed point of s. i.e., x* € Fix®(s).
(ii) x* is locally asymptotically stable if and only if x* is a stable fixed point of s and z*
is isolated in Fix(s). ie., x* € Fix®(s) and there exists a neighborhood U of x* such that
U NFix(s) = {z*}.
(iii) x* is unstable if and only if * is an unstable fixed point of s. i.e., x* € Fix°(s).

Proof. (i) By Definition 2.4.30, z* is locally stable if and only if
Ve > 0,36 > O such that |2(0) — 2*| < § = |z(t) —2"| <eforallt > 0.

This is equivalent to say that trajectories starting in a neighborhood of z* remain in that
neighborhood for all time. Since it is one dimensional, it means that for 2* — 0 < z < z7%,
f(z) <0and for z* <z < z*+ 4, f(z) > 0. One has,

f(x)<Oforz*—d<x<a* s(x) —x <0for —d<x—2x*<0
f(z)>0forz* <z <z*+9 s(r)—z>0for0<z—2z* <9
& (z—2%)(s(z) —z) <Oforallx € [z* — §,z" + J].
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Therefore, z* is locally stable if and only if 2* is a stable fixed point of s. i.e., z* € Fix*®(s).
(ii) For z* to be locally asymptotically stable and attracting over a neighborhood U of z*, let
us consider the Lyapunov function

The time derivative of V' along the trajectories of the dynamics is given by
V(z) = (z—a*) (& — ) = (x — )i = (x — z*)(s(z) — x).

Since z* is an equilibrium, we have that s(z*) = z*. Therefore, V' is a Lyapunov function
for the dynamics (FS) and V' (z*) = 0. To ensure z* is locally asymptotically stable, we need to
prove the existence of a neighborhood U of z* such that V(z) < O forallz € U \ {z*}. One has,

V(z) <0e (z—2")(s(z) —x) <0« sgn(x — ") #sgn(s(z) —x) and s(z) # .

This means that 2* is locally asymptotically stable if and only if there exists a neighborhood
U of z* such that for all z € U \ {z*}, sgn (z — z*) # sgn(s(z) —z) and s(z) # z. The first
condition means that z* is a stable fixed point of s. i.e., 2* € Fix®(s). The second condition means
that z* is isolated in Fix(s). i.e., there exists a neighborhood U of 2* such that U NFix(s) = {z*}.
Therefore, =* is locally asymptotically stable if and only if 2* is a stable fixed point of s and
x* is isolated in Fix(s). i.e., 2* € Fix®(s) and there exists a neighborhood U of z* such that
U NFix(s) = {z*}.

(iii) Is given by the proof of (i) since (i) and (iii) are equivalent statements. Then, z* is
unstable if and only if 2* is an unstable fixed point of s. i.e., * € Fix°(s). O

Moreover, since the dynamics is 1-dimensional, we can use the Proposition 3.5.6 to charac-
terize the attraction basin of equilibria.

Proposition 3.5.9 (Basin of Attraction). Let s be a signal function and let z* € Fix(s) be an
isolated fixed point of s. Let the basin of attraction of equilibrium x* be denoted by B(z*) = {x¢ €
[—1,1] | limy—y00 z(t) = 2™}
Define the boundaries for the basin as:
— ¢f = max({c € Fix°(s) | < 2*} U{—1}). This is the largest unstable fixed point to the
left of x*, or —1 if none exists.
— ¢k = min({c € Fix°(s) | « > «*} U {1}). This is the smallest unstable fixed point to the
right of x*, or 1 if none exists.
The following holds:
(i) (c¢f,x*] C B(x*) if and only if for all x € (¢} ,x*), s(z) > x.
(ii) [x*,ck) € B(x*) ifand only if for all x € (z*, cg), s(x) < .
(iii) (x7,xF) = B(x*) if and only if x* is locally asymptotically stable.

Proof. Letz* be anisolated fixed point of s. This implies z* is an equilibrium by Proposition 3.5.3.
Moreover, since z* is isolated, the quantities ¢ and c}; are well-defined. Note that ¢ and c}; are
also equilibria of (FS) by Proposition 3.5.3. Thus, they cannot be in the attraction basin of z*.
ie., cf ¢ B(z*)and ¢ ¢ B(xz*). Moreover, by Proposition 3.5.5-(ii-bis), since [cf , ci] C [-1,1] is
forward invariant and contains =*, we have that B(z*) C [¢f,cg] \ {c], ¢k} = (], c))-
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Let us consider the function V(z) = 4(z — 2*)> > 0. The time derivative of V along the
trajectories of the dynamics is given by

V(z) = (z — 2*)(s(z) — ).

Since z* is an equilibrium, we have that s(z*) = z*. Therefore, V' (z) is a Lyapunov function for
the dynamics (FS) and V (z*) = 0.

(i) (=) If (¢ ,x*] C B(z*), then for all (0) € (cf, 2*], we have lim;_, z(t) = *. Moreover,
since for all = € (¢{,2*), we have z < z*, we have that the function ¢t — z(t) must be increasing.
Therefore, ©:(t) > 0 for all t > 0. Then,

t>0< s(z) —z>0< s(x) > .

Therefore, s(x) > z for all x € (cf, z*).

(<) Let ng € Nsuch that [¢] +1/ng,2*] C (¢f,2*]. Letusnote I,, = [¢] +1/n,z*] for n > ny.
For n > ng, the interval I,, is a compact forward invariant for the dynamics (FS).

Let us fix n > ng. For z € I, = [¢] + 1/n, 2], since z < z* we have

s() >z e (s(x)—2) >0 (x—z9)(s(z) —x) <0< V() <0.

More specifically, we have V' (z) = 0 if and only if z = z*. ie., {z € I, | V(z) = 0} = {2*}.
Therefore, by LaSalle’s Invariance Principle, all trajectories starting in I,, converge to z*. Thus,
I, C B(z*).

Since this is true for all n > ng, we have that every I,, C B(z*) and thus

U I, CB(z") & U [cf, + 1/n,z*] C B(z") < (¢, z"] C B(x™).

n>ng n>ng

(ii) Similar argument to the proof of (i) applies by symmetry.

(iii) For z* to be locally asymptotically stable, by proof of Theorem 3.5.8, it is equivalent to
z* € Fix*(s) and z* is isolated in Fix(s). This is exactly the conditions of (i) and (ii). Then,
by (i) and (ii), we have that (¢f,c) C B(z*). Since we already know that B(z*) C (c¢f,cR),
we have that (¢f,c) = B(z*). Therefore, 2* is locally asymptotically stable if and only if
(cf,cR) = B(x*). O

The detailed analysis of the one-dimensional dynamics on the synchronization manifold
S has provided key insights into the potential stability of the system’s synchronized states.
We established that the dynamics reduce to a simple scalar ordinary differential equation,
&(t) = s(x(t)) — x(t), whose behavior is entirely determined by the fixed points of the signal
function s. Crucially, we demonstrated that this system cannot exhibit complex behavior like
limit cycles or chaotic trajectories, always converging to a limit point. The stability of these
equilibria, within the one-dimensional FS dynamics, has been characterized and their basins of
attraction are well-defined open intervals bounded by side unstable equilibria.

Figure 3.3 provides a visual synthesis of these theoretical results.

— Figure 3.3a shows a smooth, continuous signal function. In this scenario, we observe two
stable equilibria (e) at the extremes, each attracting trajectories from a wide interval, and
one unstable equilibrium (o) at the center acting as a repeller.

— Figure 3.3b illustrates a case with a signal function with succesive unstable fixed points.
Here, multiple unstable equilibria (o) exist, yet they can still act as attractors from one side,
creating distinct, contiguous basins of attraction. For instance, the interval (0, 0.5) forms
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- B(—?.95) o B(O‘.95) ‘ QB(—O.5) | B(0) 5 B(0.5) o B(1) .
-1 —0.5 0 0.5 1 -1 —-0.5 0 0.5 1
x x

(a) Case s(x) = tanh(2z). (b) Case s(z 2z — |22] + |2z] and

) =
§(xz) = min(1, |22 +1|/2+0.3(x — |22+ 1]/2))

Figure 3.3: Illustration of the scalar dynamics & = s(z) — « for two different signal functions
s(x). From top to bottom, the first plot show the function s(z) and the identity line y =  and
exhibits the fixed points of s(x). The stable fixed points are represented by a black circle and the
unstable ones by a white circle. The second plot show the dynamics function f(z) = s(z) — «
and the sign of the vector field f(z). The third plot shows the basins of attraction of the different
equilibria.

the basin of attraction for the unstable equilibrium at * = 0.5. The only asymptotically
stable equilibrium at z* = 1 collects trajectories from (0.5,1). Taking the example of
the red line 5(x) for a discontinuous signal function, the behavior is the same as for the
continuous signal function: equilibria are the same and the basins of attraction are the
same.
These examples highlight how the interplay between the signal function s(z) and the identity
line y = z fully dictates the existence, stability, and regions of attraction for consensus states.
Understanding these one-dimensional dynamics on S is a prerequisite for analyzing the more
complex, multi-dimensional dynamics of the full system (COSA) and for investigating scenarios
where agents might fail to reach full synchronization.

Remark 3.5.3 (The role of semi-stable equilibria). It is important to remark on the role of equilibria
that are not asymptotically stable, as illustrated in Figure 3.3b. In this case, the equilibria at x* €
{—1,-0.5,0,0.5} are classified as unstable because they do not attract trajectories from both sides. For
instance, any trajectory starting at xo = 0.5+« for some small e > 0 will move away from 0.5. According
to Definition (iii), this is sufficient to classify the equilibrium as unstable.
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However, these unstable points can still possess a non-empty basin of attraction. As shown in the
phase-line diagram for Case (b), the basin of attraction for the unstable equilibrium at x* = 0.5 is the
entire open interval (0,0.5). Trajectories starting in this interval monotonically increase and converge to
0.5. Equilibria that are attracting from one side and repelling from the other are often called semi-stable.

The proposition for the basin of attraction of an asymptotically stable equilibrium remains correct
because these semi-stable points serve as the boundaries. For the only asymptotically stable equilibrium
at x* = 1, its basin of attraction B(1) is correctly identified as the interval (0.5,1), where z; = 0.5 is
precisely the largest unstable (and in this case, semi-stable) equilibrium to its left.

3.6 Preliminary Results on the COSA dynamics

In this part we use the insight gained from the one-dimensional dynamics (FS) on S, to provide
some preliminaries results for the full multi-dimensional (COSA) dynamics. Those results are
used in the next Chapters to provide some results on the full multi-dimensional dynamics.

The main insight from the scalar system (FS) is the central role played by the fixed points of
the signal function s. This section will demonstrate how these 1-dimensional properties form
the very backbone of the N-dimensional system’s structure.

First, in Subsection 3.6.1, we will formally establish that the FSE of the (COSA) system are
a direct extension of the fixed points of s (in the sense of (FS)). Second, in Subsection 3.6.2, we
will show that these same fixed points play a supplementary role: as they define the boundaries
of invariant "trapping" regions (invariant hypercubes) for all trajectories of the system, as they
did for the one-dimensional dynamics (FS).

3.6.1 Fully synchronized equilibria

We begin by characterizing the equilibria of the (COSA) system on the synchronization manifold
S. The following proposition provides the connection, demonstrating that the high-dimensional
FSE are determined by the one-dimensional fixed points of the signal function s.

Proposition 3.6.1 (FSE are fixed points of s on S). Under Alternative Assumption 3.3 (which
implies D=1 A1 = 1), the set of FSE of the dynamics (COSA) is precisely the set defined by

S[Fix(s)] = {c1 | ¢ € Fix(s)}.

Proof. Let * € S be a synchronized equilibrium, meaning «* = c1 for some common value
¢ € [—1, 1]. Substituting this into the equilibrium condition (3.9) on S:

cl =D 1As(cl).

Given that s(c1) = s(c)1 (a vector where each component is s(c)) and, by Alternative Assump-
tion 3.3, D' A1 = 1, the equation simplifies to:

cl = s(e)1.

This vector equality implies ¢ = s(c¢). Thus, ¢ must be a fixed point of the signal function s,
and any synchronized equilibrium «* must be of the form c1 where ¢ € Fix(s). Conversely, if
¢ € Fix(s), then s(c) = c. It is straightforward to verify that * = c1 satisfies the equilibrium
condition * = D~! As(z*), thereby being a synchronized equilibrium. O
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Since Lemma 3.2.4 guarantees that at least one stable fixed point ¢ € Fix(s) always exists for
a non-decreasing signal function, the existence of at least one FSE is immediately established.

Corollary 3.6.2. The dynamics (COSA) always possesses at least one fully synchronized equilib-
rium. That is, there exists ¢ € [—1, 1] such that * = c1 is an equilibrium.

Proof. This is a direct consequence of Proposition 3.6.1 and Lemma 3.2.4. Lemma 3.2.4 guar-
antees that the set of fixed points Fix(s) is non-empty. For any ¢ € Fix(s), Proposition 3.6.1
confirms that c1 is a synchronized equilibrium of the dynamics (COSA). O

This result emphasizes the role of the signal function’s fixed points as the set of all possible
consensus values for the network and point of main interest for the analysis of the (COSA)
system.

3.6.2 Invariant Hypercubes Defined by Fixed Points of s

Now that we have established that FSEs correspond directly to the fixed points of s, we demon-
strate their second role. These fixed points act as "walls" in the state space, extending the concept
of invariant intervals from the 1-dimensional dynamics (FS) to invariant hypercubes in the full
N-dimensional system (COSA). These regions provide a tool for predicting and localizing the
system’s long-term behavior.

Proposition 3.6.3. The following statements hold true:
(i) Forany a,b € [—1,1] with a < b, if s(a) > a and s(b) < b, the hypercube [a,b]" is forward
invariant under the dynamics (COSA).
(ii) For any a,b € [—1,1] with a < b, if s(a) > a and s(b) < b, the hypercube (a,b)" is forward
invariant under the dynamics (COSA).
For the fixed points of s, this means that:
(i-bis) For any c,¢ € Fix(s) such that ¢ < ¢, the hypercube |c, 6]N is forward invariant under the
dynamics (COSA).
(ii-bis) In addition, if there exist x1 < x2 € (c,¢) such that s(x1) > x1 and s(x2) < xo, then the
hypercube (c,e)" is forward invariant under the dynamics (COSA).

Proof. The proof is a direct multi-dimensional extension of the argument used for Proposi-
tion 3.5.5.

(i) Since the vector field is Lipschitz continuous, by Nagumo’s Theorem it is sufficient to
analyze the dynamics at the boundary of the hypercube [a, b)Y

Consider any agent ¢ € V. Suppose its state starts at the upper boundary, x; = b. The states
of all other agents satisfy «; < b. Since s is non-decreasing, s(z;) < s(b). The dynamics for
agent 7 are:

1 & 1 &
&= Z =% Z
Since the matrix D! A is row-stochastic, Zjvzl a;j/d; = 1. This simplifies the inequality to:
i‘i S S(b) —-b
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By assumption, s(b) < b, so @; < 0. This ensures the trajectory does not exit through the upper
face x; = b.

Symmetrically, suppose z; = a. Then ; > a for all j, and thus s(x;) > s(a). The dynamics
is:

1 & 1 &
& = @ Zaijs(q:j) —a> @ Zaijs(a) —a=s(a)—a
j=1 j=1

By assumption, s(a) > a, so #;(t) > 0. This ensures the trajectory does not exit through the
lower face x; = a. Since this holds for any agent i, the hypercube [a, b]" is forward invariant.

(ii) Since s is non-decreasing, there exists a ¢ > 0 such that for all y € [b — ¢,b], we have
s(y) < y and for all y € [a,a + €], we have s(y) > y. Let us note H,, = [a + ¢/n,b — /n]V
for n > 1. By (i), for n > 1, the hypercube H, is forward invariant and the sequence H,, is
increasing. i.e., H, C H,. Since every H, is forward invariant, so is their union:

UH”: U [a—l—%,b—% N:(a,b)N.

Thus, the open hypercube (a, b)" is forward invariant.
(i-bis)-(ii-bis) These are direct corollaries, as any fixed point c satisfies s(c) = c. O

122
WK
> 4
. . csl
v by 31
b v
> > 4 | <
c51
> (Zl A < T
-1 > a’ b b 1
> <
O
cq1 . N
I— -
(]
e ¢, d?
> 4 A @ A 9
—]a,b]
A 1 —[a’, b)?

(a) A piecewise linear signal function s(z) with (b) The induced invariant hypercubes for the sig-
two unstable fixed points ¢§ and ¢§ and three stable nal function of Figure 3.4a. The green area cor-
fixed points ¢}, ¢35, and ¢§. The shape of s hints the respond to different invariant hypercubes defined
shape of the induced invariant hypercubes. by fixed points of s, while the blue area and the
red area correspond to the invariant hypercube de-
fined by the interval [a, b] and [a/, 1], respectively,
illustrating Proposition 3.6.3(i) and (ii).

Figure 3.4: Illustration of Proposition 3.6.3 for a general signal function s. It is straightforward
to observe the invariants of the dynamics (COSA) knowing the graph of the signal function s.

Asanimmediate consequence, every trajectory is trapped in any invariant hy percube defined
by points a, b (or fixed points ¢, ¢) that contains its initial states.
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Corollary 3.6.4. Let a,b € [—1,1] such that a < min;ecy z;(0), b > max;ecy z;(0), s(a) > a, and
s(b) <b. Then, forallt > 0, z;(t) € [a,b] forall i € V.

In particular, if ¢,¢ € Fix(s) such that ¢ < min;ey x;(0) and ¢ > max;ey x;(0), then for all
t>0,2(t) € [c,¢| forall i € V.

The consequence of this proposition and its corollary is that every trajectory remains within
the smallest hypercube (defined by two fixed points of s) that contains its initial states of all
agents.

Our analysis in this section has thus revealed a clear picture of the system’s global structure
in (COSA). The state space is partitioned by a grid of invariant hypercubes, whose boundaries
are defined by the system’s own fully synchronized equilibria. This analysis yields the two
central questions that will drive the subsequent chapters:

(i) Synchronization: Under what conditions are the FSEs stable attractors for trajectories
within these hypercubes? This question of stability and global convergence to consensus
will be the focus of the Chapter The Full Synchronization in COSA.

(ii) Clustering: What happens if the FSEs are not stable? Under what conditions do they
lose stability? This opens the door to the existence of Non-Fully Synchronized Equilibria
(NFSE), which we will explore next as a preview of the Chapter Partial Synchronization
in COSA.

To motivate the next chapters, we will provide a constructive proof of the existence of an
NFSE for the (COSA) system.

3.6.3 Non-Fully Synchronized Equilibria: A First Look

While global synchronization represents a state of perfect agreement, real-world collective
behaviors often exhibit persistent disagreement, leading to the formation of distinct, locally
synchronized clusters. These are the Non-Fully Synchronized Equilibria, where agents’ states
diverge into multiple values. The emergence and stability of NFSE are considerably more
complex to characterize than FSE, as they arise from a interplay between network topology and
the specific nonlinearities of the agent interactions (as we will see in Chapter 4). This section
provides an initial exploration into NFSE, demonstrating their existence and highlighting the
mechanisms that give rise to them, thereby laying the groundwork for a more comprehensive
analysis in later chapters.

Example 3.6.1 serves as a foundational demonstration of how stable NFSE can emerge in a
networked system. It reveals that the loss of stability of an FSE can catalyze the birth of these
more complex, clustered states. This phenomenon is linked to specific properties of the signal
function and the network structure, as illustrated by a local bifurcation analysis in Figure 3.5.

Example 3.6.1 (Emergence of a Stable NFSE on a Line Graph). To provide a constructive proof
that stable NFSE can exist, we consider a line graph G with N = 5 agents and an odd signal function,
s(—x) = —s(z). This system possesses an anti-symmetric invariant subspace,

M=A{xecX|x3=0,29 =—x4, and z1 = —x5}.
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Figure 3.5: Bifurcation diagram for the N' = 5 line graph, illustrating the distinction between
stability on the invariant manifold M and stability in the full state space X'. The plot shows the
equilibrium state z7 as a function of the gain parameter K. Stability on M (lines): The FSE at
x% = 0 loses stability at K = v/2 (dashed line), creating two branches of NFSE that are stable on
the manifold (solid lines). Stability in X (red/blue colors): The FSE becomes unstable in the full
space at K = V2 (red dashed line). Crucially, the new NFSE branches are also born unstable
in X (solid red lines), despite their stability on M. They only become stable in the full space
(solid blue lines) after the transversal stabilization bifurcation at K1, ~ 2.463. The inset phase
portraits visualize the dynamics (3.11) on M at three representative values of K.

Then, the set M is an invariant manifold under the dynamics (COSA). Indeed, for any x € M:

T = 5($2) — X1 = —S(—ﬁg) + x5 = —S(l‘4) + x5 = —15
by — S ;L stws) o <8(—2901) +x4) Ny
g — s(xo) —zk s(ze) 2y — s(xo) ~|—2$(—x2) _0=0

Therefore, any trajectory starting on M remains on M. The dynamics on this manifold reduce to the
two-dimensional system in variables (T, Z2) = (z1, x2) given by

{ :1 (T2) — 21 (3.11)

2 s(Z1) — T2

8
Il
Nol—= »

The stability of equilibria in this system depends critically on the gain at the origin, K = s'(0). A
local bifurcation analysis, visualized comprehensively in Figure 3.5, reveals a two-stage process. First, at
Kyir = /2, the FSE becomes unstable on M, giving rise to two symmetric branches of NFSE. Howeuver,
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these equilibria remain unstable in the full state space X due to dynamics transverse to the manifold.
Second, at a higher critical gain Ky, a transversal stabilization bifurcation occurs, rendering the NFSE
locally stable in X.

Example 3.6.1 is not an isolated curiosity. It is rather a basic example of how stable NFSE can
emerge in a networked system. First, the instability of an FSE (e.g., at the origin) is a prerequisite
for the system to "break" full synchronization and explore other equilibrium states. Second, the
emergent NFSE are typically characterized by a structured partitioning of agents’ states, forming
distinct clusters. Third, the specific shape and parameters of the nonlinear signal function,
particularly its local gain (slope), dictate the transition from synchronization to clustering. These
observations collectively indicate that NFSE are not merely states of persistent disagreement,
but often represent robust, structured patterns of "agreed-upon dissensus" within the network.
Understanding the conditions for their emergence, their stability, and how to quantify their
robustness against external perturbations will be the central focus of the subsequent chapters.

3.7 Concluding Remarks and Outlook

This chapter has laid the analytical foundations for the Continuous Opinion Signaled Action
(COSA) model, establishing it as a rigorous and versatile framework for studying multi-agent
systems with nonlinear interactions. By generalizing discrete-action protocols to a broad class
of non-decreasing, Lipschitz-continuous signal functions, the (COSA) model provides a unified
basis for analyzing collective behaviors from full consensus to structured disagreement.

The analysis was built upon a cornerstone property: the dynamics are inherently cooperative
(Proposition 3.3.2). This structural feature is as the core of the entire framework, as it guarantees
that the system’s flow is monotone and precludes complex non-convergent behaviors such as
limit cycles or chaos. This powerful result ensures that all trajectories eventually converge to
a well-defined set of equilibria, shifting the analytical focus from the question of if the system
settles to the more crucial question of where it settles.

The key to unlocking the system’s behavior was the analysis of its dynamics on the one-
dimensional Fully Synchronized (FS) Manifold with the dynamics (FS). This reduction re-
vealed the central insight of the chapter: the dual role of the signal function’s fixed points.
First, we established that the set of all fully synchronized equilibria (FSE) is precisely determined
by the fixed points of s (Proposition 3.6.1). Second, and more critically, we demonstrated that
these fixed points impose a global structure on the full N-dimensional state space. They serve
as the boundaries for a grid of invariant hypercubes that partition the space and permanently
trap all system trajectories (Proposition 3.6.3).

Thus, the high-dimensional collective dynamics of the (COSA) model are shown to be
governed by the simple, scalar properties of the individual agent’s signal function. This under-
standing, encapsulated by the FSE/NFSE dichotomy (Definition 3.4.3), provides the analytical
toolkit for the remainder of this thesis.

With this framework established, the subsequent chapters will explore the two central
regimes of collective behavior: Full Synchronization (FS) and Partial Synchronization (PS) in
(COSA).
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Chapter 4

The Full Synchronization in COSA

4.1 Introduction

The preceding chapter established the foundational properties of the (COSA) model, conclud-
ing that its cooperative nature ensures the convergence of trajectories to a well-defined set of
equilibria. This finding partitions the system’s long-term behavior into two regimes: full syn-
chronization, where all agents reach a FSE, and structured disagreement, where they settle into
persistent, clustered states NFSE. This chapter undertakes a systematic and comprehensive anal-
ysis of the first regime, addressing the question: under what conditions is full synchronization
the unique and mandatory outcome of the network dynamics?

Our investigation proceeds in a structured manner, building from local to global properties.
We begin by establishing a rigorous framework for quantifying disagreement. With this ana-
lytical tool at hand, we first address the question of local stability. We will prove a powerful
reduction principle: the stability of any FSE in the full N-dimensional space is completely
determined by the stability of its corresponding fixed point in the fully synchronized manifold
(FS). Having characterized the local behavior, we then turn to the chapter’s central objective: to
derive verifiable, network-wide conditions for global convergence to the FSM. This search leads
us to the derivation of a sharp threshold that balances the cohesive strength of the network
topology against the divisive potential of the signal function’s nonlinearity.

Finally, we strengthen our analysis by examining the rate of convergence to the FSM, estab-
lishing a stricter condition that guarantees not just global attractivity but the global exponential
stability of the synchronized manifold. By the conclusion of this chapter, we will have provided
a complete analytical account of the conditions under which the COSA model achieves full and
robust synchronization, thereby laying the essential groundwork for the subsequent analysis of
disagreement.

4.2 Measuring Disagreement: The Natural Geometry of COSA

To rigorously analyze the system’s convergence to the fully synchronized manifold S, we must
first establish a formal measure of the disagreement among agents. This measure is captured by
the "distance" of a state vector x € A from the manifold S. The choice of geometry, as defined
by the choice of inner product, is not just a technical detail but is important to construct a clear
and analytically tractable stability analysis of (COSA) around the FSM.

87



Chapter 4. The Full Synchronization in COSA

Weighted Projection ,*S
Px)=z1 %77

’
’
’
’

Euclidean Projection ,-*
Pstd(x) = Tl ,'. e=x—7x1

4 €Estd
. x = (r1,22)

Figure 4.1: Geometric interpretation of projections onto the fully synchronized manifold S
for N = 2 agents, assuming d; > dy. The standard (Euclidean) projection P(x) results in an
erTor egyq that is visually perpendicular to S. The weighted (D-norm) projection Pp(x) results
in the error e used in our analysis. This error is not Euclidean-perpendicular to S, but it is
D-orthogonal to it (i.e., (e, 1) p = e1d; + eada = 0).

4.2.1 Motivation for a Weighted Inner Product

The most naive approach is to consider the system in the standard Euclidean space, equipped
with the inner product (u,v) = u'v. This perspective defines the standard average opinion

1 N
Ttd = N Zfz
=1

and a corresponding projection onto S, Pq(x) = Zstq1. The resulting error vector is orthogonal
to the manifold S in the familiar geometric sense.

However, a closer look at the (COSA) dynamics reveals a misalignment to the Euclidean
geometry. The key operator, the row-stochastic matrix D' A, is generally not symmetric.
Consequently, it is not self-adjoint with respect to the standard Euclidean inner product. This
lack of symmetry complicates stability analysis, particularly within a Lyapunov framework
where operator properties are central.

This analytical challenge motivates a search for a geometry in which the system’s structure is
naturally aligned with the dynamics. The most convenient choice is a weighted inner product
induced by the degree matrix D:

(u,v)p = u' Dv. 4.1)

Under Standing Assumption 3.1 (undirected graph), the operator D~ A becomes self-adjoint
with respect to this inner product (Proposition 3.2.1). This makes (-, -) p the natural geometry
for the (COSA), as it aligns with the properties of its dynamic operators. Both projections are
illustrated in Figure 4.1.

4.2.2 Weighted Projections and Equivalence of Convergence

Operating within this weighted geometry, we can now define a projection onto the fully syn-
chronized manifold S that respects the system’s inherent structure. The projection of a state x is
the point on S closest to « as measured by the D-norm, which leads to the following definitions.
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4.2. Measuring Disagreement: The Natural Geometry of COSA

Definition 4.2.1 (Weighted Average and Projection). The weighted average of the state x is
defined as:

]_TDm B Zi\il dll‘z

= . 4.2
1'D1 sz\il d; 2

T =
This defines the D-orthogonal projection of x onto S:
P(x)=z1€S.

This average is well-defined under Standing Assumption 3.1, which ensures d; > 0 for all i € V.

While we adopt this weighted framework for its analytical advantages, it is required to
establish that this choice does not alter the concept of convergence to the FSM. The following
proposition confirms that convergence to synchronization in our chosen weighted geometry is
perfectly equivalent to convergence in the Euclidean sense.

Proposition 4.2.2 (Topological Equivalence of Synchronization Distances). Let dgsiq(x,S) =
|z — Pgta(x)||2 be the standard Euclidean distance to S, and let dp(x,S) = ||l — P(x)||p be the
weighted distance to S. For any trajectory {x(t) }+>o:

}E"Qodstd(‘”(t)vs) =0 <= tlgrolo dp(x(t),S) =0.

Proof. In the finite-dimensional space R", all vector norms are equivalent. Since the degree
matrix D is symmetric and positive definite (as d; > 0 for a connected graph), the D-norm,
|lvllp = Vv Duv, is a valid norm. Thus, there exist constants c1,co > 0 such that ¢;||v]]z <
|vl|lp < es||v]|2 for all v € RY.

A trajectory converges to the manifold S if and only if the length of its component orthogonal
to S converges to zero. Since both dgq(x,S) and dp(x,S) are zero if and only if x € S, and
because the norms are equivalent, convergence to zero in one metric implies convergence to
zero in the other. Both distances therefore define the same topology on the state space and an
identical notion of convergence to the subspace S. O

Geometrically, the distance between P q(x) and P(x) when « is on decreasing the closer
the trajectory gets to the FSM, as it can be intuited from Figure 4.1.

This proposition provides a important guarantee: by adopting the dynamically motivated
weighted projection, we gain analytical tractability without losing connection to the Euclidean
understanding of convergence to the FSM.

4.2.3 The Synchronization Error Vector

With the weighted geometry fully motivated and validated, we can now formally define the
central object for our stability analysis: the synchronization error vector e(t).

Definition 4.2.3 (Synchronization Error Vector). The synchronization error vector, e, is the
component of the state vector  that is D-orthogonal to the fully synchronized manifold S:

e=x—P(x)=x—71. 4.3)
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By construction, this error vector has the property of being D-orthogonal to any vector in
S, most notably the vector 1. This property is key for the stability analysis of the FSM as we
will see later in this chapter.

Lemma 4.2.4 (Error Orthogonality). The synchronization error vector e is D-orthogonal to the
fully synchronized manifold S. This is equivalent to the condition:

N
(e,1)p = 1"De = Z d;e; = 0.
i=1

Proof. From the definition of e and z:
1"De=1"D(x — 1) =1"Dx — z(1' D1).

Substituting the definition of the weighted average Z from (4.2) yields:

1"De=1"Dz - (
The result follows immediately. O

This orthogonal decomposition is the base of our analysis. It allows the state vector x to
be cleanly separated into two components: its projection onto the fully synchronized manifold,
71, and its disagreement component, e. meaning that « can be written as * = P(x) + e.

The squared magnitude of this disagreement component, measured in the weighted geom-
etry, forms an ideal candidate for a Lyapunov function to measure the distance to the FSM:

V(z) = %(ac —#1)"D(z — 71) = %eTDe - %He”%. (4.4)

Since D is positive definite, V() > 0 with V(z) = 0 if and only if = 1, which corresponds
precisely to the fully synchronized state where x € S. This function, which measures the
degree-weighted variance of opinions, will be the primary tool for characterizing the stability
of synchronized equilibria in the next section. Additionally, we can define the distance to a
particular FSE z* = c1 with the natural weighted geometry:

1/2
d(@,2") = &~ a*|p = (@ - =) D(@-2")) .
which induce the following Lyapunov function:

Vi(z) = %(az — 1) D(@— 1) = %Hm — | (4.5)

4.3 Stability and Attraction of Fully Synchronized Equilibria (FSE)

Having established a framework for measuring disagreement, we now turn to the question of
stability. In Chapter 3, we fully characterized the stability and attraction basin of equilibria
for the one-dimensional dynamics restricted to the fully synchronized manifold S. The central
result of this section is to demonstrate that this one-dimensional intuition extends to the full
N-dimensional state space: the stability of a synchronized equilibrium «* = c1 is determined
entirely by the local properties of the signal function s at the fixed point c. Moreover, the
attraction basin of the synchronized equilibrium z* = c1 is determined by the local properties
of neighboring fixed points of s as in the dynamics (FS).
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4.3. Stability and Attraction of Fully Synchronized Equilibria (FSE)

4.3.1 Local Stability of FSE

The following theorem provides a complete characterization of local stability, directly linking
the (COSA) behavior to the classification of fixed points established in Definition 3.2.3.

Theorem 4.3.1. Let «* = c1 be a FSE. Then the following holds true:
(i) x* is locally stable if and only if c is a stable fixed point of s, i.e., c € Fix®(s).
(ii) =* is locally asymptotically stable if and only if c is a stable fixed point of s and c is an
isolated in Fix*®(s).

(iii) x* is unstable if and only if c is an unstable fixed point of s, i.e., ¢ € Fix°(s).

(a) Asymptotically stable. (b) Stable. (c) Unstable

Figure 4.2: Illustration of the local stability conditions for synchronization equilibria as de-
scribed in Theorem 4.3.1. The red dashed line represents the identity function y = z, and the
blue curve represents the signal function s(x). Fixed points (intersections) are marked with blue
circles. Arrows on the z-axis indicate the direction of change in the scalar dynamics & = s(z) —x.

Proof. The proof connects the stability of the /N-dimensional system near S to the stability of the
one-dimensional FS dynamics (FS), ¢ = s(x) — =, which was fully characterized in Section 3.5.

(i) (=) Assume x* = c1 is locally stable. This implies that trajectories starting in a neigh-
borhood of x* remain close. In particular, this must hold for trajectories that start on the FSM
S itself. The dynamics on S is governed by @ = s(xz) — x. By the stability conditions for
one-dimensional systems (derived from Theorem 3.5.6), the local stability of c for this scalar
system requires that in a neighborhood of ¢, we have (z — ¢)(s(z) — z) < 0. This is precisely the
definition of ¢ being a stable fixed point, ¢ € Fix*(s).

(<) Assume ¢ € Fix®(s). This means there exists a neighborhood I of ¢ where (z —¢)(s(z) —
x) <0.

Consider the candidate Lyapunov function defined in (4.5) for analyzing the stability of the
synchronized state * = c1 € S, given by:

Vi(z) = %(m — 1) D(@ — 1),

This function measures the squared D-weighted distance from the current state x to c1.
The time derivative of V.(x) along the trajectories of dynamics (COSA) is given by:

Vi@)=(x—cl) D= (x—cl) ' D(D 'As(z) —x) = (& — 1) " As(z) — (z — 1) " Dz.
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Using the definition of the Laplacian matrix L = D — A, we can rearrange the terms:

V(@) = (& —c1)" (D — L)s(xz) — (x — 1) Dz
=(x—cl)"Ds(z) — (£ — 1) " Ls(z) — (x — c1) Dz
=(x—cl)' D(s(x) —x) — (x — 1) Ls(x).

Since the graph G is undirected (Standing Assumption 3.1), the Laplacian matrix L is symmetric.
Also, 1 is in the null space of L (L1 = 0), implying 1" L = 0'. This allows us to simplify the
second term:

(x —c1)" Ls(x) =«  Ls(x) — c1"Ls(x) = ' Ls(x).

Recalling the quadratic form of = " Ls(z) for symmetric A and non-decreasing s:
1N
x' Ls(z) = 3 > aijlwi — x;)(s(w) — s(x;))-
ij=1

Therefore, the time derivative of V,(x) is:

N N
Vo(@) = Y dilwi — o) (s(@i) —wi) — 5 Y aj(wi — x;)(s(i) — s(x)) -
i=1 ij=1
VC;r(w) Ve,2()

For « in a sufficiently small neighborhood of c1, all z; will be in the neighborhood I of c.
The first term,

N
Ver(z) = di(wi — c)(s(z:) — ),
=1

is non-positive because c is a stable fixed point (i.e., (x; — ¢)(s(z;) — x;) < 0 for each z; € I).
The second term,

N

is also non-positive because s is non-decreasing and a;; > 0. Therefore, Vc(a:) < 0in a
neighborhood of z*, proving local stability by Lyapunov’s theorem 2.4.34.

(ii) If, in addition, c is an isolated stable fixed point, then for & near c1 but not equal to it, at
least one term in the sums for V,(z) will be strictly negative. Specifically, if = # c1, there must
exist at least one z; # c. Then (z; — ¢)(s(x;) — ;) < 0 for such an x; € I because c is an isolated
stable fixed point. Thus V.(x) < 0 for x # c1 in a neighborhood of 1. By LaSalle’s Invariance
Principle, trajectories must converge to the largest invariant set where V.(x) = 0, which is just
{c1}. This proves local asymptotic stability. The converse follows from the same argument as
in the necessity proof for (i).

(iii) This follows directly from the arguments above. If c is an unstable fixed point (¢ €
Fix°(s)), then by Definition 3.2.3, there exists = in any neighborhood of ¢ such that (z —¢)(s(z) —
xz) > 0. This implies that for points x sufficiently close to ¢1, we can find initial conditions
such that V.(z) > 0. Thus, trajectories will move away from z*, rendering it unstable. This
is consistent with the conditions for instability in one-dimensional dynamics (Theorem 3.5.6-
(iii)). O
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Theorem 4.3.1 provides a strong and final answer to the question of local stability of FSE. It
confirms that stability is never lost when moving from the 1D manifold to the full N-dimensional
space.

However, local stability is only part of the story. In systems with multiple equilibria, a
question remains: what is the region of convergence, or basin of attraction, for a given stable
equilibrium? Answering this requires us to move beyond an only local analysis and characterize
the basins of attraction on a larger scale.

4.3.2 Characterization of Basin of Attraction for any FSE

While the previous theorem characterizes the behavior of trajectories near a synchronized equi-
librium, we now seek to understand what is happening in the invariant hypercubes defined
in Section 3.6 of the previous chapter. Specifically, for a given FSE, what is the set of ini-
tial conditions that are guaranteed to converge to it? The following proposition extends the
one-dimensional basin of attraction analysis from Chapter 3 (Proposition 3.5.9) to the full N-
dimensional system. It reveals that the unstable fixed points of s act as boundaries, defining
large hyper-rectangular regions of convergence.

Proposition 4.3.2 (Basin of Attraction of FSE). Let ¢* be a fixed point of s, defining the FSE
x* = c*1. Let its basin of attraction be B(x*) := {x(0) € X | limy_,oc x(t) = x*}. Define the
nearest non-stable fixed points bounding c* as:

c:=max({c € Fix’(s) |c< "} U{—-1}) and ¢ :=min({c € Fix°(s) | c> "} U{1}).

Then the following equivalences hold:
(i) The hypercube below ¢*1, Hp = [c, ¢*]™¥ \ {1} is a subset of B(x*) if and only if s(x) > z,
forall x € (c,c*), ie., c € Fixp(s) U{—-1}.
(ii) The region [e*, N \ {c1} is a subset of B(xz*) if and only if s(z) < z, forall z € (¢*,¢), i.e.,
¢ € Fixp (s) U {1}.
(iii) The region [c,¢] \ {c1,¢1} C B(x*) if and only if =* is locally asymptotically stable. i.e.,
c* € Fix*(s).

Those results extend to intervals over S of fixed point I C Fix(x).

Proof. Note that c1 and ¢1 are also equilibria of (COSA). Thus, they cannot be in the attraction
basin of *. i.e., c1 ¢ B(z*) and ¢1 ¢ B(z").

(i) (=) Let us restrict to the FS case since S is forward invariant. Over, S we have a
1-dimensional dynamics: & = s(z) — « := f(z) defined over [—1, 1].

Since [c, c*]V \ {c1} C B(z*), one has [c, c*|Y NS\ {c1} C B(z*), then for all x(0) € (c,c*],
we must have lim;_,~, z(t) = *. Moreover, since for all z € (¢, ¢*), we have x < ¢*, the function
t — x(t) must be increasing. Therefore, &(t) > 0 for all ¢ > 0. Then,

t>0<s(z)—z >0 s(x) > .
This yields s(z) > z forall z € (¢, ¢*).

(<) Let us consider the function V(z) = 1(z — «*) " D(x — «*) > 0. The time derivative of

V along the trajectories of the dynamics is given by
V(z)=(x—x*)'Di = (x—z*) As(z) — (x — =*) D=z
= (x—c*'1)'D(s(x) — ) — (x — ¢*'1) "Ls(x),
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using the definition of the Laplacian matrix L = D — A. Since 1" is a left eigenvector of L
associated with eigenvalue 0, this rewrites in summation form:

N

Vie) =) di(x;i — ) (s(x;) — z;) —

i=1

N

N
Z agj(zi — xj)(s(xi) — s(x;)).
ij=1

To use LaSalle’s Invariance Principle, we need to show that
E={zeX|V(x)=0}n(cc]"\{c1}) = {z"}.

This is true since L1 = 0 and c¢* is the only fixed point of s in (c,c*] (since s(x) > z, for
all € (c,c*) by definition). Additionally, over the hypercube [c,c*)V \ {c1}, the first term
of V(x) is negative since there exists at least one i € V such that z; # ¢ and then verify
(i — c*)(s(z;) — z;) < 0by the assumption s(z;) > x; and Zﬁlj:l aij(x; —xj)(s(x;) — s(xj)) >0
by non-decreasing-ness of s. Therefore, V is a Lyapunov function for the dynamics (COSA)
over [c, c*]V \ {c1}.

Let ng € N such that [c + 1/ng, c*] C (c,c*]. Forany i € V, let us note HY, = [c,c*]""! x [c +
1/n,c*] x [¢, "]V~ for n > ny, this hypercube is a compact forward invariant for the dynamics
(COSA) from Proposition 3.6.3-(ii). Additionally, one has V(x) < 0 for any & € H’ \ {c*1}.
Thus, by LaSalle’s Invariance Principle, one has H!, C B(z*). Then, since this is true foralli € V
and n > ng, we have that every H,ZL C B(z*) and thus

U UH, € B@") & le,a" TV \ {er-1} C B(a").

n>ng 1€V

(i1) The proof follows by symmetry from the previous.

(iii) This is a corollary of (i) and (ii).

The extension to intervals over S uses the same argument except that in that case {x €
X | V(x) = 0} = IN NS and is not reduced to a singleton. The results follow from LaSalle’s
Invariance Principle. O

The preceding analysis demonstrates that the basins of attraction for synchronized equilibria
are delimited by the unstable fixed points of s. The following proposition strengthens this by
establishing an explicit rate of convergence under a stricter, Lipschitz-like condition on the
signal function.

Proposition 4.3.3 (Exponential Convergence Rate to an FSE). Let c* be an asymptotically stable

fixed point of s and let H = [a,b]™ be an invariant hypercube within its basin of attraction, such
that ¢* € (a,b). Suppose there exists a constant o € [0, 1) such that the secant slope relative to the
equilibrium ¢* is uniformly bounded for all x € |a, b]:

0< ‘9("2:?0) <a forallz € [a,b)\ {c*}. (4.6)

Then, any trajectory starting in H converges to the FSE x* = ¢*1 exponentially. Specifically, the
Lyapunov function V- (x) defined in (4.5) decays according to the bound:

Ve ((t)) < Ver (2(0))e 217",
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Proof. We consider the Lyapunov function V. (x) = 3(z —c¢*1) ' D(x — ¢*1). Its time derivative,

derived in the proof of Theorem 4.3.1, is

N N
N 1
Ver(@) = Y diw; — &) (s(mi) — i) - 3 > agj(ai — xj)(s(xi) — s(y)).
=1 2,j=1
Vc*,l(m) Vc*,2(w)

By the invariance of H, any trajectory starting in it remains within it. For the first term, we
rewrite s(x;) — x; = (s(z;) — s(c¢*)) — (z; — ¢*). The secant condition (4.6) directly implies
s(x;) — s(c*) = vi(x; — ¢*) for some v; € [0, ). Thus, s(x;) — z; = (v — 1)(a; — ¢*), and the first
term is bounded as:

N N N
Ver1(x) = Zdz‘(ﬂci =)y —(zi —c") = Zdi(% —D(z; — )< (a—1) Zdi(xi — )2
i=1 i=1 i=1

For the second term V.« o(x), condition (4.6) implies that s is non-decreasing on [a, b], so (z; —
zj)(s(z;) — s(x;)) > 0. Since a;; > 0, it follows that Vi« o(x) > 0.
Combining these bounds yields the differential inequality:

N
Ve (@) = Vie 1 (@) = Ve p(@) < (0= 1) dilas — ") = 2 — 1)Vie ().
=1

Since o < 1, the constant £ = 2(1 — «) is positive. By the Comparison Lemma, this implies the
exponential decay Ve« (z(t)) < V.«(2(0))e~*, proving the proposition. O

While Proposition 4.3.3 guarantees exponential convergence to a specific FSE, a stronger
condition on the signal function ensures that the entire synchronization manifold is expo-
nentially attractive. This result is important for understanding global synchronization, as it
guarantees that disagreement among agents is suppressed at an exponential rate, irrespective
of the evolution of the weighted average opinion.

Proposition 4.3.4 (Exponential Attraction of the Synchronization Manifold). Let # = [a, b
be an invariant hypercube contained in the basin of attraction of the synchronized manifold S.
Suppose there exist constants 3 and « such that for all distinct x,y € [a,b], the secant slope is
bounded as:

s(z) —s)

0<p<? <a<l 4.7)

Then, the fully synchronized manifold S is exponentially attractive for all trajectories within H.
Specifically, the disagreement measure V (x) from (4.4) decays according to the bound:

V(a(t) < V(x(0)e ™,

where the rate constant k), = 2(1 — «) + 28 o(D L L) depends on both the signal function and the
graph’s algebraic connectivity (Definition 2.2.18).

Proof. We analyze the time derivative of the disagreement measure V(z) = 1e' De, where
e = x — 71 is the synchronization error vector from Definition 4.2.3.
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The derivative is V(x) = e Dé. Since é = &—#1and eis D-orthogonal to 1 by Lemma 4.2 4,
wehave V(z) = e' Di. Substituting the system dynamics (COSA) and using L = D — A yields:

V(z)=e'D(D 'As(x) —x) =e' As(z) —e' Dzx.
Since e Dx = e' D(e + z1) = e' De = 2V (x), this becomes:
V(z)=e' (D - L)s(x) — 2V (z) = e' Ds(x) —e' Ls(x) -2V (z).
Vi () Va(x)
(e o (x

Let us bound the two terms separately. For Vi (x), using the orthogonality property > die; =
0, we can center the signal function at the weighted average z € [a, b]:

N N
Vi(m) = dieis(zi) = Y _ diei(s(x;) — s(T)).
=1 =1

The upper bound in (4.7) implies s(z;) — s(Z) = 7vi(x; — T) = 7;e; for some v; € [3,al. Thus,
Vi(x) can be bounded as:

N N
Vi(z) = Z diyie? < az die? = a(e' De) = 2aV (z).
i=1 i=1

For V(x), this term can be expressed as the Laplacian quadratic form as in the proof of

Theorem 4.3.1
N

Using the lower bound in (4.7), we have:

Va(w) > = 3 agj(wi — 2;)(B(zi — 7)) = B La).

ij=1

N | =

Since L1 = 0,wehavez ' Lz = e' Le. Let vy = \o(D~'L) be the second smallest eigenvalue of
the normalized Laplacian. From the Courant-Fischer theorem [115, Theorem 4.2.6], we know
that for any vector z thatis D-orthogonalto 1, z"Lz > sz Dz. Since e satisfies this condition,
we have:

e' Le > e’ De =21,V (x).

Combining these results gives the final bound for V5 (x):
Va(z) > 28X(D™'L)V ().
Substituting the bounds for Vi (x) and V() into the expression for V (z):
V(z) <2aV(z) —26M(D'L)V(x) — 2V (z) = —(2(1 — a) + 28X(D L))V ().

With k; = 2(1 — a) 4 28X2(D~'L), we have the differential inequality V () < —k, V(z). Since
a<1,8>0,and \o(D"'L) > 0 for a connected graph, k; > 0. The Gronwall’s Inequality
implies that V (z(t)) < V(x(0))e %!, which proves the exponential attraction of the manifold
S withrate k| . O

[115] Matrix Analysis. Roger A. Horn et al. (2017).
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Remark 4.3.1 (On the Domain of Validity for Exponential Rates). The secant conditions in the pre-
ceding propositions are key to establishing an exponential rate of convergence. It is needed to understand
their domain of validity.

For Proposition 4.3.3, the condition relies on the secant slope relative to the stable fixed point c*. A
direct consequence of the stability of c* is that the inequality % < 1 holds for every point x within
the open basin of attraction (c,¢). While this guarantees convergence, it is not sufficient for a uniform
exponential rate over the whole basin. The ratio, while always less than 1, approaches 1 as x nears the
unstable boundaries c or .

Therefore, for both propositions, a uniform bound o < 1 can only be found on a compact sub-hypercube
H = [a,b]N strictly inside the basin. These results correctly establish that for any such region, there is a
guaranteed minimum exponential rate of convergence. This rate naturally approaches zero as the chosen
region expands to fill the entire basin, illustrating the fact that trajectories starting near the unstable
boundaries converge arbitrarily slowly.

Remark 4.3.2. Proposition 4.3.4 provides an intuitive decomposition of the factors that govern the rate
of synchronization within the sub-hypercube H = [a,b]" strictly contained in the basin of attraction.
The rate constant, k; = 2(1 — «) + 28 2(D L), is the sum of two distinct contributions representing
the interplay between local agent dynamics and the network’s topological structure.

The first term, 2(1 — «), can be interpreted as a local contraction rate. It arises from the fact that
the signal function s(x) is less steep than the identity function (since oo < 1). This property ensures that
the local dynamics, &; = s(x;) — x;, are inherently stable around the equilibrium line y = x, pulling
each agent’s state towards it independently of network interactions. A smaller o implies a stronger local
pull towards equilibrium, hence a faster rate contribution.

The second term, 28 o(D L), represents the network synchronization rate. This term estab-
lishes a direct connection to the classical linear consensus literature. The algebraic connectivity of the
normalized Laplacian, \o(D~1L), is precisely the exponential convergence rate for the disagreement
vector in the standard linear consensus dynamics & = —D 'La. In our nonlinear model, the constant
B acts as a lower bound on the effective "gain” of the network interactions. It quantifies the minimum
extent to which the signal function amplifies differences between connected agents, thereby driving them
together.

Thus, the overall rate k| combines the stabilizing influence of the local dynamics with the cohesive
strength of the network topology, with the latter’s effect being scaled by the sensitivity of the signal
function. Synchronization is guaranteed to be fast if either the local dynamics are strongly contractive
(small o) or the network is well-connected (large \2) and the signal function is sufficiently responsive
(large B).

The preceding propositions establish that when the signal function is sufficiently contractive
within a given basin of attraction, convergence is not only guaranteed but also exponentially
fast. These results provide a quantitative understanding of the system’s behavior within these
well-defined regions.

This naturally leads to the question of global behavior: under what conditions does the
basin of attraction for the synchronized manifold contains the entire state space? According
to Proposition 4.3.2, the boundaries of these basins are determined by unstable fixed points.
Therefore, global convergence to the set of FSEs can be expected for classes of signal functions
that structurally preclude the existence of such unstable points. In this scenario, the boundaries
cand ¢ effectively become —1 and 1, respectively, making the entire state space & a single region
of convergence.

We now turn our analysis to a prominent class of such functions: underestimating signal
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functions. As we will demonstrate, the simple condition s(x) < x is sufficient to eliminate any
repelling fixed points and guarantee global convergence to the synchronized manifold.

4.3.3 The case of underestimation and single crossing function

The following proposition analyzes the case where the function s is an underestimation.

Proposition 4.3.5 (Underestimation implies convergence to FSM). Let the signal function s
be a underestimation. Then, every solution of (COSA) starting in X approaches a FSE at a fixed
point of s. i.e., lim;_,oo x(t) = &* € S[Fix(s)] for all x(0) € X.

Proof. This proof is similar to the proof of Theorem 4.3.1-(i), considering the natural fixed point
¢ = 0 of s but conclude using LaSalle’s Invariance Principle. Consider the Lyapunov candidate
function V' : X — R>( defined by

V(x) = %mTD:c = Wo(x).

Calculating the time derivative of V' along the trajectories of system (COSA), yields

V(z) =z Di=x"D(D 'As(x) —x) =z As(x) —x Ds(z)+ ' D(s(z)—x)
= —a'Ls(x) + ' D(s(x) —x),

where L = D — A is the Laplacian matrix. As in proof of Theorem 4.3.1-(i), both terms are
non-positive.

Let us now characterize the largest invariant set £ = {& € X | V(z) = 0}. The condi-
tion V(z) = 0 is satisfied if and only if both terms in the derivative vanish simultaneously.
The first term —x " Ls(z) = 0 implies that #; = z; for all 4,5 € V, while the second term
x" D (s(z) — x) = 0 implies that x; = s(z;) for all i € V. The first condition establishes that
x € S, which by Proposition 3.5.2 is forward invariant. Therefore, the largest invariant set
satisfying V (z) = 0 can be characterized as S N Fix(s)"Y which is precisely the set S[Fix(s)].

The convergence of solutions follows from LaSalle’s Invariance Principle. Given that X is
compact and forward invariant, V' (x) is bounded from below on X'. Moreover, since V(m) <0,
and S[Fix(s)] is the largest invariant set where V (x) = 0, we can conclude that every solution
with initial condition in X converges to S[Fix(s)] as t — oc. O

This proposition establishes a sufficient condition for global synchronization. It formalizes
the intuition that if the communication consistently attenuating the expression of states relative
to the real ones (i.e., underestimation), disagreement is not viable outcome. The cooperative
network interactions then ensure that the system inevitably settles into a state of complete
consensus, regardless of the communication topology. This behavior is illustrated in Figure 4.3
for a instrumental signal function.

The principle underlying this global convergence result extends beyond strictly underesti-
mating functions. The central feature is the absence of any "repelling" fixed points that could
sustain disagreement. This leads to a natural generalization for any signal function that inter-
sects the identity line precisely once, a property we term single-crossing (term used in economics
literature).
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Figure 4.3: State evolution for agents with global underestimation signal over a connected
graph (Erdés-Rényi with NV = 100 and p = 0.1) with random uniform initial conditions and
s(z) = tanh(z).

Corollary 4.3.6 (Single-crossing implies convergence to crossing point). Let the signal func-
tion s be a single-crossing function with crossing point c. Then, every solution of (COSA) starting
in X approaches the FSE at c. i.e., limy_,o (t) = c1 forall z(0) € X.

Proof. The proof is a direct consequence of Proposition 4.3.5. In this case, the set Fix*(s) = {c}
is a singleton. Thus, the basin of attraction is the entire state space X O

Together, Proposition 4.3.5 and its Corollary 4.3.6 identify a class of systems where global
synchronization is guaranteed based only on the properties of the agent’s signal function. When
s(x) is either an underestimation or single-crossing, the dynamics lack the repelling equilibria
necessary to build disagreement. Consequently, the cooperative nature of the interactions
drives the entire network to a consensus state, irrespective of the graph’s specific structure.
This hints that the shape of the signal function plays an important roles in the behavior of the
system. We will explicitly state this role in the next section.

4.4 The Interplay of Signal Function and Network Topology

The preceding analysis has established a broad class of systems for which global synchronization
is guaranteed, based solely on properties of the signal function s having non unstable fixed point
(i.e., Fix°(s) = 0). This naturally leads to plenty of natural questions:

— What happens when these straightforward conditions on s are not met?

— If a NFSE exists, what are the core properties s must possess, and where in the state space

can it reside?

— Can the network topology overcome this divisive potential of s?

This section analyzes the interplay between these two forces in the aim of answering those
questions. We begin by establishing necessary conditions that any NFSE must satisfy, revealing
that disagreement is a highly structured phenomenon build upon the unstable fixed points of
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s. We then explore two extremes of this interplay: first, topologies so cohesive that they enforce
consensus for any admissible signal function, and second, signal functions so nonlinear that
they can induce disagreement on any non-trivial network. This investigation extends deeper
into the next section, where we will derive the sharp threshold that precisely quantifies this
balance.

4.4.1 Necessary Conditions for the Emergence of Disagreement

Theorem 4.4.1 (Necessary Conditions for an NFSE). Let «* be an NFSE of the dynamics
(COSA). i.e., x* is an equilibrium that lies outside the fully synchronized manifold S. Then:

(i) The set of non-stable fixed points must be non-empty, i.e., Fix°(s) # 0.

(ii) There must exist a non-stable fixed point ¢° € Fix°(s) that splits the agents into two non-
empty sets, T = {i | x; < c°}and J = {j | xj > c°}. Furthermore, both of these sets must
contain at least two agents: |Z| > 2 and |J| > 2.

(iii) Let x}, = min;cy x} and x3; = max;cy ;. The signal function s must possess both a
left-unstable fixed point, cf , and a right-unstable fixed point, cy,, that lie strictly between the
extremal states of the equilibrium: x;, < ¢}, < ¢ < T}

Proof. (i) We will do a proof by contradiction. Assume there exists a NFSE * ¢ S while Fix°(s)

is empty. If Fix°(s) is empty, then s does not reach the identity line from below. Due to the

continuity of s, this implies there is either a unique fixed point ¢® of s or a continuum of them

(i.e., there exists an interval I C [—1, 1] over which s is an exact estimation). The same reasoning

applies to both situations by taking c* as the minimal fixed point in the case of a continuum.

Then, x — s(x — ¢*) — ¢® is an underestimation. By Proposition 4.3.5, if s is an underestimation

over [—1, 1], itimplies that S is globally asymptotically stable, thus there is no non-synchronized

equilibrium contradicting the premise.

(i) Let z* ¢ S be given. Let z};, = min;cy 2] and 2}, = max;cy z]. We first show by
contradiction that there must exist some ¢° € Fix°(s) such that z};, < ¢® < z73,.

Suppose that for all ¢° € Fix°(s), ¢® < 27 < 1 for all i € V. This must be true for their
maximum c; . = max(Fix°(s)), then ¢;,, < x; < 1. By assumption, * ¢ S, thus we must
have 2%, > ¢, and z,,, < 1. ie, &* € [0, UV \ {cSaxl, 1}

Now there are two possible situations:

— Fix®(s) N (¢S ax, 1] = 0. Then, by continuity of s we must have s(z) < z for all z > ¢,

Since c;,, is the maximum of Fix°(s), the inequality is strict, otherwise it would exist
another unstable fixed point of s greater than ¢}, ,. ie., s(z) < x for all x > ¢}, in this
case, from Proposition 4.3.2-(ii), one has * € B(cp..1).

— or, Fix®(s) N (¢ ax, 1] # 0: If this set is reduced to a singleton ¢* in this case by Proposi-
tion 4.3.2-(iii) one has [¢2 ., 1]V \ {¢2,.x1, 1} C B(c*1) and implies z* € B(c*1). If this set
is an interval I, the reasoning is the same, using the extension of Proposition 4.3.2-(iii) to
intervals and z* € B(IV NS). i.e., z* isin the attraction basin of a continuum of equilibria.

max*

In both cases, * is in the attraction basin of FSE equilibria. Moreover, * € B(z*) by definition.

Since z* cannot be in two different attraction basin, this contradicts the assumption that for all

c® € Fix°(s), 2} > ¢° for all i € V. Thus, there exists ¢° € Fix°(s) such that z},, < ¢° < z7},.
Finally by the equilibrium condition (3.10), with the ¢° that we have found, at equilibrium

we have :
1N
T ;Z
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Since z7, is a convex combination of the family (s(z}))ien,,, this implies there must exist some
j € N with s(z7) < ¢°. Then by non-decreasing-ness of s on has s(z;,) < s(z;) < ¢°. Define
Z =1{ieV|s(x) <}, clearly, j,m € Z, moreover, since j € N, and m ¢ N, (since
there is self loop in the graph G), this implies, j # m and we conclude that Z has at least two
elements. Similarly, since 2}, > ¢°, the same reasoning apply to show that s(zs) > ¢°, and that
J ={j €V |s(xzj) > c°} has at least two elements.

(iii) Let * be an NFSE, so =}, < z},. Let g(z) = s(z) — . The equilibrium condition (3.10)
give us:

T, di Z @ £ a’mjs(xm) = s(zp,).
=1 j=
We then have z7, > s(x7,) 1mply1ng g(zr,) <0. A symmetnc argument yields g(x M) > 0. If the
inequalities are strict, there exist 27, 2, with =, < ah, < i, such that g(z],) < 0 and
9(xy) > 0.

Otherwise, if g(7,) = 0, since 2} > z7, forall j € N, and s is non-decreasing we must have
s(x}) > x;,. Moreover, as zy, isa Convex combination of (s(z7));en;,, we must have s(x j) =y
for all j € N,,. Since x* is an NFSE on a connected graph, there exists k € N,, with x> xy,
(this statement must be true for at least one m* € argmax;cy x;, otherwise it imply z € S
by propagation of equality to all the graph), implying s is constant on [z}, z]. Thus, for any
x € (x),, x5, g(x) =), —x <O0. Symmetrically, if g(a:M) = 0, we can find z near and below %,
where g(x) > 0. Hence there exist z),, 2, with 2}, <z, <2/, < 2%, such that g(z],,) < 0 and
g9(@hy) > 0.

Let ¢f = inf{z € («],,2),) | g(z) > 0} and ¢ := sup{z € (z,,2),) | g(z) < 0}. By
continuity of g, both are fixed points of s. i.e., g(c;) = 0 and g(cg) = 0. The construction implies
that for some 6 > 0, g(z) < 0 on (¢f — d,¢) and g(z) > 0 on (c, ¢ + 0), so ¢}, € Fix7 (s) and
cg € Fixg(s). By definition, the strict inequalities z};, < ¢} < x}, and =}, < cj < z}, hold.

Finally, if ¢} > cp, then for any x € (cy, ¢f ), the definitions would imply both g(x) > 0 and
g(z) < 0, a contradiction. Thus, ¢ < ¢, which completes the proof. O

This theorem provides a clear insight: an NFSE can only emerge if the signal function s is
sufficiently nonlinear to create "repellers” on the FSM. These unstable fixed points act as pivots,
allowing the network forces to balance agents on opposing sides into a state of structured
disagreement.

This result immediately yields a powerful and practical corollary for guaranteeing global
synchronization based solely on the shape of the signal function.

Corollary 4.4.2 (Sufficient Condition for Global Synchronization via Function Shape). If the
signal function s has no unstable or semi-stable fixed points (i.e., Fix°(s) = 0), then the (COSA)
dynamics admits no NFSE. Consequently, almost all trajectory of the system converges to the set of
synchronized equilibria, S[Fix(s)|. If additionally s is strictly increasing, the result holds for all
trajectories.

Proof. The proof is a direct application of Theorem 4.4.1-(i) with Proposition 3.3.2 and Proposi-
tion 3.3.4. n

The structural requirement from Theorem 4.4.1-(ii), that any disagreement must partition
the agents, has a direct consequence on the minimum network size required to support such a
state.
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Corollary 4.4.3 (Small networks imply FSE). If the network size N < 3, then all equilibria of
(COSA) are FSE.

Proof. The proof is a direct consequence of Theorem 4.4.1-(ii). O

4.4.2 Synchronization Enforced by Network Topology

Having established with Theorem 4.4.1 the role of the signal function in the emergence of
disagreement, we now turn to the role of the network topology. We will consider a class of
network for which regardless of the signal function, synchronization is the only asymptotic
outcome.

Proposition 4.4.4 (Complete graphs imply FSE). Let G be a complete graph. Then, every
trajectory of the system (COSA) starting from any initial condition x(0) € X synchronizes.

Proof. Consider the variance of the opinions as a Lyapunov function candidate:

N
Z(fﬂi — ;).

Jj=1

V(x) = ‘

N
1=1
This function is non-negative, i.e., V() > 0. Furthermore, V (x) = 0if and only if 2; = z; for all
i, j, which means V(x) = 0 if and only if x € S. The time derivative of V' along the trajectories
of the system:

| N
V(x) = B Z (i — @) (@i — @)
i,j=1
Note that ©; — @; is given by:
1 N 1 N
T — Tj = [m > AS(ﬂfk) —xz} - [m > ‘8(951«) _5Uj]
k=1 ki k=1,k+j
1 N N 1
= ﬁ[ > sla) - ) '5(5%)} = (i — 25) = 57— (5(25) — 5(2)) — (w; — )

V)= 5 3 = a3) | g oly) = ) = (o3 = )]
ij=1
1 al 1 &
= 2(N — 1) ”zjl(xz zj)(s(z;) — s(xi)) — 2”2:1(551 933)2
1 al |
= _m Uz_l(:nl —xj)(s(xs) — s(xj)) — 2V ().

The function s is non-decreasing, we have (x; — x;)(s(z;) — s(x;)) > 0 for all ¢,j. Con-
sequently, the summation term is non-negative and both terms in the expression for V' are
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non-positive. We can thus conclude that V(x) < 0. This shows that the total disagreement
among agents is non-increasing along any trajectory.

By Proposition 3.3.1, the compact set X is forward invariant. Thus, we can apply LaSalle’s
Invariance Principle, which implies that every trajectory converges to the largest invariant set
M contained in E = {x € X | V(x) = 0}.

Let’s characterize the set F.

N
V@O=—%N11M§%@rﬂw@@0—d%ﬁ—%%@=ﬂ
J= >0 >0

Since both terms are non-negative, their sum is zero if and only if both terms are individually
zero. Since V (x) = 0 if and only if € S, we have, {x € X' | V(x) = 0} = S. This means the set
E is exactly the synchronization manifold S, additionally since S is itself an invariant manifold
(Proposition 3.5.2), it is the largest invariant set within itself. Thus, by LaSalle’s Invariance
Principle, every trajectory converges to S. ]

More generally, connectivity can be quantified by the spectrum of the graph Laplacian
as discussed in Chapter Networked Systems Preliminaries in Section 2.2.3 and recalled in
Proposition 3.2.1. The following lemma uses spectral graph theory to generalize the complete
graph result.

Lemma 4.4.5 (Highly connected graphs imply FSE). Let G be such that An_; < 0. Any
equilibrium point x* of (COSA) must be a FSE.

Proof. An equilibrium state * must satisfy the equilibria condition (3.9): * = D! As(x*). Let
x* be the component of z* in the disagreement subspace S*. On this subspace, the operator
D1 A is invertible, as all its eigenvalues A\; < --- < Ay_; are strictly negative and therefore
non-zero. Let us note Q = D™'A. Applying the equilibrium condition to the disagreement
component gives z* = Qs(x*) |, which implies s(z*); = Q 'z .
As in proof of Theorem 4.3.1-(i) since s is non-decreasing we have that for any vector y € &,
N

Z aij(yi — vj)(s(yi) — s(y;)) > 0.

ij=1

y' Ls(y) =

DN

Since L = D(I — Q), this property can be written in terms of the weighted inner product as
(y,(I —Q)s(y))p > 0. Applying this inequality at the equilibrium point «*, we have:

(2", (I - Q)s(x"))p = 0.
Since I — @Q maps the synchronization subspace to zero, only the disagreement components
contribute, so:

(@1, (I - Q)s(z")1)p > 0.
Substituting s(z*) | = Q'z¥:

(@1,(I-Q)Q 'z])p = (1,(Q™" ~ I)z])p > 0.
The operator Q' — I acting on the disagreement subspace S* has eigenvalues {1/); — 1}¥ ;"
Since by hypothesis \; < 0 for all ¢ > 1, it follows that 1/); < 0, and thus 1/\; — 1 < —1. The
operator Q! — I is therefore strictly negative definite on S+.
The inner product (y, My) where M is a strictly negative definite operator can only be

non-negative if y = 0. Therefore, we must have ", = 0. This means that any equilibrium x*
has no component in the disagreement subspace, and thus must be a synchronized state. [
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4.4.3 Disagreement Enabled by Signal Function Nonlinearity

The results in the preceding subsection provide sufficient conditions for synchronization. We
now establish a complementary result: a condition under which NFSE are guaranteed to exist for
a sufficiently nonlinear signal function. This demonstrates that the interplay between network
topology (via An_1) and signal nonlinearity (via Lipschitz constant K) is the critical factor.

Proposition 4.4.6 (Existence of NFSE for any Non-trivial Graph). Let K > 0and N > 4. For
any graph G, such that Ay_1 > 0. The following statements hold:

(i) If KAn—1 = 1, the dynamics (COSA) with the specific signal function
s(z) = min(1, max(—1, Kx))

possesses a continuum of NFSE, in Span(vy_1) N X.
(ii) If KANn_1 > 1, there exists a signal function s verifying Assumption 3.2 (more specifically s
is K-Lipschitz) such that dynamics (COSA) possesses NFSE.
Consequently, if KA\n_1 > 1, the fully synchronized manifold S is not globally asymptotically stable
for the dynamics (COSA) across all admissible signal functions s.

Proof. (i) By assumption, Axy_; > 0. Under Assumption 3.1, Ay = 1 is simple and we have
An-1 < 1. Moreover, the eigenvector vy_; cannot be aligned with vy = 1, thus vy_; €
X \'S. Since KAy_1 = 1 and Ay_; < 1 one has K > 1. Define the signal function s(z) =
min(1, max(—1, Kxz)). This function verifies conditions of Assumption 3.2. Consider states of
the form x. = evy_; for somescalar 0 < ¢ < 1/K. Since z. € [~1/K,1/K]" and the function is
linear in this hypercube one has s(z;) = Kz; for all i € V. Therefore, s(x.) = Kx. = Kevy_;.
Injecting it into the dynamics yields:

T, = D*IAS(CBE) —x. =KD 'Avy_1 —evn_g
= €(K/\N,1 - 1)’1]]\[,1 =0.

Thus, x. is an NFSE. This being true forall 0 < ¢ < 1/K, any «. for such ¢ is an NFSE. Therefore,
there exists a continuum of NFSE in Span(vy_1) N X.

(ii) Assume KAy_; > 1. Under Assumption 3.1, one has Ay_; < 1, which implies K >
1/An—-1 > 1. We proceed by contradiction. Assume that for any signal function s satisfying
Assumption 3.2 with Lipschitz constant K, all equilibria of (COSA) are FSE.

We construct a specific signal function s that satisfies these conditions yet leads to a con-
tradiction. Let s : [—1,1] — [—1,1] be a smooth, strictly increasing, and odd function such
that s'(0) = K. An example of such a function can be constructed based on s(z) = tanh(Kz)
illustrated in Figure 3.3b. Since s is odd and strictly increasing with s'(0) = K > 1, its fixed
points are Fix(s) = {—c,0, ¢} for some ¢ € (0,1]. By Theorem 4.3.1, the FSE «* . = —c1 and
x; = cl are locally asymptotically stable, while the FSE 0 is unstable.

Since s is strictly increasing and smooth, by Proposition 3.3.4, every trajectory must converge
to one of the three FSE: —c1, 0, or c1. This implies a partition of the state space X into the basins
of attraction of these three equilibria:

X = B(—c1) UB(0) UB(cl).

The basins B(—c1) and B(cl) are non-empty, disjoint open sets. As the vector field f(x) =
D~!'As(x) —  is odd due to the oddness of s, the flow is symmetric with respect to the origin,
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implying B(—c1) = —B(c1), as observed on the restriction to S in Figure 3.3b. Consequently,
their common boundary, the separatrix, is a single set 0B(c1) = 0B(—cl).
We now apply [125, Theorem 4.8] to characterize this separatrix. We must verify its assump-
tions:
(A1) Hyperbolicity: The equilibrium points on the boundary 05(c1) must be hyperbolic.
(A2) Transversality: The stable and unstable manifolds of equilibrium points on the stability
boundary satisfy the transversality condition.
(A3) Boundary Convergence: Every trajectory on 0B(c1) must approach one of the equilibrium
points on the boundary.
Assumption (A2) can be satisfied by a smooth choice of s, as s(x) = tanh(Kx). To verify (A1) and
(A3), we first identify the equilibria on the boundary. Let y € 95B(c1). Since the boundary of an
invariant set is itself invariant, the trajectory y(t) remains in 953(c1). As all trajectories converge
to an equilibrium, y(¢) must converge to one of { —c1, 0, c1}. It cannot converge to c1 (as y would
be in the interior of the basin) or —c1 (as the basins are disjoint). Thus, any trajectory on the
boundary must converge to 0. This implies that 0 is the only equilibrium point on the boundary
0B(cl), satisfying (A3). The Jacobian at the originis J(0) = s'(0)D'A—-I = KD 'A—1. Its
eigenvalues are K'\; — 1, which are non-zero for a generic choice of K, satisfying (A1l).
With the assumptions verified, [125, Theorem 4.8 (b)] yields:

8B(c1) = W*(0),

where W#(0) is the stable manifold of the origin.

This leads to a topological contradiction based on dimensionality. The set 0B(c1) is the
boundary separating two open sets in the N-dimensional space X, and thus it must be an
(N — 1)-dimensional manifold. However, the dimension of the stable manifold W*(0) is equal
to the number of eigenvalues of J(0) with negative real parts. The eigenvalues are v; = K\; —1
fori =1,...,N. Byassumption, KA\y_; > 1. Wealsoknow Ay = 1,and since K > 1/Ay_1 > 1,
we have:

—vn=KAy—-1=K—-1>0.

— vy =KAy_1—1>0.

Thus, at least two eigenvalues of J(0) have positive real parts. The dimension of the unsta-
ble manifold, dim(W*(0)), is therefore at least 2. Consequently, the dimension of the stable
manifold is dim(WW*(0)) = N — dim(W*(0)) < N — 2.

We then have a contradiction: a manifold of dimension at most N — 2 cannot separate an

N-dimensional space. i.e.,

N —1=dim(9B(c1)) = dim(W?*(0)) < N — 2.

This contradiction implies that our initial assumption was false. Therefore, for our constructed
function s, there must exist at least one equilibrium that is not an FSE. This completes the proof.
O

Remark 4.4.1 (Generalization of Sufficiency Condition). The proof of (ii) of this proposition, estab-
lishes that \_1 K > 11is a sufficient condition for the existence of a signal function s inducing an NFSE.
This result is analogous to the sufficiency result in [126, Theorem 6], which uses bifurcation theory to
prove the emergence of mixed-sign equilibria under the explicit assumption that the eigenvalue \n_, is

[125] Stability Regions of Nonlinear Dynamical Systems. Hsiao-Dong Chiang et al. (2015).
[126] “Multiequilibria Analysis for a Class of Collective Decision-Making”. Angela Fontan et al. (2018).
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simple. On the other hand, our proof relies on a topological arqument concerning stability boundaries and
does not require this simplicity assumption, thus holding for all network topologies such that Ay_1 > 0,
including those with repeated eigenvalues.

This final proposition shows that the condition for synchronization is in a sense, necessary.
If the network is not sufficiently connected (i.e., Ay _1 is not large and negative) and the signal
function is sufficiently nonlinear (i.e., K islarge), disagreement is not just possible, but inevitable
by construction. This leads directly to the formulation of a sharp threshold.

4.5 A Sharp Threshold for Global Synchronization

The preceding analysis has prepared us for the central question of this chapter. We have
established that disagreement can only emerge if the signal function s is sufficiently nonlinear
to possess unstable fixed points (Theorem 4.4.1). Conversely, we have shown that certain
network topologies with strong connectivity properties can enforce consensus regardless of the
signal function’s shape (e.g., Proposition 4.4.4, Lemma 4.4.5). Finally, we demonstrated that for
any non-trivial graph, there exists a signal function that can induce non-synchronized equilibria
(Proposition 4.4.6).

These findings frame a tension between the cohesive influence of the network topology
and the divisive potential of the signal function’s nonlinearity. The analysis of necessary
conditions in Theorem 4.4.1 suggests that the shape of s is central, while the constructive proof in
Proposition 4.4.6 points to a trade-off between network connectivity and the Lipschitz constant
K.

This leads to the ultimate question for full synchronization: Do these conditions collapse
into a single, sharp threshold? Specifically, is the condition KAy_; < 1 sufficient to guarantee
full synchronization for any admissible signal function, thereby overpowering the specific shape
properties previously found to be necessary for disagreement?

This section provides the definitive answer. We will prove that the condition KAy_; < 1
is indeed sufficient to confine all system equilibria to the synchronized manifold, regardless of
the specific shape of the signal function s. This result, when combined with Proposition 4.4.6,
formally establishes the condition as a sharp threshold. In doing so, we generalize the condition
found in [126, Theorem 4], demonstrating that a guarantee previously established for a restrictive
class of smooth, sigmoidal interactions holds for the broad class of all admissible interaction
laws considered in this work. The result is a condition that elegantly predicts whether a
given system will globally synchronize or permit structured disagreement, as illustrated in the
simulations of Figure 4.4.

Theorem 4.5.1 (Sharp Threshold for Synchronization). Let K be the Lipschitz constant of s. If
KAn_1 <1, then equilibria of (COSA) are FSE.

Proof. The proof proceeds by contraposition. We assume the existence of an NFSE, denoted by
x*, and we will demonstrate that this assumption necessarily implies KAy_; > 1.

An equilibrium point * of the system (COSA) must satisfy the condition (3.9). i.e., x* =
D~ As(z*). Since z* is an NFSE, by Theorem 4.4.1-(ii), there exists ¢° € Fix°(s) such that the
components of * and s(x*) are not all on one side of ¢°. Specifically, thesetsZ = {i | s(z}) < ¢°}
and J = {j | s(z}) > ¢°} are non-empty.
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Figure 4.4: Asymptotic behavior of (COSA) on various graph topologies under different con-
ditions for the synchronization parameter K (1 — A2). Node colors represent the agent state
€ [—1,1], as indicated by the color bar. For each graph topology in columns 1-3, the top panel
shows the final state when K (1 — A\2) < 1, resulting in global synchronization (Theorem 4.5.1).
The bottom panel shows the final state for the same graph topology when K(1 — X\2) > 1,
using a signal function s(x) that facilitates non-synchronized equilibria (Theorem 4.4.1), lead-
ing to persistent disagreement patterns. (Column 1) 4-Regular graph (N = 10, Ay ~ 0.42):
(Top) K; = 2.6. (Bottom) Ky = 2.7. (Column 2) 10-Ring graph (N = 10, A2 =~ 0.19): (Top)
K; = 1.1. (Bottom) Ky = 1.3. (Column 3) 5x5-Grid graph (N = 25, Ay ~ 0.11): (Top)
K; = 1.1. (Bottom) K3 = 1.4. (Column 4) Graphs with strong synchronizing properties: (Top)
10 Star graph (N = 10, Ay = 1), always synchronizes. (Bottom) 10-Complete graph (N = 10,
= N/(N —1) > 1), always synchronizes due to high connectivity. Both are shown for param-
eters K = 50 still ensuring non fully synchronized equilibria. The signal function for both top
and bottom panels is s(z) = max(—1, min(1, Kx)). Initial condition are the same for both top
and bottom panels and chosen to ensure non fully synchronized equilibria, and all simulations
run until reaching a steady state.

We now center the equilibrium equation around this fixed point ¢°. Let v* = x* — ¢°1.
Subtracting c°1 from the equilibrium equation and using D~ A1 = 1 yields:

v* = D' A(s(z*) — c°1).

To recover v* in the right hand side, we define a diagonal matrix M = diag(my, ..., my), where
s(xf) —c® .
—r ifaf £ °,
m; = i —c° i
K if 27 = c°.

The Lipschitz continuity of s ensures that each diagonal entry satisfies 0 < m; < K. By
construction, we have s(x*) — ¢°1 = Mv*, which transforms the centered equation into:

v* = D' AMv*. (4.8)
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To proceed, we define the vector y* = M 1/24% and show that it must be non-zero and
contain both positive and negative entries. We argue by contradiction. Suppose y* contains no
positive entries, i.e., y7 < 0 for all ¢ € V. This implies that for any index j € J (where v; > 0),
the corresponding entry m; must be zero. By definition of m;, this would mean s(z}) = c°.
This contradicts the fact that 7 is the set of indices where s(z}) > ¢°. Therefore, our assumption
is false, and y* must contain at least one positive entry. A symmetric argument using the set
Z shows it must also contain at least one negative entry. Consequently, y* is a non-zero vector
with mixed-sign entries.

Left-multiplying (4.8) by M 1/2 yields y* = M 12D=1 AM'/2y*. This reveals that 1 is an
eigenvalue of the matrix ® = M'/2D~1 AM'/2, with corresponding eigenvector y*.

To analyze the eigenvalues of ©, we relate it to a symmetric matrix. Let A = D~'/2AD
be the symmetrically normalized adjacency matrix, which is symmetric and has the same
eigenvalues as D~ A by similarity. The matrix © is similar to the symmetric matrix @ =
M2 AM'/? via the transformation ® = (D'/2M~1/2)@(M'/2D~'/2). Therefore, ® and ©
share the same real eigenvalues, which means 1 is also an eigenvalue of the symmetric matrix
©. The corresponding eigenvector is z* = D'/?y*. Since D'/? has strictly positive diagonal
entries, z* inherits the mixed-sign property of v*

Since © is a nonnegative matrix, by Perron Frobenius Theorem, the eigenvectors of ©
associated with the largest eigenvalue Ay (©) must be e nonnegative. Since z* has mixed-sign, 2*
must be associated with \;(®) fori € V such that \;(®) # Ay (©). This implies that 1 < Ay (©),
and therefore 1 must be one of the lower eigenvalues, so 1 < Ay_ (G))

Finally, we use Ostrowski’s inequality for matrix congruence on ® = (M'/2)T A(M'/?).
This theorem guarantees that A\, (®) = 6y \x(A) for some scalar 6, € [min;(m;), max;(m;)).
Since 0 < m; < K for all i, we have 6 € [0, K]. Applying this to the (/N — 1)-th eigenvalue, and
noting that )\N_l(fi) = An_1, We get:

~1/2

1< AN-1(©) = On_1An-1(A) < KAy_1.

The existence of an NFSE has led to the necessary condition KAxy_1 > 1. By contraposition, if
KAN_1 <1, no such equilibria can exist. O

Remark 4.5.1 (Generalization of Necessity Condition). This theorem and its proof generalize the
necessity condition to obtain NFSE with sigmoidal signals in [126, Theorem 4] in two key aspects. First,
our result applies to a much broader class of signal functions, requiring only that s be non-decreasing and
Lipschitz-continuous, whereas the model in [126] assumes smooth, odd, and sigmoidal nonlinearities.
Second, our proof technique correctly establishes the non-strict inequality KA\n_1 > 1 as the necessary
condition for disagreement, refining the strict inequality derived for their specific model.

A direct consequence of this theorem is that, when the threshold condition is met, the
synchronized manifold becomes the global attractor for the system’s dynamics.

Corollary 4.5.2 (Global Attractivity of the FSM). Let K be the Lipschitz constant of s such that
KAn_1 < 1. Then, for almost all initial conditions x(0) € X, one has lim;_,, z(t) € S.

If additionally, s is strictly increasing, this is verified for all initial conditions in X. Meaning
that the FSM S is globally attractive.

Proof. From Proposition 3.3.2, we have that for almost all initial conditions, the associated
trajectory converges to an equilibrium. Since the only equilibria are synchronized equilibria,
the fully synchronized manifold S is globally attractive. If s is strictly increasing and smooth,
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from Proposition 3.3.4, we have the previous verified for all initial conditions, leading to the
global attractiveness of S. O

Remark 4.5.2 (Attractivity vs. Lyapunov Stability). It is mandatory to distinguish the global attrac-
tivity of S guaranteed by Corollary 4.5.2 from its Lyapunov stability. Even when the threshold is met, it
is possible for trajectories to transiently move away from S before eventually returning, which precludes
a general statement on global asymptotic stability.

4.6 Global exponential stability of the FSM

While the preceding results guarantee the global attractivity of the synchronized manifold &
under the condition KAy_; < 1, this provides no assurance on the transient behavior of the
system. As noted in Remark 4.5.2, trajectories may exhibit significant excursions from the
manifold before eventually converging.

We now establish a stricter condition for this stronger property: global exponential stability.
The following theorem demonstrates that if the cohesive strength of the network, quantified
by the full spectrum of its disagreement modes, is sufficient to overcome the maximal divisive
influence of the signal function, then not only will the system synchronize, but any disagreement
will decay exponentially fast.

Theorem 4.6.1 (Exponential stability of the FSM). Let K be the Lipschitz constant of s and o :=
Kmaxjcqy . n—1) [Nl If @ < 1, then the fully synchronized manifold S is globally exponentially
stable.

Proof. Let us work the frame of the synchronization error vector e =  — z1 defined in Defini-
tion 4.2.3. When the error is zero, the agents are synchronized.

Consider the Lyapunov function defined in (4.4) given by V(x) = e’ De/2 for which
V(x) = 0 if and only if x = 71 (i.e. e = 0). The time derivative of the Lyapunov function is
given by

V(z)=e' Dé=(x—z1) D (D 'As(z) — ) ,

note that by Lemma 4.2.4, one has e" A1 = e' D1 = 0. Then, by substituting z = e + z1 and
s(x) = s(x) — s(¥)1 + s(z)1 in the dynamics of the error, one has
Viz)=e'As(x)—e'D(x—71+71)=e' A(s(x)—s(Z)1 +5(z)1) —e' De
=e' A(s(x) — s(z)1) — e De.
The Lipschitz condition of s implies |s(x;) — s(Z)| < K|z; —z| = Kle;|, foralli € {1,...,N}.

This allows us to write:
s(x) — s(z)1 = KOe

where ® = diag(6;,...,60n) is a diagonal matrix with state-dependent entries satisfying 6, =
(s(x;) — s(x))/K(x; — z) = (s(z;) — s(x))/Ke; for e; # 0 and 6; = 1 for ¢, = 0. Note that
0<6;<1.

Substituting this into the expression for V yields:

V(z)=Ke' A®e —e' De
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Let us perform a change of coordinates, & = D'/?e. The expression for V becomes:
V(z)=Keé' A®é — ||é|3

where A = D1/2AD~1/2 is the normalized adjacency matrix. As in proof of Theorem 4.5.1,
A is similar to D! A, therefore, they share the same eigenvalues Ay, ..., An.

In the transformed coordinates, the normalized eigenvector of Afor \y = lisvy = DV/21.
The transformed error vector € is orthogonal to vy:

é'vy =(DY?2)'D'?1=2"D1=0.

Thus, é lies in the subspace spanned by the eigenvectors {v,...,vy_1} of A, which are orthog-
onal to vy.
We now bound the quadratic form by applying the Cauchy-Schwarz inequality:

é'ABée = (Aé)" (@é) < || Aé|l2||®¢|-.

Let us bound the two norms separately. Since © is a diagonal matrix with entries |6;| < 1, its
induced 2-norm satisfies ||@||2 = max; |6;| < 1. Thus, [|@¢|2 < ||€]|2.

For || Aé||2, we use the spectral decomposition of A since it is symmetric. Let {v;}Y | be an
orthonormal basis of eigenvectors for A. As established, é has no component along vy, so it

. - N—1 -
can be writtenas € = ) ;| ¢;v;, where ¢; = é"v;. Then,

~ N-1
|Aélls = | D conw
i=1

< max |Ajf[[€fl
2 jedl,...,N—1}

Combining these two bounds, we get:

azTA@:ﬁg( max \M)Hi”%.
ie{l,..,N—1}

Substituting this back into the expression for V (e):

i) < N2 — 112 — . N
Viw) < & max NG5~ |25 =2(K _ max N~ 1)V(e) i= 20V (2)
since [|€]|3 = |le]|3, = 2V(z) and o = K max;eqq y—13 [Ai| =1 > 0 by the condition of the
theorem. By Gronwall’s inequality, we have:

V(xz(t) < V(x(0)e™ < [le(t)p < [e(0)] pe™".

This shows that V(z(t)) — 0 exponentially, which implies ||e(t)||p — 0 exponentially. By
Proposition 4.2.2, this implies that x(t) — S exponentially. Thus, the fully synchronized
manifold S is globally exponentially stable. O

This theorem provides an analytical condition for robust synchronization. Unlike the under-
estimation case, which guarantees consensus for any connected graph, this condition explicitly
depends on the graph’s spectral properties through max;y |A;|. It highlights that even for
signal functions that are not globally contractive and may even be locally expansive (e.g., over-
estimation, as shown in Figure 4.5), robust global synchronization is still achievable, provided
the network’s connectivity is sufficiently strong to dominate the nonlinearity of the agent inter-
actions. This result thus unifies the roles of network structure and agent behavior in determining
the system’s ultimate convergence properties.
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Figure 4.5: State evolution for agents with a globally overestimating signal under the same
conditions as in Figure 4.3, s(z) = 0.8sin(2z)/ sin(1.6) for x € [—0.8,0.8] and s(z) = x otherwise.

4.7 Concluding Remarks on Full Synchronization

This chapter has provided a comprehensive and rigorous analysis of full synchronization in the
(COSA) framework. By moving from local stability analysis to global convergence guarantees,
we have delimited the precise conditions under which a network of agents is assured to reach
a state of complete consensus.

The analysis was founded upon the introduction of a dynamically-motivated geometry for
the state space, defined by the degree-weighted inner product. This framework, which renders
the system’s core operator self-adjoint, proved essential for a tractable Lyapunov-based analysis
of the synchronization error. Our first cornerstone result demonstrated that the stability of a FSE
in the full N-dimensional space is completely determined by the stability of its corresponding
fixed point in the one-dimensional scalar dynamics (FS) studied in Section 3.6.1 of the previous
chapter. This reduction principle allowed us to lift the simple, intuitive properties of the signal
function s to characterize the complex, high-dimensional system behavior. We established that
the basins of attraction for FSEs are defined by invariant hypercubes whose boundaries are
formed by the system’s unstable FSEs.

This led to the chapter’s central investigation: the trade-off between the forces of the network
topology and the divisive nonlinearities of the signal function. The analysis reached a sharp
threshold for global synchronization, in the condition KAy_; < 1. This inequality elegantly
captures the balance between the network’s algebraic connectivity, represented by Ay_;, and
the signal function’s maximal nonlinearity, quantified by the Lipschitz constant K. When
the network’s cohesive influence dominates, disagreement equilibria are excluded, and the
fully synchronized manifold S becomes the global attractor for the system. Furthermore, we
provided a stricter, verifiable condition, K max;<n |A;| < 1, that guarantees not just attractivity
but global exponential stability of the FSM.

Having characterized the conditions for convergence to the synchronized manifold, the logi-
cal next step is to investigate the alternative: disagreement. The strict threshold that guarantees
synchronization also implies its failure: when KAn_; > 1, the emergence of disagreement be-
comes possible. The subsequent chapter will explore this other side of the dichotomy, analyzing
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the structure and stability of the NFSE that arise when the system’s dynamics get away from
the consensus manifold. The tools developed here, particularly the understanding of unstable
fixed points as the seeds of complex behavior, will prove indispensable in uncovering the rich
patterns of structured disagreement and emergent clustering in the network.
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Chapter 5

Partial Synchronization in COSA

5.1 Introduction

The preceding chapter established the conditions for the system (COSA) to reach full syn-
chronization. We now investigate the alternative: the emergence of Non-Fully Synchronized
Equilibria (NFSE), where agents settle into states of persistent disagreement. These states are
often highly structured, with agents forming coherent subgroups. This phenomenon of local
synchronization, or clustering, is a form of self-organization that occurs when global consensus
is not reached.

This chapter examines two forms of local synchronization, each requiring a different ana-

lytical approach:

— Perfect Local Synchronization. This is a strict form where agents within a given cluster
converge to the exact same state. We will show that this is not a general behavior but is
instead imposed by specific symmetries in the network’s structure. We will use the theory
of equitable partitions to formally characterize these required symmetries and show how
they allow for a simplified analysis of the system dynamics.

— Approximated Local Synchronization. This is a more general and robust form of cluster-
ing where agents within a group do not perfectly agree, but their disagreement remains
small and bounded. To analyze this, we will model clusters as subsystems influenced by
the rest of the network. We will then use the framework of Input-to-State Stability (ISS) to
formally quantify how a cluster’s internal cohesion is robust to these external influences.

By analyzing both perfect and approximated local synchronization, this chapter provides a
detailed understanding of the system’s behavior beyond global consensus. The analysis begins
with the stricter case of perfect synchronization, which is tied to network structure, before
moving to the more general framework of robust, approximate clustering. Together, these
results explain how complex patterns of agreement and disagreement emerge and persist in
nonlinear multi-agent systems.

5.2 Perfect Local Synchronization: The Constraint of Structural Sym-
metry

When the system settles into a Non-Fully Synchronized Equilibrium (NFSE), the disagreement
is often structured. This section investigates the strictest form of this structure: Perfect Local
Synchronization, where agents within specific subgroups agree exactly.
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We establish that this phenomenon is not a generic outcome but is instead strictly constrained
by symmetries in the network topology. Our central result is that the existence of such "exact"
clusters, which we term Cell-Synchronized Equilibria (CSE), requires the underlying graph to
possess an regular partition condition that is achieved by an equitable partition. This constraint
is significant because it reduces the search for these equilibria to a combinatorial problem
dependent only on the graph’s structure, independent of the specific signal function s.

5.2.1 From NFSE to Cell-Synchronized Equilibria (CSE)

We formally define the specific subset of NFSEs that exhibit perfect internal cohesion. This
requires the concept of a partition, as defined in the preliminaries (Chapter 2.2.4). We recall the
definition of a partition here for convenience.

Definition 5.2.1 (Partition). A partition of the set V is a collection of non-empty subsets m =
{C1,...,Cr}, called cells, such that UQJ:1 Cr =Vand C, NC, = 0 for all k # 1. We denote the
number of agents in cell Cy, as its cardinality, Ny, = |Ck|.

Our interest lies in the states that respect such a partition. We formally define the concept
of a Cell-Synchronized (CS) state and a Cell-Synchronized Equilibrium (CSE).

Definition 5.2.2 (Cell-Synchronized (CS) State). A state vector x € X is said to be Cell-
Synchronized (CS) with respect to a partition 7 if for every cell Cy, € =, all agents within that cell
have the same state value. That is, x; = x; for all i, j € Cy.

Moreover, we define the cell-synchronized vector y = (yu, . .. cym) T €Y = [=1,1M such
that x; = yy foralli € Cyand all k € {1,...,M}.

Definition 5.2.3 (Cell-Synchronized Equilibrium (CSE)). A equilibrium point «* € X of the
dynamics (COSA) is said to be a Cell-Synchronized Equilibrium (CSE) with respect to a partition
w if it is a cell-synchronized state with respect to .

Moreover, we define the vector y* = (yj, ... ,yj/[)T € Y such that x7 = yj, for all i € Cy, and
allk e {1,...,M}.

Remark 5.2.1. The CSE are special cases of the NFSE. They are much more restrictive since they require
the states of all agents in a cell to be exactly the same, assumption that is not necessarily true for the
NFSE in general (except for the trivial partition where each cell is a singleton).

A CSE represents a configuration where the network naturally segregates into M distinct,
internally synchronized clusters. The critical research question guiding this section is: What
exact structural property must a partition w satisfy to ensure that a CSE based on m is a possible
equilibrium outcome for any non-trivial signal function s?

5.2.2 The Necessity of Structural Symmetry for CSEs

We seek a condition on the communication graph G that is necessary and sufficient for the
existence of CSEs, independent of the specific functional form of s.

Let us consider a partition 7 = {Ci,...,Ca} of the vertex set V. Our objective is to find
the conditions under which the system (COSA) can support a CSE z*. Such an equilibrium is
characterized by the existence of a vector of cell values y* = (y,...,y%,)" € Y such that for
any cell Cy, the equilibrium state of every agent i € C;, is identical, i.e., 7 = y;.
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The equilibrium condition for any agent i € V is #; = 0, which from (3.10) yields:

ot = di S sah).

L jEN;
Let us apply our cell synchronization assumption to this equation for an arbitrary agent
i € Cj. The left-hand side becomes z; = y;. The sum on the right-hand side can be reorganized
by grouping the neighbors of i according to the cells they belong to. Let b;; denote the number
of neighbors of agent i that are in cell Cj, i.e., b;; = |[N; NC;|. The equilibrium condition for agent
1 € Ci, can thus be written as:

| M
Y = @ ;bz’ls(yl*)- (5.1)

The core of our premise is that this condition must hold for every agent within the cell Cj. If we
consider another agent i’ € C;, (Where ¢’ # i), its equilibrium state must also be y;, leading to a
similar constraint:

| M
yp = 4 ; bins(yy)- (5.2)

For equations (5.1) and (5.2) to be simultaneously satisfied for any arbitrary vector of cell values
y* (and thus for any signal s), the following identity must hold:

M by b
() e

=1

For this linear combination of the functions s(y; ) to be identically zero for any non-trivial choice
of s, the coefficients must be zero. This gives us the necessary condition:

@ _ bir i .ot

=—, €e{l,...,M}and Vi,i € Cy. (5.3)

di di’
This condition defines a reqular partition (also known as Iumpable partition in Markov chains
theory). However, our goal is to link the dynamics to the purely combinatorial and structural
properties of the graph. A more natural condition is to require the degree of neighbors in the
cell to be constant. Imposing this condition, one obtains the definition of an equitable partition
(Definition 2.2.24). We recall the definition of an equitable partition here for convenience.

Definition 5.2.4 (Equitable Partition (EP)). A partition 7 = {Cy,...,Cyn} of V is called equi-
table if for any two cells Cy, and C;, the number of neighbors in C; of a vertex i € Cy, is a constant by,
that is independent of the specific choice of i € Cy,. Moreover, an equitable partition is connected if
each cell Cy, induces a connected subgraph Gy.

Remark 5.2.2 (Equitable Partition Implies Regular Partition). The property of being an equitable
partition is a stronger, combinatorial constraint that directly implies the algebraic necessity condition
(5.3).

If  is equitable, then b;; = by = by;. Furthermore, the total degree of any agent in Cy, is constant,
di = dy = de,, = S22 | byy. Consequently, the ratios simplify:

bit b biy

di de, dy’
Thus, the equitable partition is a sufficient structural prerequisite for a network to support CSEs inde-
pendent of the specific signal function s.
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AN AN

a) Closed Twins. (b) Open Twins.

Figure 5.1: Illustration of structural twins.

This derivation establishes a link between the system’s dynamics and its underlying struc-
ture. The necessary condition for a CSE to exist independently of the signal function s is that
the agents form a regular partition. As we have shown, this algebraic condition is guaranteed by
the stronger, purely combinatorial property of an equitable partition.

Therefore, the existence of an equitable partition is the key structural property that enables
perfect local synchronization. This insight is important because it transforms the search for
exact clusters from a complex analytical problem into a more tractable combinatorial search for
specific symmetries within the graph. This structural constraint is not just a restriction; it is
what allows for a complete reduction of the system’s dynamics, as we will demonstrate next.

5.2.3 A Foundational Example: Twin Node Synchronization

To build intuition for perfect local synchronization, we begin with the simplest non-trivial
example of a cell in an EP: a pair of twin nodes. This concept provides a direct link between
local network symmetry and the resulting dynamics.

Definition 5.2.5 (Twin Nodes). Two distinct agents i,j € V are called twins, denoted i ~ j, if
their neighborhoods, excluding each other, are identical: N; \ {5} = N; \ {i}.

On Figure 5.1, we illustrate the concept of twins. The left figure shows a closed twin, where
the two nodes have the same neighborhood except for each other. The right figure shows an
open twin, where the two nodes have the same neighborhood except for each other. We treat
both cases similarly.

Example 5.2.1 (Star Graph). For the star graph, every nodes except the center node are twins.

This definition identifies a local symmetry in the network. An immediate consequence is
that twin nodes must have the same degree, i.e., if i ~ j, then d; = d;. Based on this equivalence
relation, we define the twin synchronized manifold.

Definition 5.2.6 (Twin Synchronized Manifold). The twin synchronized manifold S.. is the
set of all states © € X such that z; = x; for all i, j € V such that i ~ j. That is,

~={xeX|x;=x;, Vi,j € Vsuchthati~ j}.
J

Remark 5.2.3. If two nodes i and j are twins, then the partition containing the cell C;, = {4, j} (with
all other nodes in singleton cells) is equitable.

The manifold S.. consists of all states in which twin agents have identical state values. This
elementary symmetry has a direct dynamic consequence.
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Proposition 5.2.7. The set S.. is forward invariant for the dynamics (COSA). i.e., if (0) € S+,
then x(t) € S~ forall t > 0.

Proof. Assume x € S. and consider a pair of twin agents 7,5 € V (i.e., i ~ j) with z; = ;.
Since G is undirected and i ~ j, it follows that the degrees of these agents are equal (d; = d;).
Consider the difference in their dynamics:

. . 1 1
i —dj = - Z s(:ck)—xi—j Z s(xy) + x;
' keN; T keN;

= [ slw) = 7 sCow) — stan) + s(25)] =0,

" keN\ {5} keN;\{i}

since V; \ {j} = N, \ {i} and for z € S. we have z; = z;. Thus, if 2;(0) = z;(0), it follows that
xi(t) = x;(t) for all t > 0, which establishes the forward invariance of S... O

Forward invariance ensures that synchronized twins remain synchronized (Proposition 5.2.7).
A stronger result shows that even twins who start with different states will asymptotically syn-
chronize, meaning the twin synchronized manifold is not just invariant but also attractive
(Proposition 5.2.8).

Proposition 5.2.8 (Twin Synchronization). Let i,j € V be twin agents. Then, under the
dynamics (COSA), they asymptotically synchronize, i.e., lim;_,oo(x;(t) — x;(t)) = 0. Moreover,
the convergence is exponential.

Proof. Consider the difference d;; = x; — x;. Since i and j are twins, they have the same degree,
d; = dj. The dynamics of the difference are given by:

: : . 1 1
52']' =Ty —T; = df Z S(.’L‘k) —E Z S(Ik)+.’L‘j—xi
v keN; J k‘E./V.j

= dl[Zs(xk) - Zs(mk) = s(@i) + S(ch)} — 05 = C}z [s(z;) — s(xi)] — dij.

P RN} keAG\{i}
Consider the Lyapunov function V' (d;;) = 5% /2. Its time derivative is
: . 1 1 )
VI(0i3) = 8ij0i; = 0ij | - [s(2) = s(@a)] = 0ij | = = (@i — 25)(s(20) — s(x5)) = &5

Since s is non-decreasing, the term (z; — x;)(s(x;) — s(z;)) > 0. Therefore, V(8;;) < —5% =
—2V(6;5), which guarantees exponential convergence of d;;(t) to zero as t — oo.

This result confirms that the local symmetry inherent in twin nodes enforces local synchro-
nization regardless of the signal function’s nonlinearity, provided only that s is non-decreasing.
This principle generalizes from twin pairs to all cells of an equitable partition, a property that
is central to the analysis in the next section.
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(a) A graph with a connected equitable partition.

1
DD o2

(b) Quotient graph of the graph (a) with the partition 7 = {C;,...,Cs}.

Figure 5.2: Example of a graph with equitable partition and its quotient graph.

5.3 Analysis of Perfect Clusters via the Quotient Graph

Having established in Section 5.2 that an EP is a sufficient structural requirement for exact
clustering, we now demonstrate its analytical consequence: the EP structure permits an exact
reduction of the system’s dimensionality. This reduction allows us to map the complex, N-
dimensional dynamics of clustered agents onto a simpler, M -dimensional quotient system, where
each node represents an entire cell of agents. The analysis of this tractable, lower-dimensional
system provides a complete characterization of the existence, multiplicity, and stability of all
possible CSEs.

5.3.1 Model Reduction: The Quotient Dynamics

The model reduction strategy relies on a key property: the subspace of states synchronized
according to an equitable partition is an invariant manifold for the dynamics.

Definition 5.3.1 (Cell Synchronized Manifold). Given a graph G with an EP w, the Cell
Synchronized Manifold, Sy, is the subspace of states that are cell-synchronized with respect to m:

Sr={x e X |x=Pyforsomeyc Y},
where P is the characteristic matrix of .

Proposition 5.3.2 (Forward Invariance of S;). Let 7 be an EP of the graph G. The manifold S,
is forward invariant with respect to the dynamics (COSA).

Proof. Consider an initial state ¢ € S;. By definition, there exists a vector y € ) such that

x = Py. This means that for any cell Cy, all agents i € Cj, have the same initial state, z; = yj.
To prove invariance, we must show that the time derivatives &; are identical for all agents

i within the same cell C at any time ¢t where * € S;. Let us examine the dynamics for an
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arbitrary agent ¢ € Cj:
1 X
T = @ ]E_l aijs(x;) — i.

Since © € S;, we can substitute z; = y; for all j € C;, and x; = y;. We can group the sum over
neighbors by the cells they belong to:

N M M
D ags(x) = D slu) =Y buslu).
j=1 1=1 jEN;NC, =1

The last step follows from Definition 5.2.4, as the number of neighbors of i € Cj, in cell C; is the
constant by;. As established in the Remark in Section 3, the degree d; is also synchronized for
all i € Cy, equal to d¢, . Substituting these back, we get:

LM
Bi = D brs(y) — yi-
Cr 121

This expression for &; depends only on the index of its cell, k£, and not on the specific agent 7.
Therefore, for any two agents 7,7’ € Ci, we have &; = &;. Since they share the same initial state
and the same derivative, their states will remain identical for all times. This holds for all cells,
SO x remains in S;. ]

The invariance of Sy allows us to project the high-dimensional system onto the dynamics of
the cell values y(t), yielding a lower-dimensional and analytically tractable quotient system.

Proposition 5.3.3 (Quotient Dynamics). Let 7 be an EP of the graph G with characteristic matrix
P. For any state © € Sy with x = Py, the dynamics of the cell values y are governed by the
M-dimensional system: _

j=D"'Bs(y) -y, (5.4)

where B is the adjacency matrix of the quotient graph and D = diag(de, , . . . , de,,) is the diagonal
matrix of cell degrees.

Proof. We start with the collective dynamics (COSA): & = D~!As(z) — z. Since x = Py, we
have & = Py. The signal function acts element-wise, so for any i € Ci, we have s(z;) = s(yx).
This implies the vector relation s(x) = s(Py) = Ps(y). Substituting these into the dynamics
yields:

Py =D 'A(Ps(y)) - Py.

Now we apply the identities from Lemma 2.2.26. First, we replace AP with PB:
Py =D 'PBs(y) — Py.
Next, we replace D~ P with PD":
Py=PD 'Bs(y)— Py=P (D—lBs(y) - y) .

The columns of the characteristic matrix P are linearly independent. We can therefore left-
multiply by the pseudo-inverse P! = (PTP)~!PT to isolate 3, which yields the quotient
dynamics (5.4). O
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Remark 5.3.1 (Equilibrium Equivalence). This reduction to the quotient system establishes an equiv-
alence: a cell-synchronized state * = Py* is a CSE of the N-dimensional system if and only if its
cell-value vector y* is an equilibrium of the M-dimensional quotient system. This result is the building
block of our analysis, as it reduces the problem of finding and analyzing complex clustered equilibria in
large networks to studying the equilibria of a much smaller, more tractable dynamical system.

5.3.2 Analysis of the Quotient System
Having derived the quotient dynamics in (5.4), we can now use this tractable, lower-dimensional
model to fully characterize the CSEs.

Existence of Local Agreement Equilibria

Before characterizing the properties of these equilibria, we first establish their guaranteed
existence. The following proposition confirms that the quotient system always possesses at
least one equilibrium, which ensures that at least one CSE exists for any equitable partition 7.

Proposition 5.3.4. The quotient dynamics (5.4) possess at least one equilibrium point y* € Y.

Proof. The function g(y) = D' Bs(y) is continuous on the compact, convex set ) since s is
continuous. Furthermore, coordinates of g(y) are convex combinations of values s(y;) € [—1,1],
thus g(y) € Y. By Brouwer’s Fixed Point Theorem, g must have at least one fixed point
y* e ). O

Characterization and Bifurcation of Equilibria

While existence is guaranteed, the nonlinear nature of s can lead to the emergence of multiple
CSE. To understand this phenomenon, we analyze the equilibrium condition for a single cell,
which reveals a trade-off between internal feedback and external influence.

The equilibrium condition y* = D~ Bs(y*) can be written for a single cell C}, as:

Ye = o Zbkzs 7 fS (Y) +del (Wr)-

k11 14k Ck

This expression motivates the definition of two key quantities for each cell Cy:
— The internal influence ratio,

e = bik/de,
which is the fraction of a cell’s connections that are internal to itself.
— The external influence,
> bas(un),

1#k
which represents the weighted average of signals received from all other cells. Note that
dey, — brk = D125, bka-
With these definitions, the equilibrium condition for cell C; can be rewritten as a balance
equation:

my(Y—r) — bkkz

Y = mes(yr) + (1= pr)mie(yZy,)- (5.5)
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For a fixed external influence my, finding the equilibrium y; is equivalent to finding a fixed
point of the one-dimensional function g (yx) = prs(yx) + (1 — px)my. The following lemma
provides the condition for this fixed point to be unique.

Lemma 5.3.5. Let pn € [0,1) and m € [—1,1]. The function g(z) = ps(z) + (1 — p)m has a
unique fixed point in [—1, 1] for every m € [—1, 1] if and only if the function h(x) = ps(z) — x is
strictly decreasing on [—1, 1].

Proof. A fixed point x* satisfies * = ps(z*) + (1 — p)m. Define f(x) = x — ps(z), so the
condition is f(z*) = C, where C = (1 — p)m. As m varies in [—1, 1], C varies in the interval
I =[—(1—p),1— p]. The lemma is equivalent to stating: the equation f(z) = C has a unique
solution x € [—1,1] for every C' € I if and only if f(x) is strictly increasing on [—1, 1] (since
f=—h).

(<) Assume f(x) is strictly increasing. Then f is injective, guaranteeing at most one solution
for any C. We evaluate the endpoints: f(—1) = —1 — pus(—1) < -1+ p = —(1 — p) and
f(1) =1—pus(1) > 1 — p. Since f is continuous, by the Intermediate Value Theorem, the range
f([—1,1]) contains [f(—1), f(1)], which includes I. Thus, for every C' € I, a solution exists.
Existence plus injectivity yields uniqueness.

(=) We do a proof by contradiction and assume f(z) is not strictly increasing on [—1, 1]. Since
f is continuous, if it is not strictly increasing, it is not injective. Therefore, there exist 21 < x2 in
[—1,1] such that f(z1) = f(z2). Let Co = f(x1) = f(x2). f Cp € I = [—(1 — p),1 — pj, then for
the value mo = Cy/(1 — ) € [—1, 1], the equation f(x) = Cy (and thus the fixed point equation
for gm, ()) has at least two solutions (z; and z3), contradicting the premise that the fixed point
is unique for all m € [—1, 1]. Since any continuous, non-strictly increasing function connecting
f(—=1) < min(I) to f(1) > max(I) must necessarily attain some value Cy € I at least twice, the
premise implies that f must be strictly increasing.

Therefore, the condition holds if and only if f(x) is strictly increasing, which is equivalent to
h(x) = — f(z) being strictly decreasing. O

This lemma allows us to connect the network structure (via p) to the potential for multiple
equilibria. A high internal influence pj, combined with a strong nonlinearity in s can cause h(x)
to lose its monotonicity, leading to bifurcations.

Proposition 5.3.6. Let G be a graph with an EP 1 = {C1,...,Cp} and K be the minimum
Lipschitz constant of s. Then, the following hold true.
— If u K < 1, then gy, (yk, y—i) admits a unique fixed point for any fixed y_j € [—1,1]M -1,
— If u K > 1, there exists y_ € [—1,1]M~1 such that g;.(yx,y_r) admits multiple fixed
points in its first arqument yy,.

Proof. Let us first assume that ;i K < 1. One can verify that gy, is a contraction mapping on its
first argument yj, for any fixed y_;, € [—1, l]M_l. Indeed, for any yi, §x € [-1,1],

95 (W, Y—1) — 96 r, Y—i)| = | (s(yr) — s(0))| < 16K |y — Ul < |y — Til -
Therefore, g, admits a unique fixed point in its first argument yy, for any y_;, € [—1, 1]M -1
Assume now that p, > 1/K. Then, 1/u; < K and since s is non-decreasing and with

minimum Lipschitz constant K, we have sup,, ., (s(y») — s(¥a))/(¥» — ya) = K. This means
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that there exist y,,yp € [—1,1] with y, < yp such that (s(ys) — s(va))/(¥6 — ¥a) > K > 1/p.
Then, by rearranging,

S\Up) — S\Ya 1
M > — & us(Yp) — Yo = kS(Ya) — Yo < h(Yp) = h(Ya),

Yb — Ya e
where h(y) = urs(y) — y. Thus, since mi(y_x) € [—1,1], if such y, < y, exist, we have
h(ys) > h(y,) implying that h(ys) is not strictly decreasing. Then, from Lemma 5.3.5, g5, admits
multiple fixed points in its first argument yj, for some values of y_;, € [—1,1]M -1, O

Remark 5.3.2 (The Role of Internal Cohesion). Proposition 5.3.6 provides a key insight: cells with
strong internal cohesion (large i) are more prone to bistability and complex behaviors for the whole
system. When internal feedback is strong enough to overcome the maximal amplification of the signal
function (K), a cell can sustain its own state even against conflicting external signals. This is the core
mechanism for symmetry breaking and the emergence of distinct, stable clusters for (COSA).

1.00
0.754
0.50
0.254
< 0.00 o o o o ~—

—0.251
—0.507 _g— Stable (me =0.0)

—e— Unstable (my=10.0)
—0.751 —m— Stable (my=0.5)

—m— Unstable (m¢=10.5)
_1.00 T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Mk

Figure 5.3: Bifurcation diagram of (5.5) for different values of m(y_j) with s(z) = tanh(10z).
The red dashed line represents unstable fixed points, and the black line represents stable fixed
points. The markers represent the fixed points for the different values of m. For m = 0, there is
a pitchfork bifurcation at y, = 0.1 while for m = 0.5, there is a perturbed pitchfork bifurcation
at px = 0.5.

5.3.3 Stability of Local Agreement Equilibria

The analysis in Section 5.3.2 guaranteed the existence of at least one CSE. However, the existence
of such an equilibrium does not guarantee its stability. In this section, we derive the conditions
for the local exponential stability of a CSE, z* = Py* under the additional assumption that
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the signal function s is continuously differentiable in a neighborhood of each component
of y*. The core of our analysis is to decompose the stability problem, leveraging the invariant
manifold structure of S;. Although the local stability of any equilibrium «* can be studied by
looking at the Jacobian matrix of the full system, this may not be suitable or computationally
feasible for large networks. On the other hand, the quotient system is low-dimensional and
thus easier to handle.

The structure of a CSE on the manifold S; means that perturbations can be decomposed
into two distinct types, each corresponding to a different stability requirement.

Quotient Stability

First, we analyze the system’s response to perturbations along the manifold S, where the average
state of each cluster is perturbed but internal synchronization is preserved. A perturbation of
this type moves the state from z* = Py* to a nearby state x = P(y* + ¢).

The stability against these perturbations is entirely determined by the dynamics of y* as
an equilibrium of the M-dimensional quotient dynamics (5.4). Consequently, for the cluster
configuration to be stable, the equilibrium y* must be a stable equilibrium of the quotient
dynamics. To assess this, we linearize the system around the equilibrium y*, which yields the
quotient Jacobian matrix: ~

Jquot(y*) = D_lle(y*) *IM, (56)

where s'(y*) = diag(s'(y7), ..., s ()
We establish the relationship between the quotient and full system spectra via the following

lemma.

Lemma 5.3.7 (Spectral Inclusion). Let «* = Py* bea CSE. The spectrum of the quotient Jacobian
Jquot (y*) is a subset of the spectrum of the full Jacobian J(x*). Specifically, for every eigenpair
(A, v) of Jquot (¥*), (A, Pv) is an eigenpair of J (x*).

Proof. We show that the Jacobian matrices satisfy the intertwining relation J (z*) P = PJquot (y*).
Recall the definitions J(z*) = D' As'(z*) — In and Jquot(y*) = D71 Bs'(y*) — Iy

Since =* € S;, we have s ( )P = Ps'(y*). Using this and the identities from Lemma
2.2.26:

J(@*)P = (D 'As' (z*) — In)P =D 'APs' (y*) - P
= D 'PBs'(y*)— P (using AP = PB)
= PD 'Bs'(y*)— P (using D"'P =PD™)
—P (D—lBs (y*) — IM>
= PJquot(y7)-
Let (A, v) be an eigenpair of Jquot (y*). Multiplying the relation by v from the right yields:
J(:IZ*)(PU) - PJquot(’y*)’U = P()\’U) = /\(P’U)

Since P has full column rank, Pv # 0, proving that Pv is an eigenvector of J(x*) associated
with \. ]

This inclusion allows us to formally state the necessary and sufficient condition for stability
with respect to perturbations within the manifold S;.
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Proposition 5.3.8 (Quotient Stability). Let x* = Py* be a CSE for an EP w. Assume that
the signal function s is continuously differentiable in a neighborhood of each component of y*.
The equilibrium x* is exponentially stable with respect to perturbations restricted to the invariant
subspace Sy if and only if the quotient Jacobian J ot (y*) is Hurwitz.

Proof. The dynamics restricted to the invariant subspace S; is topologically conjugate to the
linear system 2 = Jquot(y*)z via the coordinate transformation = Pz. Therefore, the
restricted system is exponentially stable if and only if all eigenvalues of Jquot(y*) have strictly
negative real parts (i.e., Jquot (y*) is Hurwitz). This is a direct consequence of the linearization
principle [117]. O

Transversal Stability

Second, we must analyze perturbations transversal to the manifold S, which break the synchro-
nization within one or more cells. For example, two agents in the same cell are perturbed from
their common state such that their new states are no longer identical. Transversal stability re-
quires that the system dynamics actively suppress such internal disagreements, forcing agents
within any given cell to re-synchronize. If this condition is not met, a cell could “break apart”
and lose its coherence, even if the cell’s average state remains stable according to the quotient
dynamics. These properties fall into two categories:

— Internal Cohesion: Each cell C; must possess internal dynamics that are inherently
stable.

— Inter-Cell Coupling: Disagreements are coupled across cells. A perturbation in cell C;
can propagate and destabilize cell Cy.

To emphasize this decomposition, let us consider a small perturbation § around =*. Its
linearized dynamics are § = J(*)d. We focus on the block of equations corresponding to the
agents in a cell C;. The perturbation sub-vector d;, evolves according to:

M
Op = (J(x)8), = Jijd; = Judi + > Jujdj,

j=1 j#k
where J}; is the (k, j)-th block of the Jacobian J(x*). From the definition of J(z*), these blocks
are Jkk = %yf)Ak — INk and ka = %ZJ:)AIW for k 75 ]

Moreover, the dynamics for the disagreement vector e, = ITi-dy is found by applying the
projection operator IT;- := Iy, — Nikl Ny 1& to the dynamics of d;:

. 14 1 S,(?JZ) le(y;)
de,, ; de,,
~ J#k
Internal Inter-Cell

Internal Cohesion Stability In this part, we focus only on perturbations restricted to a specific
cell Cj, for some k € {1,..., M}. This means that for all j # k, §; = 0. To measure the internal
cohesion, we define the internal error decay rate of the cell k,

S, *
Qf = 1-— ngk))\Nk—l(Ak)’ (58)
Ck

[117] Nonlinear Systems. Hassan K Khalil. (2002).

124



5.3. Analysis of Perfect Clusters via the Quotient Graph

where Ay, —1(Ayg) is the second largest eigenvalue of the induced subgraph adjacency matrix
Ay,

Proposition 5.3.9 (Internal Cohesion). Let * = Py* be a CSE resulting from a connected EP
w. Then, the equilibrium x* is locally exponentially stable for any perturbation restricted to cell Cy,
if and only if oy, > 0.

Proof. Considering a perturbation only inside the cell of a CSE is equivalent to studying the
error dynamics (5.7) without the inter-cell part, since §; = 0 for all j # k.

The EP structure implies that the adjacency matrix of the induced subgraph of C;, A, has
a constant row sum by;. This means A1y, = birly,, so Ay and the projector H,ﬁ commute.
Therefore:

s (y* s (uy* s (y*
de, de, de,

Thus, the internal error dynamics of cell £ around x* is given by

o (200

Cr,

Ak — INk> €.

Since this system is linear, the stability is determined by the eigenvalues of the matrix
M, = s'(y;)Ar/dc, — In, restricted to the subspace 1}\% (since e;, L 1y,). The eigenvalues of
Aj are Ay < --- < Ap,. By the Perron-Frobenius Theorem, since the graph induced by Ay, is
connected, its largest eigenvalue Ay, has multiplicity one and corresponds to the eigenvector
1y,, and is thus irrelevant for e;. The eigenvalues of M) governing the disagreement are
s'(y3)Ai(Ag)/dc, — 1 fori < Ni. The largest real part among these is determined by Ay, —1 with
the maximum eigenvalue being s'(y;)An,—1(Ax)/dc, — 1 = —ay. Thus, by the linearization
principle, the system is stable if and only if oy, > 0. ]

Inter-Cell Coupling Stability When cells are interconnected, disagreements can propagate.
We model this via a comparison system involving the norms of the errors. We define the
cross-coupling gain matrix G € RM*M:

—a ifk=j
Grj =} ' (y;)

y Vb ifk#£5
C,

The diagonal entries —aj, represent the self-damping within each cell, while the off-diagonal
entries quantify the destabilizing influence that disagreement in one cell can impose on another.

(5.9)

Remark 5.3.3. Note that if a cell Cy, has Ny, = 1, it is trivially connected, and the internal cohesion
stability condition (5.8) does not apply to that cell.

Proposition 5.3.10 (Transversal Stability). Let x* = Py* be a CSE resulting from a connected
EP 7. Assume that for all cells with N, > 2, o, > 0. If the coupling gain matrix G defined in
(5.9) is Hurwitz, then the full transversal dynamics is locally exponentially stable (i.e., e(t) — 0
exponentially).
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Proof. Since the destabilization emerging from the internal cohesion has been characterized in
Proposition 5.3.9, let us focus on the inter-cell perturbation component of (5.7).

For the external influence, we decompose the perturbation d; from another cell C; into its
average component and its disagreement component: §; = d;1n, + e;. As before, Ay; (the
Nj, x Nj block of A) has a constant row sum by, thus Ag;1n, = bg;1n,. The projection of the
influence from the average part of J; is:

I0; Ay (6;1n,) = 6,0 (Agjly,) = 6,105 (bejly,) = O.

The average perturbation from other cells does not affect the internal disagreement dynamics.
The only influence comes from the disagreement vectors e;:
s'(y; . s'(yj
H%ka(s]' = 7( J)HiAkj(éle—i-ej): ( ])
dck ’ Ck

1
Hk Akjej.

Combining these terms and defining the external influence as uy, = 3, ;. s'(y]) Axje;, we get
the equation for the transversal dynamics:

s'(yx 1
€ = ((yk)Ak — INk> €L + 71]2‘114{,
de, de,
For each subsystem k, we define the degree-weighted Lyapunov function: Vi (ex) = dc, |lex /2
Its time derivative along the trajectories of the disagreement dynamics is:
Vi(ex) = de e éx = ey (' (yi) Ak, — de, In,) er, + ef I-uy,.
For the first term, using the Courant-Fischer Min-Max Theorem, since e, L 1y, it yields
e} Arer < An,—1(Ag)|lex||?. Thus, one has
ex (' (YR Ar, — de, Iv)er < (5'(yp) A, —1(Ax) — de)lex]®
= — [de, — 8'(yi)Aw-1(Ax)] llex]l* = —de, arllex]*.
For the second term, Cauchy-Schwarz gives e/ uj < ||ex||||ux||. We bound the input norm
[ by

lunll = | ) Awses| < 3wl Awslilel
7k 7k
Using the spectral norm bound for a directed adjacency matrix [127, Theorem 1], || A2 <

\/bijbjir, we have:
el <> 8" (55)V/brsbirlles]l
J#k
This yields the differential inequality:
Vier) < —deyallexl® + llexll D ' (u7)v/Brsbjellesl- (5.10)
i#k
Let z(t) = |lex(t)]|. Substituting z; in (5.10) (and dividing by zj, for z;, # 0) gives a system of

linear differential inequalities for the vector of norms z:

. s'(y7)
2 < —agzp + Z ?]\/ brjbjkzj,

itk

[127] “On the Spectral Radius of a Directed Graph”. Jaroslaw Kwapisz. (1996).
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which can be written as 2 < Gz. By the Comparison Lemma, if the linear system n = Gn
is exponentially stable (i.e., if G is Hurwitz), then z(t) converges exponentially to zero. This
establishes the local exponential stability of the transversal dynamics to the synchronization
manifold S;. ]

Main Stability Theorem for CSEs

We combine the analyses of the quotient and transversal dynamics to provide sufficient condi-
tions for the full local stability of the equilibrium.

Theorem 5.3.11. Let * = Py* be a CSE resulting from a connected EP 7. Assume the signal
function s is continuously differentiable in a neighborhood of each component of y*. If the following
two conditions hold:

i) Quotient Stability: The quotient Jacobian matrix Jquot(y*) defined in (5.6) is Hurwitz.
ii) Transversal Stability: For every cell Ci, with cardinality Ny, > 2, the internal decay rate oy,
defined in (5.8) is positive, and the cross-coupling gain matrix G defined in (5.9) is Hurwitz.

Then, the equilibrium a* is locally exponentially stable.
Conversely, if x* is locally exponentially stable, then Jquot(y*) is Hurwitz and oy, > 0 for all k.

Proof. The eigenvalues of the full Jacobian J(z*) determine local stability. By Lemma 5.3.7, the
set of eigenvalues of Jquot(y*) is a subset of the eigenvalues of J(z*). Condition (i) ensures that
these M eigenvalues have strictly negative real parts.

The remaining N — M eigenvalues govern the dynamics of the disagreement subspace
(transversal dynamics). Condition (ii) ensures, via Proposition 5.3.10, that the transversal
dynamics is exponentially stable. Since both invariant subspaces are exponentially stable, the
full system is locally exponentially stable.

Conversely, if J(z*) is Hurwitz, then its subset of eigenvalues corresponding to Jquot must
be stable (Proposition 5.3.8), and the diagonal blocks corresponding to internal modes must be
stable (Proposition 5.3.9), implying a; > 0 for every cell with IV, > 2. O

Remark 5.3.4 (Necessity of the Transversal Stability Condition). While condition (i) is necessary
and sufficient for quotient stability, condition (ii) is generally only a sufficient condition for the stability
of the full transversal dynamics. This conservatism arises in the derivation of (5.3.3), where we upper-
bound the influence of external disagreements by taking the absolute values of the interaction terms.
This bounding process inherently neglects the potential cancellations of errors arriving from different
neighbors.

In network topologies with strong internal coupling, these cancellations are deeply related to the
concept of frustration in statistical mechanics (e.g., the Ising model). The graph topology itself might
structurally suppress the propagation of disagreements, enforcing stability even when the comparison
matrix G is not Hurwitz. In theory, one could formulate an exact necessary and sufficient condition by
precisely tracking these sign cancellations via a modified matrix. However, evaluating such a condition is
computationally intractable. Finding the exact stability threshold under structural frustration essentially
maps to the Ising frustration problem (i.e., finding the ground state of a frustrated spin glass), which is
well-known to be NP-hard (see [128]). Thus, relying on the Hurwitz property of the upper-bound matrix
G provides a practical and computationally efficient, but more conservative, stability certificate.

[128] “On the Computational Complexity of Ising Spin Glass Models”. F. Barahona. (1982).
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(b) Trajectory of the system with equitable partition in log scale. Each node in the cell has the same color
as the cell. The average of each cell is plotted in a dashed line.

Figure 5.4: Numerical validation of convergence to a stable CSE on the graph from Fig. 5.2a.
The simulation uses s(z) = min(1, max(—1, Kz)) with K = 1.2. (Top) The final equilibrium
state, where agents within each of the five cells converge to a distinct common value, forming a
stable CSE. (Bottom) Agent trajectories (solid lines) reveal a clear two-stage dynamic. First,
they rapidly contract onto their respective cell averages (dashed lines), demonstrating the
system’s transversal stability. Subsequently, these cell averages converge more slowly to their
final equilibrium values, governed by the stable quotient dynamics, thereby confirming quotient
stability. This provides a concrete validation of the stability decomposition established in
Theorem 5.3.11.
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Remark 5.3.5 (Connected EP assumption). The assumption that the EP m is connected ensures that
each induced subgraph Gy, is connected. If the connectivity assumption on the partition is dropped, a cell
Cr, with Ny, > 2 might have by, = 0 (no internal edges). In this scenario, Dy, = 0 and Ly, = — Ay,
The stability matrix for transversal modes becomes My, = s'(y;) Ay — In,. Stability then requires
s'(yp)Aj(Ag) < 1 for all eigenvalues \j(Ay,) of Ay, corresponding to transversal modes.

Remark 5.3.6 (Relaxation of the smoothness of s). The previous propositions and theorem assume
that the signal function s is continuously differentiable near the equilibrium x*. While this facilitates
a tractable proof using standard linearization, the result can theoretically be extended to non-smooth,
Lipschitz continuous signals (e.g., piecewise linear functions) using non-smooth analysis tools such as
the Clarke generalized Jacobian [129, Section 1.3]. In that framework, the scalar derivative s'(y;) in
conditions (5.6) and (5.8) would be replaced by elements of the generalized gradient set 0s(y;). Stability
would then require that the quotient and transversal conditions hold for all values within this set.

A numerical simulation validates the stability decomposition established in Theorem 5.3.11.
Figure 5.4 shows the formation of a stable CSE on the graph previously introduced in Figure 5.2a.
The signal function and initial conditions were chosen to satisfy the stability conditions and
permit a clustered equilibrium. As detailed in the caption, the trajectories clearly exhibit the two
distinct timescales predicted by the theory, providing a concrete illustration of both transversal
and quotient stability.

5.4 Approximated Local Synchronization: an Input-to-State Stability
Concept

The preceding analysis centered on perfect local synchronization, a phenomenon constrained
by the existence of an equitable partition. While this provided a structural condition for the
formation of exact clusters, such perfect symmetries are rare in many real-world networks. This
raises a critical and more general question: can cohesive clusters persist in networks that lack
these rigid structural properties, and if so, what determines their internal coherence?

This section addresses this question by formalizing the concept of approximated local syn-
chronization. In this regime, agents within a cluster do not converge to a single point, but the
disagreement among them remains ultimately bounded. This represents a shift from analyzing
an equilibrium property (perfect agreement) to a robustness property (bounded disagreement).
Instead of asking whether internal disagreement vanishes, we ask how resilient a cluster’s
internal cohesion is to disruptive influences.

To rigorously analyze this phenomenon, we adopt a perspective from robust control theory.
We formally treat a candidate cluster as a nominal dynamical system that is perpetually forced
by an external input signal originating from the remainder of the network. The framework of
Input-to-State Stability (ISS) is the natural tool for this analysis. It provides a formal means to
quantify the relationship between the magnitude of the external perturbations (the "input") and
the ultimate bound on the internal cluster disagreement (the "state").

Our first step is therefore to isolate the dynamics of a given cluster and precisely decompose it
intoitsideal, internal dynamics and the perturbation terms that prevent perfect synchronization.
This decomposition will allow us to define the state and input variables for the subsequent ISS
analysis.

[129] Nonsmooth Vector Functions and Continuous Optimization. Vaithilingam Jeyakumar. (2008).
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5.4.1 ISS Analysis of Internal Cluster Disagreement

We now apply this framework to analyze the dynamics within a connected subgraph G’ =
(V', &) that contains N’ nodes. Our goal is to express the dynamics of the cluster V' in the
form of an ISS system, where the "state" is the internal disagreement within the cluster and the
"input" is the influence from the rest of the network, V \ V'.

Let 8 € RN *N be the selection matrix (Definition 2.2.23) that maps the full state vector x
to the subgraph state vector «’ := Swx. Specifically, for j € V', S;; = 1 for its corresponding
index i € V and 0 otherwise. Note that SST = Iys and ST S = diag(Ir), where I,» € R” is the
indicator vector of V' C V. i.e,, [[y]; = 1 if node i € Visin V' and 0 otherwise.

We can decompose the term As(zx) based on the subgraph structure. Let A;, = SAS' €
RN*N be the adjacency matrix of the induced subgraph G’. Let A¢y; be the matrix representing
connections between V' and V \ V'. Then, for the nodes in V', the input from the network can
be split into an internal and an external part:

SAs(x) = Ains(z') + SAexts(x). (5.11)

Let us define the following;:

— Dy, = diag(dﬁn)ie\;/, where d%n => jevr Qijs is the diagonal matrix of internal degrees for
nodes in G'.

— Dj, = SDST € RN *N' s the diagonal matrix containing the total degrees d; for nodes
i € V' in the original graph G. Note that ﬁi;l = SD~'ST. Since ST S is diagonal and
SST = Iy, onehas D,;'S = SD"'STS =8STSD~!' = SD~ .

Substituting these definitions into (5.11) and rearranging allows us to express the dynamics

as an ideal internal system plus two distinct perturbation terms:

z = Di;lAins(m') —x' + (13;11 — D._l) Aps(z) + INDEIISAeth(w)

m

= (D' Apns(z) — ')+ p(z). (5.12)
——
Ideal Internal Dynamics Total Perturbation

The total perturbation p(x) originates from two sources:
— External Perturbation: Influence from neighbors outside the cluster, given by 15;11 SAcxts(x).
— Internal Perturbation: A more subtle effect arising from the mismatch between a node’s

total degree and its internal degree, given by (ﬁi;l - Di;1> Ais(z’).

Remark 5.4.1. Note that this internal perturbation was missing from the EP analysis (Proof of The-
orem 5.3.11). This is because this difference is non-zero only if d; # di®, which by definition means
that agent i has at least one connection outside the cluster V'. In other words, this perturbation only
affects the boundary nodes of the cluster. In the case of V' being a cell of an EP, every node is on the
boundary of the cluster, thus the deviation from the internal degree is the same for all nodes. Indeed,
(Dt — Dty = (1/d; — 1/d™) Iy for any i € V.

A key insight of the internal consensus dynamics is that the system’s internal disagreement
is insensitive to any uniform perturbation that pushes all nodes in the cluster equally. The component
of the perturbation that drives disagreement is its non-uniform part. We therefore define the
residual perturbation as the component of p(x) that is orthogonal to the fully synchronized
manifold of the cluster:

p(z) = p(x) — p(z)1n,
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where p(z) = (e d™[p(x)]i) /(X ;e1r di*) is the weighted average of the perturbation over
the cluster.
The norm of the residual perturbation,

N
1B(@)p,, =D di*(Ip(x)]; —p(x))?,

i=1

is a weighted variance of the total perturbation’s effect on the subgraph. The closest ||p(z)| p,
is to 0, the most uniform is the perturbation across the subgraph G’. We can define an upper
bound for this norm as:

[p(2)| p,, < sup [|p()|p,, == P™.
xeX

We can now state the main result of this section.

Theorem 5.4.1 (ISS of Synchronized Clusters). Consider a connected induced subgraph G' =
(V', &) of the graph G. Let us define aiy := 1 — K max;eqy . n—1} IXi(D M Asy)|.

If the internal stability condition cuy, > 0 holds, then the disagreement within the subgraph G'
is input-to-state stable with respect to the residual perturbation p(zx).

Specifically, for the disagreement vector e = &’ — /1y, where &' = (3,01 dP;) /(3 e i),
there exist a KL function 3 and a K function -y, given by

Blr.t) =re ' and A(r) = —,
Qin

such that the following 1SS inequality holds for all t > 0:
le(®l, < A(le)p, 0+ s I5(r)p, )
0<r<t

Moreover, the norm of the disagreement ||e|| p. is ultimately bounded by P*"P /iy,

Proof. The proof starts by considering the ISS-Lyapunov function candidate:

1 1 1
V(e) = 5(33’ — a’:’lN/)TDin(w' -1y = §eTDine =3 ||e|]%)in .

From the dynamics in (5.12) and following similar steps to the proof of Theorem 4.6.1, the
time derivative of V() along the trajectories of the system is:

V(:c) = eTAins(as’) —e' D2 + eTDmp(x).
The internal dynamics term is bounded as (from the proof of Theorem 4.6.1):
eTAins(:B’) —e' D7 < —2ai, V().
The perturbation term e " Dy, p(z) is analyzed by decomposing the perturbation vector p(z)
into its Dj,-weighted average, p(x)1x/, and the residual part, p(x). Thus, p(x) = p(x)1n +

().
Substituting this decomposition into the perturbation term yields:

eTDinp(:c) =e' Dy, (p(x)1n + p(x)) = ﬁ(m)eTDinlN/ + eTDinﬁ(w) = eTDinﬁ(:z:).
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Since e D1 = 0 by definition of the weighted average z/, from Lemma 4.2.4, the first term
vanishes.
Using the Cauchy-Schwarz inequality for the Dj,-weighted inner product (u,v)p, =
T
u' Dj,v:

e' Dup(x) = (e.p(x))p,, < lelp, 1B()lp, -
Combining these, the differential inequality for V' (x) becomes:
V() < —20V(x) + [lelp,, 16()||p,, -

Let y = |le||p,_. Then V(x) = 3y and its time derivative is V(x) = yy. Substituting these
into the inequality gives:

vy < —awy® +y B p,, -
Forany y > 0, i.e., |l p, > 0, we can divide by y:
y < —aimy + ||p(x)|p, = —iny +u,

where u = [|p(z)| p. . This is a linear differential inequality § < —aiyy + u, which also holds
trivially when y = 0.
Applying Gronwall’s inequality, the solution is bounded by:

t ¢
y(t) < y(0)e +/ e~ =Ty (1)dr < y(0)e™%nt 4 ( sup u(7)> / o~ (t=7) g
0 0

0<r<t

— y(0)ent 4 1 < sup u(T)) (1= e—omt).

Qin \0<7<t

Since (1 — e~ n?) < 1 for ¢ > 0, we have the simpler bound:

1
y(t) <y(0)e =" + — sup u(7).
Qin 0<r<t

Substituting back y(t) = [le(t)||p, yields the ISS inequality:

o 1 -
le®llp,, < le0)]p,, e+ — sup [|B(z(7))llp, -
Qin 0<7<t

with 8(r,t) = re=%nt and v(r) = r/ain.
For the ultimate bound, taking the limit sup as ¢t — oo:

. . o 1 -
fim sup (1) 1, < limsup ( [e(O)]p, e + - sup [3(a(r))p, ).
t—00 t—o00 Qin 0<7<t

Since ain > 0, the first term goes to zero, leaving:

. 1 _ psup
limsup [le(?)[ p,, < — sup||p(x(t))| p,, < :
t—00 Q; 0 «

m t>

m

This concludes the proof. O
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Theorem 5.4.1 states that a sufficiently cohesive cluster can maintain its internal agreement,
even when perpetually influenced by the rest of the network. The theorem formalizes this by
demonstrating that the cluster’s internal disagreement is ISS. This implies that while initial
disagreement within the cluster decays exponentially, persistent external influence results in a
finite ultimate bound on this disagreement. Thus, Theorem 5.4.1 provides a tool for analyzing
the stability of NFSE, interpreting the network as an interconnection of robust and internally
stable clusters.

An important consequence of this framework is the identification of wvariance (or non-
uniformity) of the external perturbation being the true cause of internal disagreement. A
uniform influence, regardless of its magnitude, would not prevent the cluster from achieving
perfect internal consensus asymptotically. It is therefore the heterogeneity of external signals,
which causes boundary nodes to be pulled in different directions, that limits local exact synchro-
nization. This explains the clustering obtained in [68] (in Appendix A.2 and in Appendix A.3),
where a uniform environmental signal becomes an effectively non-uniform perturbation due to
heterogeneous agent gains, sustaining disagreement as our framework predicts.

Remark 5.4.2 (A Unifying Principle of Stability). The condition for a cluster’s internal stability,
ain > 0, is structurally identical to the condition for global exponential stability in Theorem 4.6.1. This
reveals a scale-free principle: a group of agents, whether the entire network or a single cluster, maintains
cohesion if its internal connectivity is strong enough to overcome the maximal destabilizing effect of the
nonlinearity, a principle elegantly quantified by the eigenvalues of the relevant subgraph dynamics.

Remark 5.4.3 (A Practical Bound on Perturbation). The ultimate bound on disagreement depends
on the maximum residual perturbation, P5"P. This term can be bounded by the structural properties of

the cluster’s boundary:
et ?
PSP < 9 Jin )
oy (Y

i€V’
where d®* = d; — d™ is the number of external connections for node i € V'. This provides a concrete,

computable upper bound on the asymptotic synchronization error within a cluster, based entirely on the
network topology.

Remark 5.4.4 (Unifying the EP and ISS Frameworks). The ISS framework for approximated local
synchronization provides a powerful generalization that contains the perfect local synchronization analysis
as a special, ideal case. To see this, consider a cluster V' that is a cell Cj, of an equitable partition . Let
us analyze the perturbation term p(x) from (5.12) for a state x on the Cell Synchronized Manifold S,
where x; =y forall j € C;.

For any agent i € Cy, the EP properties imply that its total degree is a constant d; = dc, and its

internal degree is a constant di® = byy.. The perturbation acting on agent i consists of two components:

(i) Internal Perturbation: The term (- — %) > ice, @ijs(x;) simplifies to (% — 5 ) brks(yr)-
This value is identical for every agent i € Cj,.

(ii) External Perturbation: The term d% >_jgc, @ijs(x;) can be grouped by cells, becoming
1
LSS st
Crk 12k jec,

By the EP definition, this simplifies to % 212k brus(yi), which is also identical for every agent
k
1 € Cp.

[68] “Analysis of an Opinion Dynamics Model Coupled with an External Environmental Dynamics”. Anthony
Couthures et al. (2024).
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Since both components of the perturbation are uniform across all agents in the cell, the total perturbation
vector p(x) is constant for all agents within Cy. Consequently, the residual perturbation p(x), which
is the component of p(x) orthogonal to the consensus subspace of the cell, is identically zero.

According to 5.4.1, the internal cell disagreement is 1SS with respect to p(x). With a zero input,
the ISS inequality guarantees that the norm of the internal disagreement converges asymptotically to
zero. This is precisely the definition of perfect local synchronization. Thus, the ISS analysis correctly
predicts that a cell forming part of an equitable partition will maintain perfect internal cohesion, elegantly
unifying the two primary concepts of this chapter.

Remark 5.4.5 (State-Dependency and Absolute Bounding). A reader familiar with classical ISS
theory might note that the residual perturbation p(x) is not strictly exogenous, as it inherently depends
on the internal cluster state «’. In unbounded systems, this state-dependency could lead to circular
amplification. However, because our system’s trajectories are strictly confined to the forward-invariant
compact hypercube X = [—1,1]~ (Proposition 3.3.1), p(x(t)) is structurally guaranteed to be bounded
by the absolute supremum PS"P. Therefore, we can treat p(x(t)) as a bounded, unknown disturbance.
The ISS inequality thus serves its intended purpose: mapping the worst-case topological heterogeneity of
the graph (PS"P) directly to the maximum persistent disagreement at equilibrium.

5.4.2 Numerical Illustration: Robust Clustering in the Karate Club Network

To demonstrate our theoretical framework in action, we apply it to Zachary’s Karate Club
network [130]. As detailed in the caption of Figure 5.5, the simulation parameters are chosen
specifically to violate the conditions for global synchronization, creating an environment where
clustering is the expected outcome.

As predicted by our analysis, the network forgoes global consensus and instead converges
to a stable NFSE. The final state of the network, visualized in Figure 5.5a, shows a clear parti-
tioning of agents’ opinions. The states align perfectly with the two ground-truth communities,
forming two internally synchronized but mutually opposed clusters. This outcome confirms
that, when the sharp threshold is crossed, the system can transition into a state of structured,
local agreement.

This clustered equilibrium provides a perfect setting for validating the core predictions of
our ISS analysis. In Figure 5.5b, we treat each community as a subsystem and plot the time
evolution of its internal disagreement (the ISS state) and the residual perturbation it receives
from the opposing cluster (the ISS input). The resulting dynamics are a standard illustration of
Input-to-State Stability:

— The internal disagreement (red curve) exponentially decays from its initial value, demon-
strating the cluster’s internal stability (cu, > 0).

— However, the disagreement does not converge to zero. It is sustained by the persis-
tent, non-uniform perturbation from the other cluster (blue curve), settling to a non-zero
ultimate bound.

This behavior, of exponential decay to a non-zero bound sustained by a persistent input, is
precisely the outcome guaranteed by the ISS inequality in Theorem 5.4.1. The simulation thus
provides a concrete validation of our theoretical results.

[130] “An Information Flow Model for Conflict and Fission in Small Groups”. Wayne W. Zachary. (1977).
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(a) Final equilibrium state of the network. Node shapes (triangle/square) indicate the two strong
communities: V; and V,. The communities were obtained using [88]. Node colors represent the final
state value 2}, demonstrating local synchronization within clusters but global disagreement between
them.
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(b) ISS analysis for each community. For k € {1,2}, the internal disagreement |le(t)|| p, (the ISS "state",
in red) decays exponentially from its initial condition and converges to a non-zero ultimate bound. This
bound is sustained by the persistent residual perturbation ||p(z(t))| p, from the opposing cluster (the
ISS "input," in blue), precisely as predicted by Theorem 5.4.1.

Figure 5.5: Numerical validation of the ISS framework on Zachary’s Karate Club network, a
canonical example of a social network with a strong, empirically verified community structure.
The simulation uses a signal function s(z) = max(—1, min(1, Kxz)) with a gain K = 1.2 chosen
to violate the sharp threshold for global synchronization (K Axy_1 > 1), forcing the emergence
of a stable, clustered equilibrium (NFSE).
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5.5 Cluster Deviation Stability

Theorem 5.4.1 established the input-to-state stability of intra-cell disagreement, focusing on
the deviation from the cell’s own weighted average state. This provides a measure of internal
coherence. We now shift our attention to a different, yet related, aspect of cell stability: the
deviation of individual agents within a cell from a common global reference point, c¢. This
reference point is assumed to be a fixed point of the agents’ signal function s.

Proposition 5.5.1 below explores the stability of this deviation, specifically using the maxi-
mum absolute deviation §(¢) within a subset of agents V' as the state. The input in this context
is defined as the maximum influence exerted on any agent in the cell by its neighbors outside
the cell, normalized by its total degree. This proposition provides conditions under which this
cell deviation is also input-to-state stable, offering guarantees on how closely agents within a
cell can track a desired global state c in the presence of external influences from other parts of
the network.

Proposition 5.5.1. Let V' C V be a non-empty cell of agents and ¢ € Fix®(s). Define for all agent
ieV:

— the deviation from cas e; = z; — c.

— the external input u; = 3y gt (s(25) — ), with |lullee = maxieyr |u;| being the

input magnitude.

— the internal stability coefficient as 1; = 1 — Kd! /d;, with n = min;eyr 1; > 0.
Moreover, let 6 = max;ey» |e;| be the maximum deviation within the cell. Then, the quantity ¢ is
ISS with respect to the input ||u||. Specifically, it satisfies for all t > 0:

1
5(t) < e 5(0)+ —(1 —e™™) sup [[u(7)]|oo-
n 0<r<t

Consequently, the ultimate bound on the deviation is:

1
limsup 6(¢) < —sup ||u(t)||oo-
>0

t—o00

Proof. The Lyapunov-like function we consider is
V(x) = max |z; — ¢| = max|e;| = 6.
i€V’ i€V’

Let us define m(t) := argmax;cyr |e;(t)| be the index of the agent with the maximum
deviation at time ¢ and denote e,,(;) = Z,,(;) — ¢ its instantaneous deviation.

One has V(x) = 0 if and only if e,, = 0. Moreover, since V' is non differentiable, we use the
Dini derivative [129]:

V(z(t+h) - V()

V(z) =D V(x(t)) = limsup

h—0*t
The Dini derivative DTV (x(t)) satisfies DTV (z(t)) < sgn (e, (¢)) ém(t). Thus,
V(x) < sgn (em) ém. (5.13)
Recall that e, (t) = 2., (t) — c. Thus, the dynamics of e, is
m = Ty = di Z Amjs(Tj) — T
" GENm
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Let us now separate the sum over neighbors internal to V' and external to V', substituting
zj = c+ejand z,, = c + e, yields,

. L
em = > ams(a;) + Zamjs(%‘)} — Zm
"™ FENmOV! FENM\V'
1 -
= df Zamj(s(c +ej) —c)+ Zamj(s(xj) —o)| —em
™ SEN OV JENM\V
1 -
= d— Zamj(S(C + e]) — C)] + Um — Emy,
M GENmOV

where we used the definition of u,, of the proposition.
Injecting the expression for é,, into (5.13), one gets,

V() < sgn (em) 5[ 3 amg(s(e+ e5) — 5(0))] — g (enn) em + 58 (e00) i

m

Let us upper bound each term in the sum independently.
First, let us notice that from s being Lipschitz continuous around c,

sgn (em) (s(c+¢j) — s(c)) < [s(c+ej) = s(c)] < Klejl.

Applying this to the sum over neighbors internal to V', one gets,

sgn (em) | 3 amj(s(e+e5) = 5(0))] < D amiKlej| <3 ams KV (@) = dh KV (@).

FEN NV JENmNV' JENmNV'

Moreover, we have that sgn (e,,) e = |en| = V() and sgn (ep,) um < |tum| < ||uf/oo. Thus,

1 1
V(@) < SRRV() - V@) + e = - (1= K5 V@) + [l = -0V (@) +

By assumption, = min;cyr 7; > 0. Then, we have for all ¢ > 0:

V(x(t) < —nV (@) + |lullec < —nV (2(1)) + sup [[4(7) loo-

By the Gronwall’s inequality, this differential inequality implies:

V(z(t) < e "V (x(0)) +/0t e T < sup HU(U)Iloo> dr.

0<o<T

As in the proof of Proposition 5.4.1, a upper bound for the integral term is supg<, < [|u(7) |00 /7-
Thus, for all ¢ > 0:

1
5(t) < e ™§(0) + — sup lu(7) ]| 0o-
N o<r<t

Taking the limit as t — oo, the first term vanishes, and we get:

t—o0

1
limsup (¢) < —sup ||u(t)||oo-
>0

This completes the proof. O
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While Proposition 5.5.1 provides an ISS guarantee for the cell’s deviation from a fixed point
c under general external influences, it relies on the Lipschitz constant K and does not explicitly
consider the specific structure of the signal function s(x) beyond its Lipschitz continuity around
c. The following proposition, Proposition 5.5.2, delves deeper into the conditions for ensuring
that the states of all agents within a cell V' remain confined to a specific interval [c — ¢, ¢ + €]
around the fixed point c. This is a forward invariance property. Instead of a general Lipschitz
constant, this result leverages the concept of "consistent estimation" by the signal function s
around ¢, and balances the "restoring force" driving states towards c¢ against the perturbation
amplitude from external neighbors. This provides a more nuanced understanding of when a cell
can maintain its states close to a desired equilibrium, based on the interplay between internal
and external degrees and the specific characteristics of the signal function s(x) near c and at the
boundaries of the state space.

Proposition 5.5.2. Let V' C V be a non-empty cell of agents of cardinality N’ and c be a stable fixed
point of s. i.e., ¢ € Fix*(s). For a given € € (0, o), define the maximum external perturbation
amplitude of c at € as:

p(c,e) = max (|s(1) — (c ¢,

s(=1) = (c*e)

);
and the minimal restoring force amplitude of c at ¢ as:
r(c,e) =min((c+¢) —s(c+¢),s(c—¢)—(c—¢)).
If for a given € € (0, o], the following condition holds for all i € V':
dEp(e,e) < dir(c,e), (5.14)

Then, the set
H(c,e)={x e X |foralli e V' x; € [c—¢e,c+ ¢}

is forward invariant under the dynamics (COSA).
Moreover, such ¢ exists if either d¥ = 0 or if s(z;) # x; forall z; € [c — e, ¢+ €]\ {c} and the
following condition holds:

B .

plce) _ di

inf
561(%,60] T(C, 8)

.
<5

forallie V'

Proof. Note that since s is a consistent estimation around ¢, we have s(x) < x for = € (¢, ¢ + &g
and s(z) > z for z € [c — €p, ¢).

We apply Nagumo’s Theorem. For #j(c,¢) to be forward invariant, the vector field f(x)
must not point outward from #(c, €) at any boundary point. The boundary of Hy(c, ) consists
of states * where x € [c —e,c + €]N', and for at least one i € V/, either z; =c+corx; =c — .
We need to verify the sign of &; = f;(«) for such boundary nodes i.

Consider « € Hy/(c, €) such that z; = ¢ + € for some i € V'. We need to show f;(z) < 0.

1 1 1
filz) = — D ais(ay) —wi = T > ays(a) + 7 > ays(a;) = (c+e)
" JEN; " JENINV/ N
Since z; € [c —e,c+¢] for all j € V' and s is non-decreasing, we have s(z;) < s(c+ ¢) for
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JEV NN,
dl
Zaw c+e) Zaw s(xj) — (c+e) = = s(c+e) Zam s(xj) — (c+¢)
jEV’ﬂN ]EN N% ' ]EN \V
d! d! 1
= j(s(c+€) (c+¢)) Zalﬂ s(zj) — (c+e¢)) = dZ~ (s(c+e)—(c+e))+ Jp;(m-(m)

j jeN\V'

By definition of p(c, e), we have |pé§m(m)| < dfp(c,e). Therefore, d;f;(x) < df(s(c+e) —
(¢ +)) + (@)

By the consistent estimation assumption, s(c + ¢) — (¢ + ¢) < 0. Thus, the first term is
non-positive. For fi(x) < 0, it is sufficient that d!(s(c + &) — (c +¢)) + |p;(tl(as)] < 0, which
requires |pl (@) < —df(s(c+¢) — (c+¢)).

Since |p, .(x)| < dPp(c,¢), the condition f;(z) < 0 is guaranteed if dZp(c,e) < —df (s(c +
e)—(c+e)). This is satisfied by condition (5.14). For the case z; = ¢ — ¢, an analogous argument
shows that f;(z) > 0if d¥p(c,e) < dl(s(c —¢) — (c —€)).

Since the vector field f(x) does not point outward from (¢, €) at any boundary point (i.e.,
fi(x) < 0if z; = ¢+ ¢ and fi(x) > 0 if x; = ¢ — €), Nagumo’s Theorem ensures that the set
Hy(c,e) is forward invariant. O

Remark 5.5.1. The result of Proposition 5.5.2 offers a way to determine an invariant region for the
states within cell Cy. If such an interval [c — €, ¢ + €] is found to be invariant for Cy, and if the overall
system states are known to be confined within some global invariant hypercube [c, ¢ (as established in
Proposition 3.6.3), then the external signals s(x ;) for j ¢ Cy, are restricted to [c, ¢|. This could potentially
lead to a less conservative estimate for the maximum external perturbation amplitude than p(c,¢). i.e.,
M(c,e) = max((|c — (c+e)|, |c — (c £ ¢€)|),e), where ¢ and c are the upper and lower bounds defined
in Proposition 3.6.3.

5.6 Concluding Remarks on Local Synchronization

This chapter provided a multi-faceted analysis of Non-Fully Synchronized Equilibria (NFSE),
where agents self-organize into coherent subgroups. This investigation, that is central to under-
standing phenomena like persistent disagreement, covered two key aspects of local synchro-
nization.

First, we established that perfect local synchronization, where agents in a cluster agree exactly,
is not a generic outcome but is conditional on the structural symmetry of an equitable partition.
This property is significant because it permits an exact model reduction to a low-dimensional
quotient system, whose stability cleanly decouples into inter-cluster (quotient) and intra-cluster
(transversal) components (Theorem 5.3.11).

Second, for the general case of approximated local synchronization in networks lacking perfect
symmetry, we used the framework of Input-to-State Stability (ISS). We proved that a cluster’s
internal disagreement is robustly bounded and that the magnitude of this persistent disagree-
ment is determined not by the total external influence, but by its non-uniform component across
the cluster’s boundary (Theorem 5.4.1). This result is particularly important because it provides
a way to quantify the persistence of disagreement in a network, even in the presence of external
influence.

These perspectives are unified: the ISS framework contains the analysis of equitable par-
titions as the special case where a uniform external influence results in zero residual input,
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correctly predicting perfect cohesion. Collectively, the analysis of ideal structures, robust per-
sistence, and dynamic formation provides a comprehensive toolkit for understanding and
predicting the emergence of structured disagreement in multi-agent systems with nonlinear
interactions.
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Chapter 6

Conclusions and Perspectives

6.1 Conclusions

6.1.1 First step of a research journey

This thesis began as an effort to understand how agents, from nations down to individuals, can
act to mitigate their impact on climate change. Rather than seeking a single definitive solution,
this work was conceived as the first step of a longer research journey. Our approach was to
break down this vast problem into three complementary lines of inquiry, each providing a piece
of the big picture, but none sufficient on its own. This multi-scale investigation feels all the more
urgent as this thesis concludes, at a time when international cooperation on climate remains
fragile and contested [131].

6.1.2 Manuscript Conclusion

The aim of this manuscript and results presented was to understand how nonlinear signaling
rules and network topology jointly influence the collective behavior in multi-agent opinion
dynamics with nonlinear interaction. To make this question formal, we introduced in Chap-
ter 3 and analyzed the Continuous Opinion Signaled Action (COSA) model in Chapter 4 and 5,
which interpolates between fully transparent and quantized communication while preserving
a cooperative structure that enables rigorous stability analysis. The central message is that
disagreement or agreement is not solely a property of the graph or of the update rule: it is the
outcome of their interaction. Those relationships can be expressed according to spectral terms
of the graph and proved with Lyapunov arguments.

At the level of global behavior in Chapter 4, the thesis established a threshold for network-
wide synchronization Axy_1K < 1, where K is the maximal nonlinear gain of the signal and
An—1 that measures the cohesion of the graph. This condition is sharp in the sense that: it is a
sufficient condition for global synchronization and its violation is sufficient to construct a signal
function s that induces a persistent disagreement. Moreover, we explicited some necessary
conditions that the signal function must verify to induce a persistent disagreement that are
solely based on the shape of the signal function.

When global agreement is not enforced, the analysis in Chapter 5 characterized the structure
of persistent disagreement looking at two different aspects: perfect local synchronization and
approximated local synchronization. Exact cluster agreement requires structural symmetries

[131] “Missing at U.N.’s Climate Meeting”. Ivan Penn et al. (2025).
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and is captured by regular and equitable partitions on some quotient dynamics. In generic
networks that lack perfect symmetry, the thesis used input-to-state stability to bound within-
cluster dispersion under external influence, formalizing approximated local synchronization in
terms of interpretable gains and perturbation levels.

Methodologically, the manuscript advances a way of reasoning that separates mechanism
(the signal function) from structure (the graph) and studies their coupling in a geometry aligned
with disagreement modes. Conceptually, the results clarify that cooperative networks with
nonlinear signaling can display clustered equilibria without invoking antagonistic edges. In
reality, what matters is whether the signal amplifies differences faster than the topology can
dissipate them. Practically, the conditions derived here act as guidelines: they tell a designer
when a given combination of network and signaling law will synchronize, when clusters will
remain coherent.

6.2 Perspectives

As usual in research this research journey opens more question than it is closing. The following
is a survey of more or less direct extension and question that could and should be answered.
We organize the perspective per research stage.

6.2.1 First Stage Perspectives: Designing Games for Cooperation

A central difficulty in environmental game theory is that many models suggest robust, large-
scale cooperation won't occur unless there is external enforcement. A path forward does not lie
in building ever-more-complex models that simply confirm this difficulty numerically, turning
them into analytically opaque "black boxes" and falling back into the IAMs traps. Instead,
the objective should be to strategically enrich the models to explicitly search for and analyze
mechanisms that can facilitate agreement. The aim is to move from diagnosing the failure of
cooperation to understanding how to design its success. With this goal in mind, the following
research directions become particularly relevant.

Designing Robust and Incentive-Compatible Policy Mechanisms. The direct way to pro-
mote cooperation is to revise the game’s rules. Future work should design and analyze concrete
policy tools that ensure ambitious climate action is incentive-compatible. This involves moving
beyond the basic emissions game to incorporate structures from contract theory and mecha-
nism design. For example, one could formalize and test the stability of treaties that include
systems of credible sanctions, such as fees for deviating from an agreed emissions trajectory.
Another line of research is to model a global carbon price where revenues are recycled into a
common investment fund for green technology, creating a positive feedback loop that rewards
participants. Analyzing such mechanisms can provide concrete insights into how the architec-
ture of an international agreement can fundamentally shift strategic incentives from free-riding
towards mutual reinforcement.

Leveraging Social Dynamics and Endogenous Preferences. The current framework assumes
static preferences (as the utility function is fixed), yet a nation’s political interests are dynamic.
A important extension is to endogenize preferences by coupling the strategic game with models
of opinion dynamics and social influence. If an agent’s perceived damage from climate change, or
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its tendency to imitate others, changes based on its neighbors” actions and signals, the game’s
payoffs are no longer fixed. This opens the possibility of identifying leverage points. For
instance, a "meta-game" of lobbying could be modeled, where influential nations strategically
target others to shift collective norms towards greater climate ambition. This research area
connects rational choice theory, that is game theory, and behavioral dynamics, that is opinion
dynamics, aiming to understand how social and political influences can be shaped to promote
cooperation. It could also incorporate agent heterogeneity, analyzing how a critical mass of
aware agents can influence, or not, the behavior of more myopic ones.

Grounding Strategy in Realistic Economic and Geophysical Dynamics. To ensure that pro-
posed mechanisms are viable (in a strategic point of view), they must be build upon realistic
representations of the economy and the environment. Integrating a more sophisticated macroe-
conomic structure, such as a neoclassical growth model (e.g., Solow-Ramsey or less optimalistic
but still tractable models) would frame decarbonization in terms of the fundamental trade-offs
between investment in capital and consumption. This allows for an optimal control perspective,
identifying efficient decarbonization pathways that are also aware of economic dynamics. Sim-
ilarly, introducing stochastic events, such as climate tipping points, is essential for testing the
robustness of any proposed agreement. The goal of this integration is again not to create a
complex simulation for the sake of realism. Instead, it is to ensure that the strategic analysis
is informed by real-world constraints and uncertainties. A model that is easy to analyze, even
with enhanced features, can explain how shifting economic dynamics and high risks change
the strategic situation and may make long-term cooperation more attractive.

6.2.2 Second stage perspectives

The (COSA) framework provides a foundation for analyzing the interplay between networked
agents and a responsive environment. The next stage of research involves extending this
framework to capture more complex, system-level phenomena and structural realities. These
extensions move beyond the analysis of a single, homogeneous system to explore heterogeneity,
multi-scale interactions, and more sophisticated environmental dynamics. Here are some of
the directions that could be explored:

Community Structure and Heterogeneous Parameters. Real-world networks are rarely ho-
mogeneous; they are typically organized into communities or clusters. This structure can be
explicitly modeled by assuming that parameters like the environmental trust, 3, are community-
dependent (5, for community £). Furthermore, communities might interact with distinct local
environments (e;) that are weakly coupled. This leads to a model with heterogeneous dynam-
ics structured by the underlying graph topology. The analysis would focus on the stability
of clustered states, where consensus is achieved within communities but disagreement per-
sists between them. Important research questions include identifying conditions under which
inter-community influence achieves global consensus versus those that disagreement persists
between them, especially as local environmental feedback may induce sustained oscillations
within each community.

Multi-Environment Interactions. Agents are often influenced by multiple, distinct environ-
mental signals simultaneously. For instance, public opinion on a policy might be shaped by its
perceived environmental impact (e ), economic consequences (e2), and public health outcomes
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(e3). This requires extending the environmental state to a vector e € R™. The agents” opinion
dynamics would then be driven by a function of this vector, e.g.,

&= (1-pB)D 'As(x) + pr(e), (6.1)

where r : R™ — [—1, 1]V is a vector of response functions representing the relative importance
of each environmental signal. This formulation introduces the possibility of trade-offs and more
complex equilibria and represent a direct extension of [69]. Polarization could occur not just on
a single opinion axis, but in a multi-dimensional belief space, as different subgroups prioritize
different environmental factors. This could be formalized by introducing a vector of weights
w € [0,1]™ for each environmental signal, such that w'1 = 1. This work would extend the
results from [132], where a simpler model of internal state feedback was considered. Moreover,
we could extend the model incorporating influence between the opinions on each environment
(e.g., economic opinion could influence the environmental opinion).

Nonlinear and Multistable Environmental Dynamics. The assumption of a linear, first-order
environmental dynamic, as currently considered, is a simplification. Many real-world processes,
such as epidemics (SIS/SIR models), ecological systems, or economic markets, are governed by
nonlinear dynamics with multiple equilibria, tipping points, or intrinsic oscillations. Coupling
the opinion dynamics model with such an environment creates a far richer feedback system.
For example, if the environment is a bistable system, the collective opinion of the agents could
act as a control input that pushes the environment across a separatrix, causing an irreversible
shift [133]. The analysis would necessarily rely on bifurcation theory to understand how
the parameters of the opinion model (e.g., ) interact with the intrinsic bifurcations of the
environmental model, potentially creating new, complex system-level behaviors.

Networks of Coupled (COSA) systems. The current model analyzes a single population
coupled to one environmental state. A important generalization is to consider a network of
interconnected (COSA) systems, where each node represents an entire community (e.g., a city, a
country) where the agregated opinion of connected communities act as environment. The state
space becomes the product of the individual systems’ state spaces, and the coupling introduces a
new topological layer. Bifurcation analysis, as developed in works like [69], becomes a promising
tool for understanding how inter-system coupling can induce collective phenomena, such as
synchronized oscillations or cascading bifurcations. This abstraction has a profound impact
beyond social dynamics, offering a powerful model for computational neuroscience. In this
context, each system represents a neural population, its aggregated opinion mirrors the local
field potential, and the inter-system network maps to the brain’s connectivity. The framework
can thus be used to analyze the emergence of brain rhythms, inter-regional coherence, and
how pathological bifurcations could model the onset of neurological disorders like epileptic
seizures. This would extend results from Chapter 4 and Chapter 5 to a coupled network setting
with broad applicability.

Robustness and Input-to-State Stability (ISS) of Disagreement. Instead of modeling the en-
vironment as a deterministic state, it can be viewed as an exogenous, unknown-but-bounded

[69] Bifurcation Analysis of an Opinion Dynamics Model Coupled with an Environmental Dynamics. Anthony Couthures
et al. (2025).
[133] “Opinion-Driven Risk Perception and Reaction in SIS Epidemics”. Marcela Ordorica Arango et al. (2025).
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disturbance input. This deviates the analytical goal from characterizing equilibria to guaran-
teeing robustness. The primary concern is the persistence of polarized clusters despite such
environmental perturbations. This can be formalized using the tools of robust control, particu-
larly the ISS framework as in Chapter 5. The objective would be to prove that the disagreement
between clusters is ISS with respect to the environmental signal, and that whatever the envi-
ronmental state. A formal ISS guarantee would ensure that if environmental trajectories are
bounded, the deviation from a perfectly polarized state is also bounded, providing a rigorous
measure of the resilience of social structures like echo chambers, as a preliminary result was
explored in the context of the (CODA) model [66].

Stochastic and Event-Driven Environmental Feedback. Environmental feedback is often not
continuous in time often feedback is recieved at discrete times events. Moreover, the time at
wich the feedback is recieved is often not periodic and likely from a random process: corre-
sponding to discrete events like natural disasters, policy announcements, or market shocks.
Modeling this requires a change in formalism from ordinary differential equations to either
Stochastic Differential Equations (SDEs) or hybrid/impulsive systems. In the event-driven
case, the framework of hybrid systems could be a proper tool to analyze the dynamics where
continuous evolution is punctuated by discrete resets or changes in the system parameters,
which is a more realistic model for the types of information provided by bodies like the IPCC °
. Moreover, the feedback could be a combination of continuous and discrete components, such
as a continuous feedback with a discrete component, or a discrete feedback with a continuous
component.

6.3 Manuscript perspectives

6.3.1 Extend the nonlinear interaction model

The current (COSA) model is built upon several key assumptions that ensure analytical tractabil-
ity while capturing the essential dynamics of signaled consensus. These assumptions, however,
represent simplifications of more complex real-world scenarios and theoretical framework.
Relaxing them opens up numerous directions for future research, each with its own set of mod-
eling opportunities and mathematical challenges. Here, we briefly discuss some of the most
promising extensions.

Individual Signal Functions (s;). Our current framework assumes a common signal function
s for all agents, representing a population with homogeneous interactions. A natural extension,
but far more complex, is to consider individual signal functions, s; : [—1,1] — [—1, 1], for each
agenti € V. This would allow for modeling heterogeneous systems where agents have different
communication styles, cognitive biases, or technological capabilities (e.g., some agents might
be under-estimators, others over-estimators). From a mathematical perspective, this would
alter the dynamics on the synchronization manifold and will not be forward-invariant for the
dynamics anymore. A synchronized equilibrium «* = ¢1 would no longer be a fixed point of
a single function, but would instead need to satisfy a more complex self-consistency condition,
suchas ¢ = - "y sj(c) for all i, which is far more restrictive. The study of equilibria would

[66] “Analysis of a Continuous Opinion and Discrete Action Model Coupled with an External Dynamics”. Anthony
Couthures et al. (2024).
> As seen in the IPCC Atlas of Climate Change https:/ /interactive-atlas.ipcc.ch/
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shift from analyzing a scalar function to solving a system of nonlinear equations. This analysis
would follow the work of [126] where their framework has those individual signal functions.

Directed, Weighted, and Antagonistic or Competitive Interactions. We have assumed the
communication graph G to be undirected and unweighted with non-negative influence. Relax-
ing this opens several avenues:

— Directed graphs would allow for modeling asymmetric influence, such as in social net-
works with leaders and followers or in hierarchical structures. The main implication of moving
to non-symmetric adjacency matrices is the loss of the clean spectral theory associated with
symmetric operators. In this case, eigenvalues can become complex even if the system is still
cooperative, thus we can expect that almost all trajectory will converge to equilibria. More over,
the application to flow graphs would be interesting to explore as the directed communication
can be seen as an endogenous influence over the opinion of the agents. This asks multiple
question as, what would be the role of the left eigenvector of the row-stochastic matrix? Will it
be the same as in the linear model since it is in this case it does not induce an invariant for the
dynamics?

— Antagonistic interactions: symmetric interaction with negative weights would model
contrarian behavior, mistrust, or what one can call "agree to disagree" behavior. One can assume
that allowing a;; < 0 could fondamentaly alter the cooperative structure of the system but it
will likely not be the case if the graph is symmetric. Even if naively, assuming a smooth signal
function s, would lead to a Jacobian matrix that is not Metzler, and thus forbid the usage of
results of monotone systems theory, the system could still be K-cooperative (where K is an
orthant of RY) [126, 134]. For the linear model (Laplacian Model) with antagonistic interaction
on unbalanced graph, the expected behavior is that opinion will collapse to 0. However, in
the presence of the nonlinear interaction function s, if the nonlinearity sufficiently amplify the
opinion, polarization would still emerge even in this unbalanced case. Providing the insight
of Chapter 4 and Chapter 5 would allows to better understand the dynamics moving beyond
mainly a bifurcation analysis to characterize the persistent polarization and disagreement in
this context.

— Competitive interactions: asymmetric interaction with negative weights would model
competitive behavior, such as in a prey-predator model where the "pursuer-evader" behavior
would likely emerge. This could be modeled by allowing a;; < 0 and aj; > 0 for some i,j € V
with ¢ # j. This opens the door to far more complex behaviors, including sustained oscilla-
tions (limit cycles) and potentially chaos, requiring a shift to tools like bifurcation analysis or
contraction-based methods. This analysis could complement the understanding of [134] where
their framework has only symmetric antagonistic interactions using insight from Papers A.2
and A.3.

Dynamic Topologies. Our model assumes a static graph. In many real-world applications,

from mobile robotic networks to evolving social structures, interactions are dynamic. This can
be modeled in two distinct ways:

— Time-Varying Topologies and Asynchrony: A direct extension for the discrete time

model (COSA-DT) is to consider an exogenously changing network topology, which ren-

ders the system non-autonomous and described by the linear update rule x(t + 1) =

[126] “Multiequilibria Analysis for a Class of Collective Decision-Making”. Angela Fontan et al. (2018).
[134] “The Role of Frustration in Collective Decision-Making Dynamical Processes”. Angela Fontan et al. (2022).
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A(t)x(t). The central analytical challenge becomes understanding the convergence prop-
erties of the infinite product of row-stochastic matrices. A foundational requirement for
consensus is that the graph of interactions remains connected over time [78]. Formally, the
union of the communication graphs over any infinite time horizon must be strongly con-
nected. However, as demonstrated in that literature, this connectivity condition alone is
not sufficient to guarantee consensus for general directed graphs. An additional condition
on the communication frequency, such as the "bounded intercommunication intervals"
assumption, is required to rule out pathological update sequences that can prevent conver-
gence. It is only under specific structural assumptions, such as communication symmetry,
that the connectivity condition alone becomes sufficient.

— State-Dependent (Adaptive) Graphs: A more complex and realistic scenario is when
the topology is endogenous, co-evolving with the agents’ states, i.e., A(x(t)). For ex-
ample, agents might cut or change the nature (from cooperative to antagonistic), of the
connections to those with very different views. This change in the model could illustrate
how echo chambers arise, as numerically observed in [98, 100]. Additionally, a state de-
pendent graph introduces a strong feedback loop where opinions influence the network
dynamics and the network dynamics influences opinions. Mathematically, this leads to
a highly nonlinear autonomous system where the vector field itself depends on the state
in a potentially discontinuous manner (e.g., if a;; () is a step function). Such systems can
lead to network fragmentation and require sophisticated tools from switched systems or
non-smooth analysis.

Discontinuous Signal Functions. While our standing assumption requires Lipschitz continu-
ity for the well-posedness of the ODE system, many practical scenarios, including the original
CODA model, are best described by discontinuous signal functions (e.g., step functions for
quantization) [105]. Incorporating such discontinuities changes the mathematical nature of the
system. The dynamics would no longer be described by an ordinary differential equation, but
rather by a differential inclusion, with solutions understood in the sense of Filippov or Krasovskii
[104]. This framework is necessary to handle the ambiguity of the vector field at points of
discontinuity. It opens the door to richer dynamical behaviors, such as sliding modes along
disagreement surfaces, but requires a more advanced, non-smooth analytical toolbox.

Multi-Dimensional Agent States. The (COSA) model assumes each agent holds a single scalar
opinion z;. A important extension would be to consider vector states x; € R, where agents
have opinions on multiple interconnected topics or physical states (e.g., position and velocity)
as in [96, 97]. Communication could be partial, where an agent’s signal s;(x;) € R* with k < m
reveals only a subset of its internal state. This would allow for modeling complex phenomena
where consensus on one topic might influence disagreement on another. The analysis would
move from scalar dynamics to a high-dimensional system of coupled equations, requiring tools
from matrix theory and the study of cooperative systems in higher dimensions.

[78] “Convergence in Multiagent Coordination, Consensus, and Flocking”. V.D. Blondel et al. (2005).

[98] “Modeling Echo Chambers and Polarization Dynamics in Social Networks”. Fabian Baumann et al. (2020).
[100] “Transitions between Polarization and Radicalization in a Echo-Chamber”. FLukasz G. Gajewski et al. (2022).
[105] “Consensus and Disagreement”. Francesca Ceragioli et al. (2018).

[104] “Discontinuities, Generalized Solutions, and (Dis)Agreement in Opinion Dynamics”. F. Ceragioli et al. (2018).
[96] “Nonlinear Opinion Dynamics With Tunable Sensitivity”. Anastasia Bizyaeva et al. (2023).
[97] “Multi-Topic Belief Formation Through Bifurcations”. Anastasia Bizyaeva et al. (2025).
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Intrinsic Agent Dynamics. The current model assumes agents are passive responders to social
and environmental signals. An important extension is to allow agents with intrinsic dynamics,
representing internal psychological processes or biases. This could be modeled by adding
a term h;(z;) to the opinion update rule. If h;(x;) represents a drift towards a prejudice, it
introduces stubbornness. More complex forms, such as second-order internal dynamics, could
model agents as intrinsic oscillators. The problem then becomes one of analyzing a network
of coupled oscillators subjected to a common environmental forcing signal. This connects the
research to the rich field of synchronization theory, including phenomena like phase-locking,
frequency entrainment, and oscillator death, where the environmental feedback could either
promote or suppress synchronous behavior.

Analysis through Contraction and Dissipativity Theory. In the context of directed or com-
petitive interactions the system’s most interesting behaviors, such as limit cycles and chaos,
occur away from simple equilibria. While Lyapunov theory is effective for local stability analy-
sis of fixed points, a more global understanding of these complex dynamics requires a different
set of tools. Contraction and dissipativity theory offer a promising direction.

— Contraction analysis guarantees that all system trajectories converge to a single, poten-
tially time-varying, trajectory if the system’s Jacobian (under smoothness assumptions)
has a uniformly negative matrix measure, provides a powerful non-local proof for the
stability of attractors like limit cycles [135]. This could use a even more general notion of
contraction, such as k-contraction, to analyze the complexity of the system’s dynamics.

— Dissipativity theory offers a compositional, input-output perspective by analyzing the
system as a feedback interconnection of the opinion and environmental dynamics. Prov-
ing that each subsystem dissipates a form of "energy" can guarantee the stability of the
entire coupled system, providing a method for analyzing the boundedness of trajectories
in the chaotic regime [136].

6.3.2 Dynamics of Polarization and Recruitment

While Chapter 5 characterized the stability of clusters via the ISS framework, the dynamic
processes of cluster formation and expansion remain open. We propose that the interplay between
local graph structure and the signal function s dictates not just the static existence of clusters,
but the dynamic "recruitment” of agents. The following are currently investigated topics:

Formalizing Robust Polarized Clusters (RPC). A natural next step is to rigorously define a
"Robust Polarized Cluster" as a set of agents capable of maintaining a specific opinion range
(e.g., strictly above an unstable threshold c°) against arbitrary external signals. Unlike the ISS
analysis which bounds deviation from a mean, this would focus on the invariance of specific
regions in the state space. We conjecture that a "tug-of-war" condition exists, comparing the
internal "pull” of a cluster to the external "resistance," which would serve as a sufficient condition
for such clusters to persist.

Recruitment and Propagation Cascades. Understanding how polarization spreads is as crit-
ical as understanding how it persists. Future research should investigate the mechanism of

[135] Contraction Theory for Dynamical Systems. F. Bullo. (2024).
[136] Dissipative Systems Analysis and Control. Bernard Brogliato et al. (2007).
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"recruitment,” where an established cluster pulls a neighboring boundary agent across an opin-
ion tipping point. We hypothesize that this local recruitment process can trigger network-wide
cascades, where the recruitment of one layer of agents changes the neighbor ratio for the next
layer, leading to a domino effect. Quantifying the speed of these cascades and identifying the
"stopping sets" that halt them would be a contribution to understanding radicalization and
polarization dynamics.

Geometric Constraints and the Cheeger Constant. We further conjecture that the "shape"
of a cluster plays a critical role in its ability to recruit neighbors and maintain polarization.
Intuitively, the nonlinear "holding force" of the signal function must exceed the "leakage" of
influence across the cluster boundary. This suggests a rigorous link between the Cheeger constant
(conductance) of a subgraph and the nonlinear gain of the system. Establishing this link would
allow us to predict polarization based purely on spectral properties (like \2), potentially proving
that "expander graphs" (high connectivity) are immune to polarization regardless of the signal
function’s steepness.

6.3.3 Community structure and a "new" approach for clustering

The emergence of polarized states, as analyzed in Chapter 5, is rooted linked to the community
structure of the underlying communication network. This connection suggests that the theoret-
ical tools developed in this thesis, particularly ISS theory, could offer a new, dynamics-centric
perspective on community detection.

A Spectral Definition of Community Robustness. The ISS framework allows us to move
beyond static, count-based definitions of communities. A interesting direction of research
is to formalize a dynamically robust community using the spectral properties of its induced
subgraph. The ISS condition from Chapter 5 can be translated into the stability margin a;, =
1 — K max; |\;(D;;' Ain)| > 0. This raises the question: how does this definition of a "good"
community, based on its ability to withstand nonlinear dynamic perturbations, compare to
classical notions based on modularity or conductance? And can this spectral condition serve
as a more natural measure of network cohesion? Benchmarks have to be build to compare the
approaches present in the literature and their performances.

Exploring Dynamics-Based Clustering Paradigms. This perspective opens the door to a
new class of community detection algorithms not based on optimizing edge counts, but on
maximizing dynamical resilience. For instance, one could explore heuristic algorithms guided
by the principle of maximizing the minimal stability margin as, across a partition. This poses
both theoretical and practical questions:
— Algorithmic Design: How can one efficiently approximate the solution to maximizing
the minimum stability margin?
— Performance: Would such an approach uncover meaningful structures in networks where
traditional methods fail, such as in functional brain networks or sparse, irregular social
graphs where the notion of "density" is less informative?

Relating Stability-Dependent and Rate-Dependent Clustering. The decaying confidence
model of [88] also forms communities, but through a mechanism dependent on convergence

[88] “Opinion Dynamics With Decaying Confidence”. Irinel-Constantin Morarescu et al. (2011).
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Chapter 6. Conclusions and Perspectives

rates. A compelling line of investigation would be to formally understand the relationship
between these two mechanisms. Do rate-dependent and stability-dependent clustering capture
the same structural features, or do they reveal complementary aspects of network organization:
one tied to the speed of consensus, the other to the resilience of disagreement? A first insight
was present in Figure 5.5 where the communities seems to be the same for the two approaches.
However, the theoritical foundation of this observation is still missing.

Communities in the Presence of Antagonism. Extending the notion of a robust community
to antagonistic networks presents a significant challenge, as the concept of cohesion must be
reconciled with repulsive forces. This leads to several open problems:

— Structurally Balanced Clusters: Can a structurally balanced subgraph be proven to be
ISS with respect to external influence, thus formalizing its role as a stable "antagonistic
community"?

— Frustrated Clusters® : The more complex case of frustrated subgraphs, which may lack a
stable internal equilibrium, remains largely unexplored. Do they act as inherently fragile
points in the network, or can they be stabilized by their surrounding structure? Answering
this would require extending the ISS tools beyond the cooperative setting.

From Network Analysis to Network Generation. This framework suggests a paradigm shift
from network analysis to network generation. Rather than asking what communities a given
graph possesses, one could ask: for a given interaction law s, what network topologies will
support a desired partition into robust communities? This involves designing a graph where
two conditions are simultaneously met:
— Intra-community stability conditions are satisfied, ensuring each cluster’s internal cohe-
sion.
— Inter-community propagation conditions are deliberately violated, preventing recruit-
ment and ensuring the partition’s stability.
This presents a potential direction for engineering resilience or modularity in distributed sys-
tems.

A Multi-Scale View via Timescale Separation. Inlarge networks, a natural timescale separa-
tion often exists between fast intra-community dynamics and slow inter-community influence.
A promising direction is to exploit this using singular perturbation theory. This could allow
for a formal model reduction, where the fast dynamics within each robust community are
abstracted away, and the slow dynamics are described by a reduced-order model of interact-
ing "super-nodes" [137]. This would not only offer a tractable approach for massive networks
but would also formalize the intuitive notion of communities as coherent, higher-level agents.
Another approach that would need to be compared to the rate-dependent clustering approach.

® In the sense of [134] that relate with the presence of negatives edges inside a dense cluster.
[137] “Novel Results on Slow Coherency in Consensus and Power Networks”. Diego Romeres et al. (2013).
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Analysis of a continuous opinion and discrete action dynamics model
coupled with an external observation dynamics”

A. Couthures?!, T. Mongaillardl, V.S. Varmal2, S. Lasaulce®!, I.C. Morirescul2

Abstract— We consider a set of consumers in a city or town
(who thus generate pollution) whose opinion is governed by
a continuous opinion and discrete action (CODA) dynamics
model. This dynamics is coupled with an observation signal
dynamics, which defines the information the consumers have
access to regarding the common pollution. We show that the
external observation signal has a significant impact on the
asymptotic behavior of the CODA model. When the coupling
is strong, it induces either a chaotic behavior or convergence
towards a limit cycle. When the coupling is weak, a more
classical behavior characterized by local agreements in po-
larized clusters is observed. In both cases, conditions under
which clusters of consumers don’t change their actions are
provided.Numerical examples are provided to illustrate the
derived analytical results.

I. INTRODUCTION

Opinion dynamics (OD) over social networks attracted a
lot of attention during the last decades. Multi-agent systems
have provided an efficient way to model opinion evolution
under social interactions. The existing OD models consider
that the opinions evolve either in a discrete set [1], [2], [3],
[4] or in a continuous set of values [5], [6], [7], [8]. While
some models naturally lead to consensus [9], [7] some others
yield a network clustering [5], [6], [8], [10]. However, all
the models enumerated above consider that each individual
has access to the opinion values of the neighbors. In order
to more accurately describe the opinion dynamics and to
recover more realistic behaviors, a mix of continuous opinion
with discrete actions (CODA) was proposed in [11]. This
model reflects the fact that even if we often face binary
choices or actions that are visible to our neighbors, our
opinion evolves in a continuous space of values that are
not accessible. A consensus-like dynamics reproducing this
behavior has been proposed and analyzed in [12] where
the preservation and the propagation of actions are also
characterized through the notion of robust polarized clusters.
While the model in [12] led to a clustering of the network,
a similar idea was employed in [13] to study the emergence
of consensus under quantized all-to-all communication.

In this paper we analyze the behavior of the CODA model
introduced in [12] coupled with an external dynamics. Many
models have been developed to characterize the pollution

*This work was partially supported by ANR through the grant
NICETWEET No. ANR-20-CE48-0009 and the PNRR project DECIDE
No. 760069.

1 Université de Lorraine, CNRS, CRAN, F-54000 Nancy, France.
anthony.couthures@univ-lorraine.fr

2associated with Automation Department, Technical University of Cluj-
Napoca, Memorandumului 28, 400114 Cluj-Napoca, Romania.

3 associated with Khalifa University, Abu Dhabi, UAE.

dynamic in urban areas, considering the fluid dynamics
approach [14], chemistry-based approach [15], or both [16].
Even if the time constants depend on the chemical compound
considered [17], we introduce a simple linear pollution model
to estimate the local air quality. In this model, the pollution
level depends on the actions of the individuals which in turn
are influenced both by the actions of their neighbors and
the pollution level. The coupling of the two dynamics leads
to a complex asymptotic behavior that can be summarized
as follows. When the coupling between the dynamics is
weak, one recovers the asymptotic behavior of the original
CODA model in [12]. A strong coupling between the two
dynamics hampers the convergence towards a steady state
and yields either chaotic oscillations or convergence towards
a limit cycle. It is noteworthy that even in the simplified
case when all the agents have the same initial opinion, the
strong coupling with the external dynamics hampers the
convergence toward a steady state and may lead to chaotic
oscillations.

The main contributions of this paper are: i) the introduc-
tion of a mathematical model capturing the coupling between
the CODA dynamics and an external one; ii) the analysis of
the asymptotic behavior of the aforementioned model; iii)
and the characterization of the coupling strength leading to
different asymptotic behaviors.

The paper is structured as follows. Section II presents the
definitions of the measures that constitute the model. Char-
acteristics of opinion equilibrium and asymptotic behavior
are analyzed in Section III, followed by a focus on the
synchronized behavior in Section IV. Section V illustrates
the different behaviors with numerical simulations. Finally,
Section VI concludes our work.

II. PROBLEM FORMULATION AND PRELIMINARIES

Model description

We consider the classical multi-agent modeling in which
n individuals/agents belong to the set V = {1,..., N} and
interact according to a fixed graph G = (V, &) that can be
directed or not. The neighborhood of the agent ¢ is denoted
by N; and represents the set of agents that influence 4
according to the graph G (i.e j € N; & (j,i) € £). We
also denote by n; the cardinality of N;. We assign to each
agent ¢ € V an opinion ¢; € [—1,1] that evolves in time
according to a discrete time protocol defined further in (3).
Let 0;(k) be the opinion of the agent i € ) at time k and
0(k) the opinion of all individuals at time k. Let us also
introduce the action value ¢;(k) € {—1,1} as a quantized



version of 6;(k) defined by

) = 1 if (Bi(k) >0)V (6;(k) =0Aq(k—1)=1)
=1 (0i(k) <0)V (Bi(k) =0 A qi(k—1) = —1)

We assume that the action of individual ¢ at time k&
generates an emission ¢;(k) € [emn,€max] C R where
emin and ep.x are the minimum and maximum emissions,
respectively. The emission is given by the following equation

calh) = 4 o A =
emax if ¢i(k) =1

We add an external state p € R, referred to as pollution,
that captures the environment state under the emission of
everyone. The pollution evolves according to the following
discrete-time dynamics:

6]

N
p(k+1) = yp(k) + Z ei(k), )

where v € (0,1) is an autonomous decay rate.

We assume that individuals cannot observe p(k) but they
can sense a quantized value ¢, (k) € {—1,1}. Let us define
gp(k) as a function of a threshold p € R as follows:

(k) =4 L (p(k) >p)V (p(k) =p A gp(k — 1) = —1)
! Lif (p(k) <p) V (p(k) = p A gp(k —1) = 1).
We are now ready to describe the opinion dynamics model

that we consider in this work. This dynamics adapts the
CODA model in [12] to include the external dynamics of

p(k):

0:(k))
k)]

Oi(k + 1) = 0:(k) + (1 - 9‘(’?)2) (8 (ap (k) —

1_[3) Z(QJ 0 (

jEN

where 0 < 3 < 1 encapsulates the trade-off between the
environment state observed through g, (k) and the opinions
of the neighbors. We note that the complete model coupling
CODA and the external dynamics is described by (1)-(3).

We emphasize a natural partition of V in two sub-
sets N=(k) = {ieV|qk)=-1} and N*(k) =
{i € V| ¢;(k) = 1}. In the following, we denote by n~ (k)
and n* (k) the cardinality of N~ (k) and N (k), respec-
tively. Similarly, for an agent ¢ we denote by N, (k) =
N;NN~(k) and N;" (k) = N; N"NF (k) and by n} and n;
the cardinalities of these sets.

3)

ITII. ANALYSIS OF THE MODEL

Before starting the analysis of the model introduced in the
previous section, let us observe that extreme opinion values
0;(0) € {—1,1} do not evolve in time. We also observe
that the definitions of ¢ and g, are rigorous only if 6;(0) #
0,Vi € V and p(0) # p. Therefore, the following assumption
is perfectly justified by our setup.

Standing Assumption 1. Foralli € V, §;(0) € (—1,1)\{0}
and p(0) # p.

A. Characterization of opinion equilibria

In the following, we analyze the asymptotic behavior of
opinions that follows the dynamics (3). In other words, we
assume that the external signal has an exogenous decoupled
evolution.

To simplify our further reasoning, we introduce the fol-
lowing notation

ny (k) —ny (k)

filk) = (1 - B) T Bap(k). @)

Lemma 1. Let i € V, 0;(0) € (—1,1). Then for all k € N,
one of the following relation holds

0i(k) < 0;(k+1) < fi(k), 6)

0:(k) > 0;(k+1) > fi(k), (6)
or,

0i(k) = 0:(k+ 1) = fi(k). @)

Proof. Let us first observe that ZJEN qj(k) = nf (k) —
n; (k) = 2n; (k) — n;, since n; (k) + n; (k) = n; for all
k € N. Then, using (4), one rewrites (3) as:

0,k + 1) = 0,(k) + (1= 0,(k)2) [8 (gp(k) — 6:(k))
+ (1= 8) o (0 (B) = i () = midi(h)]
= 0:(k) + (1 — 0:(k)?) [f:(k) — 0:(K)] (®)

We continue our reasoning by induction. From equation (8) it
is straightforward that if 6, (k) < f;(k) then 0;(k) < 6;(k+1)
and 0;(k + 1) < fi(k). Reversely, if 0,(k) > f;(k) then

Proposition 1. Let i € V and assume that Assumption
1 holds. If (qp(k))ys, and (n+(k))k>0 are stationary
sequences with limit g, and n+*, respzctively. Then the
sequence of opinion (0;(k)),~, converges to

+x

6 = Tim 03(k) = (1— B) " | Bg* € Q + BQ
k—o0

Proof. Let us note f} := (1 —f3) (Qn:r* —n;) [ni + Bq;; €
[-1,1] and remarks that nj* and ¢; € N since those
are stationary sequences in N. Then f € Q + Q. With
Assumption 1, we have 6;(0) € (—1,1), so that Lemma 1
applies. Then by induction

Vk > k*, 0i(k)<0;(k+1)< ff<1

or

k>R, (k) > 0i(k+1) > f7 > 1.

Then since (6;(k)),~ is a bounded monotonous sequence,
it converges. Let denote ¢} that limit. Now from above
inequalities, if 87 =1 then f = 1. Conversely, if 7 = —1,

we have that f = —1. Finally, if 67 € (—1,1) then (8)
rewrite as
0i(k + 1) — 0:(k)
L 2 1 0,(k)= fF.
-y W=



Taking the limit of the previous cancel the first term of the
left-hand side and we have that 0 = f. 0

We will later see that opinions can either have an oscil-
latory chaotic behavior or they converge to a limit cycle.
For a discrete-time system given by z(k + 1) = H(z(k)),
if there is a natural number m > 1 for which there exist
m successive convergent sub-sequences zo(k) = xz(mk),
x1(k) = xz(mk+1), ..., Zm_1(k) = z(m(k + 1) — 1), then
the overall sequence converges to a limit cycle of length m
defined by the limits of the m sub-sequences.

Corollary 1. Under Assumption 1, if (q,(k)),~, is a sta-
tionary sequence and (nf(k)) k>0 Converges to a limit cycle

of length m, then 0; also converges to a limit cycle of length
m denoted 0; C Q+ Q + --- + 8™Q.

B. Asymptotic behavior of the external/pollution dynamics

As pointed out in the previous subsection, the stationarity
of (gp(k)),~, Plays a major role in the asymptotic behavior
of the opinions 6. Consequently, in this subsection we
provide a sufficient condition ensuring that (g,(k)), -, is a
stationary sequence. In this setting, the opinions behave as
in the CODA model provided in [12] since the players are
influenced by the external dynamics uniformly with respect
to time after the sequences become stationary. We can rewrite
the dynamics (2) by injecting (1)

p(k + 1) = f)/p(k) + n+<k)€max + n_(k)emin &)

Therefore, the pollution p reaches an equilibrium only if
(nT(k))k>o (and implicitly (n~(k))r>0) is stationary. Let
us suppose that

lim n* (k) =nt, -

li (k) =
dim Jim n~ (k) =n

In this case the equilibrium p* is given by

® n+emax + n_emin

e

which now only depends on the partition of actions of the
individuals in the social network.

In order to guarantee that (g,(k)),-, is stationary one
needs to ensure that (sgn(p(k) — p)),~, is stationary. In
other words, for k sufficiently large the value of p(k) does
not cross the threshold p.

; (10)

Lemma 2. The sequence (qy(k)),~, is stationary for any

graph G with N individuals if there exists k such that either
Newae p Nemar > Newin n Nemax =

(p(h) < Neo n Yoo < ) or (p(k) > Yoo p Yo > ).

C. Preservation of action

In the following, we investigate under which condition
we have that ¢;(k) = ¢i(k + 1). The following result is
instrumental for our purposes.

Lemma 3. Let i € V, then the following statements hold
true:

D) if fi(k) > 0 and q;(k) =1 then ¢;(k + 1) = 1,

2) if fi(k) <0 and g;(k) = —1 then ¢;(k + 1) = —1.

Proof. As proven in Lemma 1 one of (5), (6) or (7) holds
true.
1) If (5) is verified one has 6;(k + 1) > 6,(k) meaning that
gi(k) = 1 implies ¢;(k + 1) = 1.
If (6) or (7) holds, then 6;(k) > f;(k). Consequently, f;(k) >
0 ensures 6;(k + 1) > 0 or equivalently ¢;(k + 1) = 1.
2) If (5) or (7) holds, then 6;(k) < f;(k). Therefore, if
fi(k) <0 yields 0;(k+1) <0< ¢(k+1) = —1.
If (6) holds, one has that 6;(k + 1) < 6;(k) meaning that
qi(k) = —1 implies ¢;(k +1) = —1.

O

When § < 1/(1+n;) Lemma 3 can be refined as follows.

Lemma 4. Let i € V and assume that § < 1/(1+n;). The
following statements hold:

— if nf (k) > n; (k) and q;(k) = 1 then, g¢;(k +1) =1,
—ifn; (k) < n (k) and q;(k) = —1 then, q;(k+1) = —1.

1
Proof. Notice that 8 < 1/(1 + n;) implies 1? < -
Recalling that |g,(k)| = 1 one obtains that W‘ 1.
Notice also that
nt (k) —n; (k
fiky = (1 -y B = B g
o 1-8 + — niQp(k)B
=8 () = )+ 22
Therefore
iqp(k
sen () = sen (f () = n () + 202
and taking into account that n; (k),n; (k) € N the desired
result yields from Lemma 3. O

Throughout the paper, we denote by |A| the cardinality
of a set A. We provide a definition for some cluster in the
graph such that the opinion will not change through time

Definition 1. We say that a subset of agents A C V is a
weakly robust polarized cluster if the following hold:

e Vi,j €A ¢;(0) = g;(0),
o Vi€ A IN;NA| > |N;\ Al = B/(1 = BN

Proposition 2. If A is a weakly robust polarized cluster and
gp(k) = q;(0) for all k € N and i € A, then

¢(k) = ¢;(0), Vi € A,Vk € N.

Proof. The proof will be done by induction. Let us suppose
that Vi € A one has ¢;(0) = 1. Assume that for a given
k' € N one has ¢;(k') = 1, Vi € A. Since the interaction
graph is fixed and A is a weakly robust polarized cluster
the following holds true |N; N A] > [N\ 4] — 8/(1 —
B)|N;|. Noticing that A; N A C N (k') one obtains that
nf (k') > n; (k') — n;8/(1 — B) which is equivalent to
f(K") > 0. Applying Lemma 3 one gets ¢;(k’ + 1) = 1 and
the induction is complete. Similar reasoning applies when
q,(()) =-1, Vi e A. [
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The preservation of action in a weakly polarized cluster is
subject to a constant value of g, over the time. In order to
get rid of this constraint, we introduce the following concept.

Definition 2. We say that a subset of agents A C V is a
strongly robust polarized cluster if the following hold:

o Vi,j €A ¢i(0) = g;(0),

o Vi€ A IN;NAI > N\ A+ B/(1 - B)Ni|.

Proposition 3. If A is a robust polarized cluster then Vi € A,
Vk e N, ql(k) = ql(O)

Proof. Apply proof of Proposition 2 while considering
Ni VAL = [N\ Al + /(1 = BN 0

It is worth noting that for 8 > 1/2 we cannot have robust
polarized cluster since 3/(1—/) > 1 and |NM;NA| < 3/(1—
B)|N;| for any A C V. This fact will have importance in the
following.

IV. ANALYSIS OF THE SYNCHRONIZED BEHAVIOR

In the case where 8 > 1/2 the state of the system does not
converge towards a steady state. Instead, one has oscillations
that may be either chaotic or converging to a limit cycle.
This is illustrated in Fig. 1 where we can see that for
close to one we get a limit cycle while for § > 1/2, in
a wide range, one has a chaotic behavior. For the sake of
simplicity, we assume in the following that all the opinions
are synchronized.

Definition 3. We say that an opinion state 6 = (0 ---0y) "

is Fully Synchronized (FS) if Vi,j €V, 0; = 0;.

When the opinion state is FS, the opinion of an agent¢ € V
is equal to the opinion of any other agent in V. Therefore, in
the remainder of this section, we will denote 6(k) and (k)

the common opinion and action of all the agents at time k.
In other words, we omit the agent index when referring to
its opinion or action.

Proposition 4. The FS property is forward invariant over
time, i.e. if O(k) is FS at time k € N, then 0(k + 1) is FS.

Remark 1. If (k) is FS then f(k) = (1—B)q(k)+ Bq, (k).

Indeed, under the assumption of FS, one has that for all
i€V, (nf (k) —n; (k)/ni = qi(k) = q(k).
In the FS regime, the action space reduces to

§= {(Q7qp) ‘ qc {*17 1}7qp € {*17 1}}
= {(_1’ _1)5 (_17 1)7 (15 _1)7 (17 1)} :

Notice that each point in S corresponds to a partition of
the state space in four sets. For instance (1,1) corresponds
to {6;(k) > 0,Vkp < p} In order to prove the oscillatory
behavior of the system (2)-(3) we show that in general S
does not contain equilibrium points. This means that the
trajectory of the system cannot remain in a certain partition
which means it cannot converge towards a steady state.

Proposition 5. Assume that > 1/2 and the opinion state
is FS at time k € N. Then the points {(1,—1),(1,—1)} are
not equilibrium in the action space.

Proof. We proceed by contradiction. The reasoning is similar
for each of the two points so we will focus on the first
one. Let us assume that (1,—1) is an equilibrium point.
This means that if there exists k* € N such that ¢(k*) =
1, gp(k*) = —1 then for any k > k* we have ¢(k) =1
and g,(k) = —1. We notice that in this case, one has
f(k) =1-—28, Yk > k*. Then the dynamics (8) becomes

0(k+1)=0(k)+ (1-0(k)?) (1—28—0(k)), Vk > k*.

Recalling that ¢(k) = 1, Yk > k* one deduces that 6(k) >
0, Vk > k*. Consequently, Vk > k* one obtains

0(k+1)—0(k)=(1-0(k)*) (1—28—0(k)) <1—28.

Iterating the inequality above for consecutive values of k it

results that for any n € N the following holds:
O(k+n)<n(l-28)+0(k)<n(l-28)+1. (1)

Let us recall that 1 — 28 < 0. Therefore, if we consider
in (11) a sufficiently large n (i.e. n > 1/(28 — 1)) we get

0(k + n) < 0 yieldingg(k + n) = —1 which contradicts
the assumption that (1,—1) is an equilibrium in the action
space. O

Proposition 6. Assume 8 > 1/2 and 0 being FS. The
following statements hold true.

e (1,1) is an equilibrium in the action space if and only
if Pmax < D where pmax = Nemar/(1 — 7). In this
case (0,p) = (1, Pmax) is a stable equilibrium of the
coupled dynamics (2)-(3).

e (—1,-1) is an equilibrium in the action space if and
only if pmin > D where pmin = Newin/(1 — 7). In this



case (0,p) = (=1, Pmin) is a stable equilibrium of the
coupled dynamics (2)-(3).

Proof. The reasoning is symmetric and it is sufficient to
focus only on the first statement.

”=" We assume that (1, 1) is an equilibrium and show that
Pmax < P.

Suppose that there exists k* € N such that g(k*) =
1, gp(k*) = 1. Then, for all k& > k*, we have g(k) = 1
and g, (k) = 1. Therefore, for all k£ > k* one has p(k) < p
and the dynamics (2) becomes

p(k) + 1) = ’Yp(k) + Nemax- (12)

Since v € (0, 1) the dynamics above is asymptotically stable
and p(k) converges to the equilibrium defined in (10) with
nt =N, n= =0ie p* = Pmax = Nema /(1 — 7). We
conclude that ppax < p.

7<= We assume that pya.x < p and show that (1, 1) is an
equilibrium.
One proves that if k is such that g(k) = 1, ¢y(k) = 1
then g(k +1) = 1, g,(k + 1) = 1. Notice first that in the
case under consideration f(k) = 1. Therefore, dynamics (3)
becomes

O(k+1)=0(k)+ (1 —0(k)*)(1 —0(k)) > 0(k). (13)

Since g(k) = 1 one deduces from (13) that g(k+ 1) =1 as
well.

On the other hand ¢, (k) = 1 implies p(k) < p and pmax < P
is equivalent to Nem, < (1 —~)p. Therefore, (12) becomes

pk+1)<yp+(1—-v)p=p

yielding g(k + 1) = 1. By recursive reasoning one gets that
(1,1) is an equilibrium point.

We already noticed that in the case under study ppax is an
asymptotically stable point for (2) that takes the particular
form (12). On the other hand the dynamics (3) simplifies as
(13) whose stable equilibrium is 1,,. ]

In the general case when pin < P < Pmax neither (1,1)
nor (—1,—1) is an equilibrium in the action space. Since no
equilibrium exists in this case, the trajectory of (2)-(3) will
switch an infinite number of times between the four sets of
the partition defined by the action space S.

V. NUMERICAL RESULTS

First, we will illustrate the same kind of result as in [12]
over a square lattice. Finally, we will present the different
behaviors we can observe for a complete graph with FS

property.
A. Square lattice

Our study visualizes results with interactions based on a
square lattice topology. In Figure 2, we note the persistence
of resilient clusters even after numerous iterations. The
evolution of opinions and the corresponding state through
iterations is depicted in Figure 3. We can observe that
opinions and state converge fast to a limit cycle. On Figure
2, we see that the opinions are polarized on the graph. There
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Fig. 2: Visualization of Opinion Dynamics on a 50 x 50
Square Lattice for 5 = 0.45: Initial opinions are randomly
distributed as i.i.d. uniform variables between -1 and 1, with
the resultant opinions after 100 iterations represented by each
colored square cell. Agents engage in communication with
their adjacent cells (above, below, left, and right). The cells
marked with crosses indicate the presence of strongly robust
polarized clusters; black crosses correspond to action -1, and
white crosses denote action 1.
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Fig. 3: Depiction of Dynamical Evolution in the 50 x 50
Square Lattice from Figure 2: The upper panel showcases
the trajectory of each agent’s opinion over iterations, while
the lower panel illustrates the corresponding state evolution.
The red dashed line marks the state threshold.

are many robust clusters for both action 1 and -1. Each of
them is separated by a frontier that seem to have the same
length between the clusters of opposite action and them. We
can see on Figure 3 that there is no agent with a constant
opinion, the opinions are on a limit cycle. The ones that stay
with a constant action form robust clusters, as illustrated in
Figure 2.

B. Complete graph with FS

In Figures 4, we identify three unique behaviors displayed
by the dynamical systems: stable equilibrium (when 8 <
0.5), chaotic patterns, and a collection of limit cycles. These
simulations were conducted on a complete graph comprising
20 nodes, all of which possess the FS property at initial time.
The starting opinion is set at 6(0) = 0.4, and the initial
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Fig. 4: Trajectory dynamics. Left: two possible equilibria. Center: no equilibrium or limit cycle. Right: limit cycle.

state is taken at p(0) = 100, with a threshold of p = 15.
For the emission dynamics, the range is between ep, = 0
and enax = 1, and the decay rate is defined by v = 0.5.
We represent the discrete trajectory linking each consecutive
couple (6(k),p(k)) by a straight line. The color of the line
represents the time when this shift occurs. Moreover, we
present the subsequent vector field of the dynamics illustrated
by the quivers. The speed of the dynamics is given by the
length of the arrows.

A quick observation reveals that, based on the given
parameters, the dynamics of the opinion and state undergo
significant variations in response to the value of /. For
instances when 8 < 0.5, both the opinion and state quickly
stabilize at an equilibrium. However, as depicted in Figure
1, given the same conditions, when 5 > 0.5 we discern
two potential behaviors. The first sees  positioned outside
all limit cycle intervals, resulting in chaotic behavior as
illustrated in the center of Figure 4. The second showcases a
limit cycle, as depicted in the right of Figure 4. Specifically,
in the Chaos case of Figure 4, the sequence ((6(k), p(k))).>o
never reiterates, thus forming its unique pattern. Conversely,
when [ falls within a limit cycle interval, the sequence
((8(k),p(k))),>o converge towards a limit cycle.

VI. CONCLUSION

In this paper, we have introduced and analyzed a CODA
model coupled with an external dynamic state. Specifically,
we consider that the external dynamics represent a very
simple pollution model in which the emission level depends
on the actions of the individuals in the social network.
Conversely, the opinions are both influenced by the actions
of the neighbors and the pollution level (above or below
a given threshold). We have shown that different behaviors
are possible, ranging from convergence to a steady state
to chaotic behavior of the coupled dynamics. Numerical
examples illustrate our theoretical results.
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Abstract

We consider a set of individuals, referred to as agents, whose opinions evolve according to nonlinear dynamics. Their opinions
impact their behavior or actions, which in turn affect their local environment (for example, via pollution, contamination of a virus,
etc.). Each agent can also perceive or observe a signal about the environment, and is influenced by this external signal. This yields
a coupled dynamics (opinion and external signal), which behaves in a similar manner to the prey-predator models. One of the
main features of our study is that the information provided by the external signal has a significant impact on the opinion dynamics.
When the coupling is strong, the external signal may induce either chaotic behavior or convergence towards a limit cycle. When the
coupling with the external signal is weak, the classical behavior characterized by local agreements in polarized clusters is observed.
In both cases, conditions under which clusters of individuals don’t change their actions are provided. Numerical examples are

provided to illustrate the derived analytical results.
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1. Introduction

Opinion dynamics (OD) over social networks is a topic that
has received increasing attention during the last few decades.
One effective way to model OD under social interactions is
through multi-agent systems formalism. Several OD models
exist, and they can be split in different ways. The first one
assumes that opinions evolve in a discrete set of values [1, 2]
while others consider that opinions lie in a continuous set of val-
ues [3, 4, 5, 6]. While some models naturally lead to consensus
[5, 71, others yield network clustering [3, 4, 6, 8]. A common
feature of all the models enumerated above is that each individ-
ual has access to the exact opinion values of its neighbors. This
assumption is not realistic, and to overcome it, a mix of con-
tinuous opinion with discrete actions (CODA) was proposed in
[9]. This model reflects the fact that even if we often face bi-
nary choices or actions that are visible to our neighbors, our
opinion evolves in a continuous space of values that are not ac-
cessible. A consensus-like dynamics reproducing this behavior
has been proposed and analyzed in [10] where the preservation
and propagation of actions are also characterized through the
notion of robust polarized clusters. While the model in [10]
led to a clustering of the network, a similar idea was employed
in [11] to study the emergence of consensus under quantized
all-to-all communication.

In this paper, we analyze the behavior of a slightly general-
ized CODA model coupled with the dynamics of an external
environmental state, which represents, in this work, the atmo-
spheric pollution levels. It is noteworthy that our results can
be adapted to other scenarios in which the external signal de-
scribes virus contamination or marketing instances. The usage
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of the CODA model for opinion dynamics is justified by two
important social features: 1) individuals may have access to an
inexact/quantized perception of the opinion of their neighbors,
2) the extremists are more stubborn and their opinion is more
difficult to change. Many models have been developed to char-
acterize the atmospheric pollution dynamics[12]. One of the
popular modeling approaches is based on the half-life decom-
position of polluting compounds (see, for instance, [13, 14]).
Generally, the time constants of the processes depend on the
chemical compound considered [14, 15] and the dynamics may
be cumbersome. Since our focus is not on the precise modeling
of this process, we use a simple linear pollution model to de-
scribe the evolution of the environmental air pollution. In this
model, the state of the environment depends on the states (cap-
turing the environmental behavior) of the individuals, which in
turn are influenced both by the states of their neighbors and
the external signal (pollution level). The coupling of the two
dynamics leads to a complex asymptotic behavior that can be
summarized as follows: When the coupling between the dy-
namics is weak, one recovers the asymptotic behavior similar
to the CODA model in [10] or to [16]. A strong coupling be-
tween the two dynamics hampers the convergence towards a
steady state and yields either chaotic oscillation or convergence
towards a limit cycle. It is noteworthy that even in the simpli-
fied case, when all the agents have the same initial opinion, the
strong coupling with the external dynamics hampers the conver-
gence toward a steady state and may lead to chaotic oscillations.
As shown in the sequel, our model behaves as a prey-predator
model where the predators thrive when the prey thrive, but this
leads to the decline of the prey, which in turn yields the decline
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of the predators [17, 18].

We point out that the idea of coupling environment dynamics
and population behavior is not new, it has been mainly studied
in the framework of evolutionary games [19, 20, 21]. While
these studies also emphasize similar oscillatory asymptotic be-
havior, they employ different tools and the insights are different.
For example, in [19, 20, 21] the propagation of the informa-
tion is homogeneous (the entire population gets the same in-
formation) and the oscillations are induced by the time-varying
proportion of the population adopting one of the two possible
strategies. In our case, the information propagates through a
graph of individuals with different stubbornness and the oscil-
lations are induced by the pollution level that triggers different
social behaviors.

The main contributions of this paper are: i) the introduc-
tion of a mathematical model capturing the coupling between
a nonlinear opinion dynamics model and an external signal; ii)
the analysis of the asymptotic behavior of the aforementioned
model. Those contributions follow from the work initiated in
[22]. Note that both the opinion dynamics and the pollution dy-
namics models are inspired by existing works in the literature.

The paper is structured as follows: Section 2 introduces the
main notions and concepts necessary to describe the mathemat-
ical model that is analyzed in the sequel. Characteristics of
equilibrium and asymptotic behavior are analyzed in Section 3.
Section 5 numerically highlights various setups leading to dif-
ferent asymptotic behaviors. The manuscript ends with Section
6 which presents concluding remarks about the work.

In the following, R and R, denote the set of real numbers
and non-negative real numbers, respectively. We will use the
notation for the identity matrix I € R¥V when there is no am-
biguity. For the specific case of dimension n € N, we denote
the identity matrix as I, € R™”. The scalar identity function
is denoted as Id : R — R, where Id(x) = x. Moreover, we
denote by 1 the all-ones vector and by 0 the null vector in R¥
when there is no ambiguity, and for the n-dimensional cases,
1, and 0, respectively. In the sequel, for i € YV, e; denotes
the i-th element of the canonical basis of RY. For a function
f: X — X, we denote by Fix(f) C X the set of fixed points of
foie, Fix(f) :={x e X | f(x) = x}.

2. Problem formulation and preliminaries

We consider the classical multi-agent framework in which N
individuals/agents belonging to the set V = {1,..., N} and in-
teracting according to a fixed directed graph G = (V, E) which
does not contains loop. We denote by A € R,V its adja-
cency matrix, such that A;; = 1if (i, j) € & and 0 otherwise, by
D € RV its degree matrix and by L € RV where L = D—A
the associated Laplacian. The neighborhood of the agent i is
denoted by N; and represents the set of agents that influence i
according to the graph G (i.e j € N; & (j,i) € E). We de-
note by n; the cardinality of N;. Let us also recall that a path in
G is a finite sequence of edges (i1, i2), (i2,13), .. ., (ip, ip+1) such
that (i, ix+1) € & forall k € {1,..., p}. Two vertices i, j € V
are connected in G if there exists a path in G joining i and j

(i.e. iy = iand j, = j). Finally, a directed graph & is strongly
connected if any two nodes in V are connected.

At each time instant k € N we assign to each agenti € V
an opinion 6;(k) € ® := [-1, 1] that evolves according to the
discrete-time protocol defined further in (2). We also introduce
0(k) = (6i(k))jcy € O :=[-1, 11" the vector collecting the opin-
ions of all the agents at time k. Note that 6;(k) is an abstraction
which is closer to —1 when the individual i is more convinced
to have a pro-environmental behavior and closer to 1 when the
individual does not care about the environment and behaves ac-
cordingly. We assume that the only information from the neigh-
bors is the behavior/action captured by the monotonically in-
creasing function sy : ® — O as a proxy of 6; and verifying
sg(—1) = —1 and sy (1) = 1. Let us denote s¢ (0) = (59 (6:));cp-

Remark 1. Note that sy can be the identity function meaning
that the agents can access the actual opinions of their neigh-
bors. The other extreme case is when sqg is when the sign func-
tion in which the agents can only detect if the neighbors are
above or below the average of the eco-responsibility. More-
over, the intermediate situation is also possible with sy being a
smooth sigmoid function like s¢(6) = 2 arctan(m@/(1 — ) /n
with m € N a parameter allowing to change the steepness of
the curve.

We assume that the opinion of agent i at time k induces a
behavior generating certain emissions, which are captured by
the increasing function E : ® — [epin, €max] Where 0 < epin <
emax are the minimum and maximum emissions, respectively.
For simplicity, we note the emission of agent i at time k with
E (6;(k)). Also, we denote by E () = (E (6;)),cv the vector of
emission of all the agents.

The state of the environment is characterized by another ab-
straction, p € R, that captures the pollution state under the
emission of the overall network of individuals. To keep things
simple, we assume that the pollution evolves according to the
following discrete-time dynamics:

N
plk+1) = (1= pk) + Z E(6;(k))
i=1
= (1 =y p(k) + 1TE(0(k)), ey

where y € (0, 1) is an autonomous decay rate. This dynamics is
taken as a simplification of equation (2) of [14].

We also assume that individuals cannot observe p accurately,
instead, they can perceive an output of the environmental dy-
namics defined by the function s, : R — ©. The output s,
of the air pollution is relative to a deviation from a threshold
denoted p € R(. Basically, the population will perceive a pol-
luted environment if p > p and will have the feeling that air is
healthy otherwise. The function s, is increasing with respect to
the difference p — p and such that s, (¢) = Oif and only if g = 0.

We also state the following standing assumption:

Standing Assumption 1. Fory € (0, 1) such as in (1), we have
Nemin/y < I_’ < Nemax/y~



This assumption allows us to exclude the case when the ex-
ternal signal has no significant influence on the opinion dynam-
ics. When this assumption is not satisfied the analysis reduces
to the OD dynamics, as even when all the agents are polluting
(or not), the air pollution signal remains below (or above) the
threshold. Further details on this case can be found in [22].

We are now ready to describe the OD model that we consider
in this work. This dynamics adapts the CODA model in [10]
and [16] to include the external dynamics of p(k):

Oilk + 1)= 0,k) + (1 = 6,00%) [B (5,5 — p(k)) — 6:(k))

+(1 —ﬁ)% D (5060;(k)) - 6:))], )

" jEN:
where 0 < 8 < 1 encapsulates the trade-off between the external
signal and the neighbors’ behavior on the opinion evolution.
Noting the state as x(k) = (6(k), p(k)), we can rewrite (1) and
(2) in the collective form as:

(€)

x(k+ 1) = F(x(k) = (" <9<k>,p<k)))’

v (0(k), p(k))

where the functions are,

u (6, p) = 0+ (1 - diag (0)) (f (6, p) - 0),
v(@,p)=(1-y)p+1TE@),

and

J(0.p)=Bsy(p—p1+(1-B) D" Asy ().

Having established the foundational dynamics model, we
now turn to a detailed analysis of its behavior.

3. Analysis of the general case

This section delves into an analysis of the model’s dynamics,
beginning with the characterization of equilibria in the general
case and incorporating results that exploit the graph structure.
Subsequently, we examine the stability of certain equilibrium
points located at the extremes of the state space. Additionally,
we explore scenarios involving fully synchronized opinions and
study the system’s equilibria under piece-wise linear signals.

But first, the following general invariance result can be
stated.

Lemma 1. The compact set X = O X [Neyin/y, Nemar/y] is
forward invariant under the dynamics (3). i.e. Yx € X, F(x) €
X.

Proof. Note that f (6, p) is the convex combination of two vec-
tors in @. Thus, for all (8, p) € @ X R, and for any i € V one
obtains,

-1<e¢/fO.p<loe-1-0<efO,p-6<1-6,
which implies:

-1<e¢/u@,p <1eou@pcO.

Furthermore, for any 6 € 0, the inequality Ney,;, < E(0) <
Nenax holds. Then, for any (6, p) € X, one has,

Nemin Nemax
<p<
N i N max
& (1=7) "0 | Newn < v(0, p) < (1 = 1)~ 1 Ney
Y
N i N X
& ﬂ<v(0,p)<ﬂ.
Y
Therefore, for any x € X, it follows that F(x) € X. ]

This Lemma ensures the forward invariance of the compact
set X under the dynamics (3), meaning that for every trajectory
(x(k))ren such that there exists a k € N with x(k) € X, then
for all / € N, it follows that x(k + [) € X. Additionally, it can
be observed that X is attractive with respect to the environment
dimension, meaning that for any x(0) € @ X Ry, there exists a
time k € N such that x(k) € X.

3.1. Characterization of equilibria

We start with the characterization of the equilibria of (3) i.e.,
the points x* such that x* = F(x*) or x* € Fix (F). Before
introducing the following result let us define the instrumental
function g : ® — @ such that

1TE (0)

g(0)=ﬁsp(15— )1+(1_ﬁ)D1A30(0)- “

Proposition 1. Let x* = (6*, p*) be an equilibrium point of the
dynamics (3). Then x* = (0*,1TE (0") /y) such that 0* € F
with
F ={@)icy €O |VieV, 6 e{-1,1}) ort; = g(®)}. (5)
Proof. Assuming that x* is an equilibrium of (3) it is straight-
forward to see from (1) that
. 1TE@#)

pr=v@.pHep =>0-yp+1"E@) e p E——

Injecting the expression of p* into the equation 6* = u (6", p*),
one obtains,
1"E (6"
u(a*, A) -6 =0.
Y

Which is equivalent to,

(I - diag(6")) (I + diag(6")) x

(:3517 (13 - @) 1+(1-pB) D "Asy(0) - 0*) =0.

=g)-6
Thus, the equilibria x* = (8", p*) are the point such that p* =
1TE (6*) /y and 0" verify

(I - diag(6")) (I + diag(6")) (g (6") - 6") =0
eVieV, e (I1-diag®"))( +diag8*))(g(6*)-6)=0
eVieV, (1-6)(1+6)e (g@)—6)=0
eVieV, 1-0)(1+6)(e] g®) - 6)=0,

which is equivalent to 6* € F. O



Proposition 1 provides a condition that must be satisfied by
equilibria of the system (3) and, by extension, the set of all
equilibria of the dynamics (3).

Remark 2. It is noteworthy that Fix(g) C ¥. Indeed, to ensure
the existence of a nontrivial equilibrium (neither —1 nor 1), it
is sufficient to ensure that Fix(g) # 0.

The following lemma ensures the existence of fixed points
for g under signal continuity, thereby establishing the existence
of a nontrivial equilibrium for the dynamics (3).

Lemma 2. Let s, and s¢ be continuous functions. Then, the
function g : @ — O from (4) has at least one fixed point on ©.

Let us note that @ is convex and compact (recall that @ =
[-1,11") and g : ® — O is continuous. Then, this lemma is a
direct consequence of Brouwer’s fixed point theorem [23].

Keeping in mind that a classical solution that received a lot of
attention in opinion dynamics is the consensus or synchroniza-
tion of opinions, it is natural to consider this particular situation
in the sequel.

Let us note §,(0) : ® — O, the function such that §,(6) =
sp(p—NE(6) /7).

Lemma 3. Ler 6° € Fix(s9) N Fix <§p). Then, the vector x* =
(6", 1TE(6*)/y) where 8 = 0*1 is a nontrivial equilibrium of
(3). Moreover, if s, is continuous, then |Fix (sg) N Fix (Ep) | <1

Proof. By definition, E ® — R and s, R —- 0O
are non-decreasing in their argument, yielding that ,(6) =
sp(p—NE(6) /y) is a non-increasing function in 6. Since
§p 1 ® — 0 is decreasing, it has at most one fixed point. Indeed
by contradiction, assuming that x,y € Fix (S,,) such that x < y,
then one has x = §,(x) > §,(y) = y which is a contradiction.
Moreover, adding the assumption that §, is continuous and us-
ing Brouwer’s fixed-point theorem [23] yields the existence of a
fixed point. Thus, the fixed point of §, is unique under continu-

ity assumption and one has 'Fix(so) N Fix (5,,)' < 'Fix (Ep)| =
1.

Assuming Fix (sy) N Fix (E,,) being non-empty, let 6 €
Fix (sg) N Fix ('s“p) and let & = 61. From Proposition 1, for
6 to be an equilibrium, it needs to verify (5). If 6 € {—1, 1} this
condition is immediately met. But it is noteworthy that with the
Standing Assumption 1 such points cannot be fixed point of §,
and thus —1,1 ¢ Fix (sg) N Fix (s,,) If instead, 6 € (-1, 1), 6
has to be a fixed point of g and rewriting g(#) — 6 yields

20)—0=p(5,0) - 0)+(1-p) (D" Asy (6) - 61)
=B(O-6)1+(1-B 6D (A1 - DI1)
= —(1-B6D'L1.

But the all-ones vector 1 is an eigenvector of the Laplacian ma-
trix with eigenvalue 0, one has — (1 — ) 6D~'11 = 0. O

Keeping in mind the particular case where the signals of
opinions between neighbors are the opinions themselves, we
can formulate the following remark.

Remark 3. If sg = 1d, lemma 3 states that 8" € Fix (5,,) is a suf-
ficient condition for x* = (6*1, NE (6%) |y) to be an equilibrium
of dynamics (3).

It is then natural to ask if € Fix (sg) N Fix (§p) is a necessary
condition for consensus to be an equilibrium of dynamics (3).
Let us note, the scalar version of g as g : ® — O such that
g = B8, + (1 =) sg. The following proposition reply to this
question by proving that, indeed, the consensus is only attained
at a fixed point of g.

Proposition 2. Let x* = (0*,1TE(6")/v) be an equilibrium of
(3) such that 36* € (-1, 1) and 0* = 6*1. Then 6" € Fix (g).

Proof. We have the following equivalences

g =0
& Bs, (,3 - ITE(G*)) 1+(1-B) D 'Asy(6") = 6
1TE@#*
@,BS,,(I‘?— ())1+(1—ﬂ)sH(0*)+
(1-B) (D" Asy (") — 54 (6")) = 6
NE(6*
@ﬁsp(ﬁ— ())1+(1—ﬁ>s9<e*>1

-(1-PB)se@)D'L1 =61
NE(®#*)

®ﬁsp(l3— )+<1—ﬁ)s9<e*)=e*

©g(t") =6 ¢ €Fix (85, + (1- ) 5). 0

Now, if s = Id, combining Remark 3 and Proposition 2
yields that consensus must be at fixed points of §,, i.e. the
vector x* = (0"1, NE (6%) /y) is a equilibrium of dynamics (3)
if and only if 6* € Fix ('s“p). The next Proposition goes further
by stating that dynamics (3), in case of linear signaling dynam-
ics over a connected graph, has a unique equilibrium which is a
consensus.

Proposition 3. Let G be a strongly connected graph and
sg = Id. Then dynamics (3) has a unique equilibrium with-
out extreme opinions given by x* = (6°1, NE (6") /y) such that
0" € Fix(5,).

Proof. As stated above, combining Lemma 3 and Proposition
2, we know that x* is one equilibrium of (3). To prove it is
unique, let assume that 6" is a fixed point of g, then

1TE®@")

g(6)=0" o Bs, (ﬁ—

(_ 1TE(6")
& sp(p—
Y

)1+(1 -B)D'AG" = 0"

)1 1B pipe -,
B

In [24], it is shown that for any strongly connected graph, the
associated Laplacian matrix L has eigenvalue 0 with multiplic-
ity 1. Taking v the left eigenvector of L associated with the
eigenvalue 0. Multiplying by v™ D, on the left side the equation



above yields,

1TE@®* 1-
VTD(S], (ﬁ— ( ))1— ﬁ'BD_lLO* =v' DO
Y

1TE@®* 1-
& s,(p- @) v D1 - —ﬁvTDD_lLG* =v' D§
! B
_ 1TE®)\ v DO
< Sp{p- - ,TDl
Y v

This allows us to rewrite,

v’ DO*

) — g* 1 1 _ D—IA * _ g*

g@)=0 op- 1+ (1-p D A6 =0
w'D

* 1-— D*IA * _ g*

C>’BvTD10 +(1-p0) =0

™D 4 .
o [I—(ﬂva +(1-BD A)}O = 0.

This linear map can now be seen as the Laplacian matrix of a
new strongly connected, positively weighted graph. Indeed, the
matrix 1v" D/vT D1 can be interpreted as the adjacency matrix
of a uniformly positively weighted all-to-all graph, with self-
loops for each agent. Moreover, performing a convex combina-
tion of this new graph with the strongly connected, positively
weighted influence graph D' A results in a strongly connected
graph. Finally, the degree matrix of this new graph is the iden-
tity matrix I since, Vi € V, one has

+(,v'D 1
e; (,BVTD1+(1 BHD A|l=B+1-p=1.

Since the resulting mapping is a Laplacian matrix of a
strongly connected graph, it is well known that its kernel is
reduced to {al|a € R}. Therefore, the only fixed point of
gis 6 € {al]|«ae€ R} N Fix(§,), ie., §° = 61 such that
0" € Fix(5)). O

We note that Proposition 3 highlights a situation in which all
the opinions reach a common value. It basically says that if each
individual has access to the exact opinions of its neighbors in a
strongly connected graph, they will reach a consensus. More-
over, the consensus value is determined by the external signal
coupled with the opinion dynamics.

From now on, we denote by g;() := ¢/ g() for any i € V.
We note that equilibrium may depend not only on the signal
function but also on the topology of the graph. Particularly,
when symmetry of observation between neighbors arises, we
can formulate the following result.

Proposition 4. Let x* = (0%, p*) be a nontrivial equilibrium
point of the dynamic (3) and let i, j € V such that i # j and
either: “N; = N;” or “i € N}, j € Nyand N;j\ {i} = Ni\ {j}”.
Then we have 6; = 9;.

Proof. If x* is a nontrivial equilibrium of (3), one has g(6*) =
0" yielding, fori and j € V,

80 —0; =0 _ Jgi(0)-6;=0
gj(#)-6,=0 gi(0") — 6] = g;(6") - 6;

The second equation in the system above is rewritten as:

a=A (eJA-e]A)sy(0") =0; -0},
n A :
where n = n; = n; the numbers of neighbors of 7 and j.

Let us note that Yk € V, e;A is the vector with the com-
ponent related to the neighbors of k equal 1 and all the others
equal 0. If N; = N, we have ¢/ A = ¢ A and the result be-
came obvious. If i and j are neighbors, i.e. j € N;andi € N,
one has N; # N but N; n N; = N;\ {j} = N;\ {i}. In this
case, ¢ A —e! = el A —e/. We proceed by contradiction and
assume that 67 # 9;, without loss of generality, we can assume
that 6; < 8;. Now, the equation becomes

@ (e —e])so (67 = 06

L 1=B
n

(50 07) = 50(67)) = 07 - 6.

Since sy is monotonically increasing we obtain a contradiction.
Indeed, the left-hand side is non-positive while the right-hand
side is strictly positive. This is a contradiction, which implies
that we must have 6; = 7. O

Proposition 4 says that, at equilibrium, and for any
monotonous increasing signaling function, two different agents
with identical observation will have the same opinions. A direct
consequence of this proposition is that if the graph is all-to-all,
then the nontrivial equilibrium point corresponds to consensus.

3.2. Stability analysis of equilibria

In the following, we will assume that s, 5,, and E are dif-
ferentiable functions. From Proposition 1, the Jacobian of F is
given by

ou(8, p) L, .
JO.p)=|"gg P (P—p)1-diag "1 C®
VE@®)" -y
with
ou(8, p)

0 I - 2diag (6) diag (f (0, p) — 0) +

(1 - diag 6)%) [(1 - ) D' A diag (s}, ©)) - 1]..

We have seen earlier that some equilibria of the dynamics
can contain extreme values in opinion, i.e. for such equilibrium
itexists i € V, §; € {—1,1}. The following proposition states
that such equilibria are unstable.

Theorem 1. Let x* = (6°, p*) be an equilibrium point of the
dynamics (3), G be a strongly connected graph and sq, E and s,
be differentiable functions in 0" and p — p*, respectively. Then,
if it exists i € V such that 67 € {~1, 1}, then x* is an unstable
equilibrium.



Proof. Let x* = (0", p*) be an equilibrium of (3) such that
there exists i € V with 6; € {-1,1}. By permutation of the
index, we can assume without loss of generality that i = 1, i.e.
67 € {-1,1}. Isolating the opinion of agent 1 in the Jacobian
matrix given by (6), one can rewrite this Jacobian as the follow-
ing block matrix

Jii(6,p) J1200, p)

J®.p) = Jo1(6,p) I, p)|’

with J;; € R being scalar, Ji,, ;1 e RN being N-vector and
J2o € RVN being a N-square matrix. Noting that 6; € {-1, 1},
one obtains

. 1TE(0") , " « « «

Jn(@, ———) = 1+26;” - 20,4,(6") = 3 - 26,2:(6").

Moreover, non-diagonal elements of du(, p)/d60 are weighted
by I — diag (6*)? and, since 07 € {-1,1}, the first row of (6) is
null except on its first coordinate yielding,

17E (6") o - o

Jio(@', ——) = =0y".
Y

By the properties of the determinant of block-triangular matri-
ces, the characteristic polynomial Py of J is given by
Py(X) =det(Iy 1 X —J) =det(X — Jj1)det (IyX — Jxn).

Then, 2 = J11(6",1TE (6*) /y) = 3 — 267¢1(8") is one of the
eigenvalues of the Jacobian matrix (6). Now, either " = +1 or
there exists j € V such that 6] # 0;. In the first case, one has

[ 5ol

JEN)

el D' Asy (67) =1.

Then, for 8* = -1,
A=3+2(B5,(- = (1= p)) = 1+28(1+5,(-1)).

From Standing Assumption 1, we have p > Nep;,/y and since
sp(p) = 0 only if p = 0, one has §,(—1) > 0. Moreover, noting
that 0 < 3, yields,

A=1+28(1+5,(-D)> L

Then, if # = —1, at least one eigenvalues of (6) evaluated at x*
is strictly greater than 1. Then, by the linearisation principle, x*
is unstable.

If 8 = 1, similar reasoning apply noting that, since p <
Nemax /v, one has §,(1) = 5, (p — Nepax/v) < 0 and then

A= 3—2(ﬁ§p(1)+(1 —ﬁ)) =1 +2,B(1 —sp(1)) > 1.

Again, the linearisation principle implies that, if 8" = 1 then x*
is unstable.

If 6" is neither —1 nor 1, there exists j € V such that 6; # 6.
Without loss of generality let j € N;. Indeed, since the graph
is connected and @* # +1, there exists at least one i € V with
07 € {-1,1} such that there 3j € N; verifying o # g:. By

permutation of the labeling, one can assume there 3 € N
such that 0; # 6. Now, one has,

[ 3o

JEN

leT D™ Asy (67)

<1,

and since 0 < 8 < 1, we have

1TE (6*
lg1 (6] = }ﬂsp (I_? - #) +(1-5) elTD_lAse ()
(_ B 1"E (0*))
p|\P y

+(1-pB)|e] D' Asy (69| < 1.

<B|s

We have then,
A=3-201g,(6)=3-2|g, (6" > 1.

To conclude, if 3i € V such that 67 € {-1,1}, the Jacobian
evaluated in this point J (6%, p*) has at least one eigenvalue of
modulus strictly greater than 1 and thus this equilibrium is un-
stable. O

The theorem states that, under Assumption 1, for a strongly
connected graph, every equilibrium where at least one agent
holds an extreme opinion is unstable. This implies that if opin-
ions are allowed to spread freely, perturbing agents with ex-
treme opinions will cause them to doubt and shift toward a less
extreme stance.

It is important to emphasize that this result requires the as-
sumption of strong connectivity in the graph. For example, if
the graph G has an isolated disconnected agent, an equilibrium
in which all the other (connected) agents reach consensus at
some non-extreme opinion with the single agent holding the
opposing extreme opinion can be locally asymptotically stable.

4. Analysis of the Fully Synchronized Opinions (FSO) case

In this section, we consider that the opinion dynamics
evolves much faster than the air pollution state. Consequently,
in the sequel the following condition holds true.

Assumption 1. There exists a time-scale separation between
the fast variation of 8 and the slow variation of p.

Based on the Assumption 1 we can use the standard approach
in [25] to decouple the overall dynamics into the reduced order
model and the boundary layer one. We recall that the boundary
layer system evolves on the fast time scale and assumes that the
slow variable is constant. In this case, under some regularity
condition of signal sy, the opinions will converge to a consensus
as proven in the next result.

Proposition 5. Under Assumption 1, let sy be a k-Lipschitz
Sfunction with k < 1/ (1 — B). Then, for any p € Ry the func-
tion @ — f (6, p) has a unique fixed point in @ given by 6*1
with 6" = Fix (6 = Bs, (5 — p) + (1 - B) 59 (6)).



Proof. Let sy be a k-Lipschitz function, then for any 6,0 € ©
and any p € Ry, one has

|F©@.p)~f@.p),<k-p6-¢

Indeed, by expanding the formulation of f in this specific case,
one obtains

£ @.p)— (. p),
= [B(so(2-p) ~ 5p(P-p) 1 + (1 = ) D™ A(s4 0) ~ 55 (&)
=1 =B D A(s9(8) - 50 (8),
< (=PI~ A, [ls0 ©) = 50 (6)

™

;

,<A-pk|o-¢

5
Then, for a constant p € Ry, f is a contraction with respect
to its first variable 6. Therefore, by Banach fixed-point theorem

[23], 8 — f (6, p) has a unique fixed point. Let 6* be this fixed
point, it must verify

fO.p)=0 ©Bs,(p-p)1+(1-B D 'As¢(6") =6
©Bsp(P-p)1+(1-p)se(8) -6
+ (1= ) (D™ Asg (67) = 54(67) = 0
© Bsp(p—p)1+(1-B)sg(6) - 6"~ (1 - B) D' Lsy (6") = 0.

But now, notice thatf 0= Bs,(p—-p)+(1-p)sg(P)isalsoa
continuous contraction of ®. Then, as before, by Banach fixed-
point theorem, it has a unique fixed point, say 6*. Moreover,
taking 6 = 6*1 verify the above equation since L1 = 0. O

Remark 4. The condition k < 1/ (1 — ) imposes a sufficiently
high influence of the pollution dynamics on the opinion dynam-
ics compared with the variation speed of the signaling function
So.

The time-scale separation and the emergence of consensus
shown in Proposition 5 motivate us to focus on the analysis of
the reduced order system under the assumption that all opinions
in the network are synchronized. From now on, sg, s, and E
are differentiable functions and all the agents share the same
opinion.

Definition 1. We say that an opinion state 6 is in the FSO
regime if and only if Vi, j €V, 0; = 0;. i.e. 0 = 01 for 6 € ©.

The following proposition studies the effect of the dynamics
once FSO has been reached.

Proposition 6. The FSO manifold
M={x=(,p)|0=01, for6e[-1,1], p € Ryo} c RV,

is forward invariant for the dynamics (3). i.e. Yx € M, F (x) €
M.

Proof. Let x € M, by applying the dynamics (3) to x = (61, p)
with 6 € [-1, 1] and p € R, one can write

u®1,p)\ [61+ (1 — diag (91)2) (f (61, p) — 61)
v(6L,p)) '

F(x):( =
(1-y)p+1TE(61)

For any, 8 € [-1,1], 1TE(01) = NE (9), and then (1 —y)p +
NE (6) € Ry since y < 1 and E(6) > 0. Moreover, developing
61 + (1 - diag (91)) (f (61, p) - 1)

=01+ (1 - )1 (Bs,(p — p)1+ (1 - ) D' As, (61) - 61)

=01+ (1-61 (ﬁsp(p —p1+(1-p)sg(@® D 'Al1 - 01)

= 01+ (1 = %) (Bsp(p — p)L+ (1 = B) 54 (6) 1 - 61)

= 0+ =) (Bsp(p—p)+ (1 =P sy () —6))1:= 0'1.
And since & € [—1, 1], one obtains x € M. O

To simplify the presentation, in the FSO regime, we will de-
note 6(k) and the common opinion. In other words, we omit the
agent index when referring to its opinion or emission.

Under the assumption that € is in FSO regime, the opinion
dynamics of any agent coupled with the environment in (3)
rewrites as

x(k + 1) = F (x(k)) = (“ <9<k>,p(k)>)’

v (0K), p(k) ®)

with the scalar function

u(®,p)=0+(1-6)(f6.p)-0),

where

J0.p)=Bsp(p—p)+(1=p)se(6).
Now, the Jacobian of the dynamics becomes:

-B(1-6)s, (- p)
Iy

ou
36.p) = |99 %P
E (0)

with
0
25(0.p) = 1=20(f (0.p) =)+ (1-6) (1 ) 5;,6) 1.

The dynamics preserves the properties established in the
general case. For instance, the equilibrium x* = (6%, p*)
with 8 € {-1,1} is unstable by Proposition 1. This justi-
fies our focus on the stability analysis of equilibrium of the
form x* = (6*,NE(6")/y), with 8* € Fix(g), (recall that
g = B35, + (1 =p)sp). In FSO, the Jacobian slightly changes
due to the term du/Ad6 that becomes:

ou 2 ’
5@ =1+(1-F)(1-ps;©O) - 1).
Now, the characteristic polynomial of J is given by:

PX) =X = (2+(1-) (A -B sy -1)-y)X
+(1+(1-#)-psy@-D)A-9  ©

+B(1- %) E'®)s), (p _NE (9)).




And its discriminant is given by:

Ap=((1- ) (A =P sy@ - 1) +9)’
-48(1- ) E'(0)s) ([7 _NE (9)) :

To simplify the stability analysis of equilibria, let us state
the following intermediate lemma that provides conditions to
ensure that roots of a polynomial are of modulus less than 1.

Lemma 4. Let P(X) = X? + bX + ¢ be a second-order
polynomial with b,c € R such that its discriminant Ap =
b? — 4c > 0 and denote its roots 1, = (—b - \/Ap) /2 and
Ay = (=b+ VAp) /2. Then, |\i| < 1 and |Aa| < 1 if and only if
bl < 1+ cwithb e (-2,2).

Proof. Note that |4,| < 1 and |1;| < 1 is equivalent with
—l<liflh<le-2+b<—+\Ap<\JAp<2+b

yielding 0 < vAp < 2 — |b| which requires that b € (-2,2).
Moreover

Ap <2—|b| & b* —4c <4 —4|b| + b*
el <l+c

which concludes the proof. O

The following proposition characterizes the stability of the
equilibrium point 6* € Fix (g) N (-1, 1) with respect to the pa-
rameters 3, ¥ and the function sy and s,.

Theorem 2. Let x* = (6%, p*) be an equilibrium of the dynam-
ics (8) with 6° € Fix(g) N (—1,1). Let P be the characteristic
polynomial of J and note Ap its discriminant. Then, x* is lo-
cally exponentially stable if and only if one of the following is
verified:

o Ap >0and

v+ (1 - 6*2) 7<sé(9*) - 1)

max|1 — - 7 (0% - <ﬁ'
[ (1= 62)50) ys;<e*>+E'<9*>s;(ﬁ—%“))]

e Ap <0and

_NE@©)

B (E'(H*)S}, (ﬁ ) -(=y Sé(G*))

< g (=D -y,

Proof. Notice that in the FSO setup, dynamics (3) reduces to
a two-dimensional nonlinear dynamical system for which the
study of its Jacobian’s eigenvalues is sufficient to characterize
the local stability of an equilibrium. Those eigenvalues are the
roots of the polynomial (9) i.e., the roots of P(x) = X> + bX + ¢
with

b=-(2+(1-6)(A-psie)-1)-y)

and

c=l-y+(1-6) (A -p sy -1)(1-7)
_NE(H))

+B(1-6*)E'©0)s, ([7

In the case where, Ap > 0, we can use Lemma 4. Therefore,
[41] < 1 and |A2| < 1 is equivalent with b € (-2,2) and |b| <
1 + c. First, b € (-2,2) yields

-2<b<?2
& -2<-(2+(1-P)(A-B sy -1)-y)<2
& —4+y<(1-)((1-Ps@® -1 <y

y-4 , Y
@1+(1_92) < (1 —,B)sg(e)<l+(1_92)
1 y—4 1 y
T (B P S 7 (R P o)
1-6 4-y—(1-6
=3 y+( )<ﬁ<l+ ’ ( ) (10)

~(1-62)s,0) (1-62) 5,6

Let’s observe that 0 < 4 —y — (1-6?).¥ y € (0,1), 6 € ©.
4-y-(1-6)

This implies that 1 + -
(1-6%) 5,(0)

> 1. On the other hand,
y+(1-¢)
— L cB<I.
i-ase "
It is noteworthy that 2 —y — (1= 62) > 0, ¥ y € (0,1), 6 € ©.
2-y-(1-6%)
_—— s

(1-6%)s,(6)

B € (0,1) which simplifies (10) as 1 —

Thus, B <1+

B(1-67)sy@) <2+ (1-6)(sp®) - 1) -y & b <0.
Consequently,
bl<1+ce-b<l+c
e2-y+(1-) (1 -Psy@O -1)<2-y+
(1-¢) [((1 ~B) sy - 1) (1 - y) +BE (O)s) (1’7

B NE(@))

57

e y((1-p) sy®) — 1) <BE(O)s), (ﬁ

Sy -1)<p (755(9) + E'(0)s), (1‘7
¥ (sp0) - 1)

5,(0) + E'O)s;, (p — E2)

_NE (0)))
Y

<p.

Combining the inequality above with the first inequality in (10)
one gets that if Ap > 0 then |1;| < 1 and |4;,| < 1 is equivalent
with

| y+(1-6%) ¥ (sy6) - 1) iy
max|1 — s .
(1= 550)" ysy0) + E/0)s;, (p - XE2)




Let us assume now that Ap < 0. The complex roots of P
have the same modulus. Let A¢ be the eigenvalue defined by

-b+iv-A b — b +4
Ac = %. Then |A¢| = % = ¢ and the
following equivalences hold
c<le (1-62) (- sy®-1)(1-7)
NE (6
+ﬁ(1—0ﬂE%@%«p———ll)<y

e (1-Bsy®) - 1)1 -v)

NE (6
+BE'(6) + 5, (1‘) - y( )) < a _)/92)

e (550 -1 -y)

s [~ NE(O) , Y
+,3(E O)s, (P - T) -(-v 39(0)) < -0
NE (0
o B(E'(H)s;, (1’7 - %) —(-y) sg(e))
Y ,
< a-o = (sp@ -1 (A -7y).
This concludes the proof. O

It is noteworthy that Lemma 1 states that the set X = © X
[Nemin/y, Nemax /y] is forward invariant for (3) and then for (8).
Thus, when the local stability conditions from Theorem 2 are
not satisfied, the trajectory will exhibit either convergence to a
limit cycle or a strange attractor.

Let us notice that 8 characterizes the weight of the air pol-
lution signal in the update of the opinions. When § — 1, the
opinions will mostly be influenced by the environment, and the
peers’ influence is negligible. Therefore, when the pollution
disappears at high speed (y small), the dynamics will reach a
stable equilibrium. If y is high enough one obtains a discrete-
time prey-predator-like behavior with permanent oscillations.

Let us consider the next two particular cases of the signal sy.

4.1. Linear signals

Simpler conditions can be exhibited in the linear signaling
OD case and are given in the following corollary.

Corollary 1. Let s¢(6) = 6, forall 0 € ® and let x* = (6", p*) be
an equilibrium of the dynamics (8) with 6* € Fix (g) N (-1, 1).
Let P be the characteristic polynomial of J and note Ap its dis-
criminant. Then, x* is stable if and only if either Ap > 0 or
Ap <0 and

g [ NE@) Y
ﬁ(E(Q)Sp(P— 5 )—(1—7))<m- (1D

The proof is immediate from Proposition 2 by replacing
sy(0) = 1, forall 6 € ©.

These conditions allow us to exhibit the particular point
where the topological nature of the equilibrium change and bi-
furcation may occur. Numerical illustrations of this behavior
will be provided in the next section.

1.0
H Sink —— Complex condition
B Spiral sink — NMp=0
Bl Spiral source Change of fixed point
Saddle
0.8

Parameter y

0.0 0.2 0.4 0.6 0.8 1.0
Parameter 8

Figure 1: Topological classification of equilibrium x* = (6, NE(6)/y) for the
dynamics (8), where 6 € Fix (g) with s¢(6) = 6, s, = s, as in (12) with 6 = 0.05,
E@) =0+1for0<pB,y<1,N=1andp=25.

4.2. Piece-wise linear signals

In this section, we will look at the particular case where the
signal function s and s, are given by the function

1 if x<-6
s(x) = % if—6<x<o (12)
1 if x>6

parameterized by ¢ > 0. This function is piece-wise linear and
approximates the sgn function for values of ¢ close to 0. We
will also make the assumption that E(6) = 6 + 1.

In the particular case of linear OD coupled with the piece-
wise linear air pollution signal, i.e. s¢(f) = 6, V6 € © and s,
as in (12), we know from Proposition 3 and Lemma 3 that there
exists an unique fixed point of the function g. The fixed point of
the function g in this case is given by the following expression

yp-1 . 2
yorl T Y5555

Iy, p,6) = p-9 (13)
1 otherwise.

The topological nature of the equilibrium associated is illus-
trated on the S, y-plane on Figure 1 for some p fixed. We can
observe that the nature of the equilibrium changes with respect
to the parameters 8 and y and is unstable for most of the pa-
rameter values. The complex condition black line is given by
equation (11) and the yellow one from the condition of (13).

In the more general case when both sy, 5, are piece-wise lin-
ear as in (12), the number of equilibrium points varies with
respect to the parameters and accordingly one has different
expressions. The following lemma provides conditions un-
der which certain points belong Fix(g). We recall here that
8O =ps(p—(O+1D/y)+(1-p) s ().



Lemma 5. Let sy and s, be piece-wise linear as in (12). The
following statements hold true:

e ifmax{6, p — E(0)/y} < =9, then —1 € Fix(g).

e ifmin{0, p — E(0)/y} = 6, then 1 € Fix(g).

o if0>dand p— E(0)]y < -6, then —1 + 28 € Fix(g).

o if0 < —dand p—EO)]y =6, then 1 — 28 € Fix(g).

o if|6l = 6 and |p — E(6)/y| < 6, then
sgn(@)6 (1 -B)+B(p—1/y)

5+ By € Fix(g). (14)
e ifmax{l6],|p — E(0)/yl} < 6, then
B(p-1/y) .
m S FlX(g) (15)
o ifl6l <dand|p— E@®)]y| = 6, then
sgn(p - EO)/v)B _ Fix(g). (16)

1-(1-p)/6

The proof of this Lemma is straightforward, every item corre-
sponds to a specific combination between the different possible
linear behaviors of the signals sy and s, in (12).

The topological classification of these fixed points can be nu-
merically addressed as in the case of OD with a linear signaling.
The numerical analysis is longer and we skip it here since one
has to consider all the possible values in Fix(g).

5. Numerical Results

This section provides numerical illustrations of the coupled
system’s behavior. Note that we are numerically analyzing the
behavior in the FSO scenario by illustrating the convergence to
equilibrium, to a limit cycle, or chaotic trajectories. Addition-
ally, we examine the non-synchronized case, highlighting the
formation of clusters and emphasizing again the chaotic behav-
ior. For the sake of simplicity, in the sequel, we take E(8) = 6+1
and denote by s the piece-wise linear approximation of the sign
function defined in (12) with 6 = 0.05. Moreover, for the rest
of the paper, we will also take s, piece-wise linear, i.e., s, = s.

5.1. Fully Synchronized Opinion

Let us notice that, synchronization occurs not only when the
system reaches a fixed equilibrium as shown in Figure 2 for two
types of signals. The rate of synchronization is influenced by
the signal function and the parameter 5: lower values of 3 re-
sult in faster synchronization, similar to linear opinion dynam-
ics with exogenous input. Conversely, as 8 approaches 1, syn-
chronization takes more iterations due to the greater influence
of the environment over neighboring interactions, potentially
preventing the synchronization.

In the FSO regime, all agents in the system share the
same opinion, simplifying the model’s dynamics to a two-
dimensional system encompassing the common opinion 6 and
the air pollution state p.

We first examine scenarios with s, = Id and later, we will
illustrate similar behaviors with different interaction signals.
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(a) sy = Id. Synchronization reached in 9 iterations.
1.0
£ 054
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(b) s¢ = s, i.e. piece-wise linear. Synchronization reached in 16 iterations.

Figure 2: Evolution of € with two signal functions sy interacting over a common
(randomly generated) strongly connected graph. Parameters: 8 = 0.3, y = 0.5,
N = 50, p(0) = p = 25 and 6(0) taken as i.i.d. random uniform variables on
[-1,1].

Equilibrium and Limit cycle

Under the FSO assumption, the dynamics (8) can exhibit var-
ious behaviors depending on the signal and parameters. No-
tably, the dynamics can converge to an equilibrium or reach a
limit cycle.

#  Equilibrium Point

Environment

0

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Opinion

Figure 3: Phase portrait of dynamics (8) for several trajectories with random
initial conditions. Trajectories converge to the unique nontrivial equilibrium.
Parameters: 8 = 0.04, y = 0.375 and p = 0.6.

As illustrated in Figure 3, consistent with Proposition 3, tra-
jectories converge to a unique, attractive in this case, equilib-
rium x* = (6, E (6") /y), where ¢" € Fix 5,).

Additionally, the dynamics can reach a limit cycle, as shown
in Figure 4, where a 11-period limit cycle appears to stabilize.
The length and stability of the limit cycle depend on the param-



eters B8 and y as will be explained in the next section.

Periodic Orbit

54 e

Environment

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Opinion

Figure 4: Phase portrait of dynamics (8) for several trajectories with random
initial conditions. Trajectories converge to a 11-period limit cycle. Parameters:
B =0345,y=0.375and p = 0.6.

The presence of limit cycles indicates a repeating pattern
generated by short-term social memory. Population tends to
take action when there is a peak of pollution but once the pol-
lution decreases the population considers the problem is solved
and returns to standard behavior. This suggests that without in-
terventions to reward the ecologic behavior, the high pollution
episodes will persist in time.

Chaos
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Figure 5: Bifurcation diagram for 0 < 8 < 1 of the FSO regime opinion and
Lyapunov exponents of the system. The system undergoes different behaviors:
convergence to equilibrium, limit cycle, and chaos. The blue line represents the
situation of Figure 3 and the red is the one of Figure 4. Parameters y = 0.375
and p = 0.6 and initial condition 6(0) = —0.5 and p(0) = 1.6.
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As evidenced in Figure 5, the FSO regime can also manifest
chaotic behaviors. This figure presents the bifurcation diagram
and the associated Lyapunov exponents.

We recall that a dynamical system with Lyapunov exponents
that are less than O has trajectories that converge to each other.
They synchronously reach a stable attractor like a fixed point or
a limit cycle. On the other hand, positive Lyapunov exponents
indicate chaos or instability, where trajectories diverge expo-
nentially from each other. Under fixed values of y and p, a
wide range of § values can lead to chaotic dynamics in (8).

Moreover, we can observe that the equilibrium presented in
Figure 3 and the limit cycle of Figure 4 are both attractive since
their associated Lyapunov exponents are negative. It is note-
worthy that in Figure 5, limit cycles present on the bifurcation
diagram are always associated with a negative Lyapunov expo-
nent and thus stabilizing.

From an environmental perspective, chaotic behavior is sim-
ilar to limit cycles. Indeed, although there is no periodic pattern
in the evolution of opinions and air pollution, there are perma-
nent oscillations between ecologic actions and high emissions.
The main difference lies in the unpredictability of the public
response and consequently of the environmental state.

Other signals

We have noticed through extensive numerical simulations
that similar qualitative behaviors are preserved across various
signaling functions. This robustness suggests that the funda-
mental characteristics of the model are independent of the sig-
naling functions. Indeed, we can see in Figure 6 that trajectories
can reach equilibrium for some parameter S like in Figure 6a or
strange attractor in Figure 6b. Here we can observe the first bi-
furcation occurring at 8 = 0.095 for the associated parameters.
This bifurcation, illustrated in Figure 6¢c, presents a transition
from convergence toward a stable equilibrium to a strange at-
tractor, which seems to be a Hopf bifurcation.

The presence of a strange attractor, as evidenced by the suc-
cessive zooms on the phase portrait in Figure 7, suggests that
the system’s trajectories are governed by an invariant yet non-
periodic underlying structure. During simulations, it has been
observed that this attractor folds onto itself as the parameters 3
and vy change. At lower values of § and vy, as depicted in Figure
6, the attractor does not exhibit significant folding. However,
as B approaches 1 and for y = 0.5, the folding phenomenon
becomes more pronounced, especially as y approaches 0.25, as
shown in Figure 7.

While the behavior in the FSO case can be mathematically
analyzed, the complexity of the system with multiple inter-
acting agents that are not synchronized hampers a theoretical
study.

5.2. Out of sync case

In the following, we numerically analyze the case when the
agents do not synchronize. This phenomenon is illustrated in
Figure 8, where agents do not synchronize for a value of 5 close
to 1, even after a large number of iterations. The lack of syn-
chronization and the chaotic behavior are interdependent, and
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(c) Bifurcation diagram of the opinion of the agent and Lyapunov exponents of the system.

Figure 6: Top: The first S000 steps of trajectories of (8) before (a) and just after
(b) the bifurcation point highlighted (in red) in the bifurcation diagram (c), i.e.
B = 0.095 and B = 0.0951. A behavioral transition is observed, moving from
an equilibrium to a strange attractor. We use sy = s and parameters p = 1 and
vy = 0.2, with initial condition 6(0) = —0.85 and p(0) = 1.6. (c) provides the
Bifurcation diagram and Lyaponuv exponents for 0 < 8 < 1.

we call this phenomenon chaotic de-synchronization as syn-
chronization occurs in all other regimes.

An examination of the bifurcation diagrams for all agents,
as shown in Figure 9, reveals varying degrees of synchroniza-
tion. For B8 < 0.95, agents tend to synchronize towards FSO;
however, for 8 > 0.95, agents diverge onto different trajecto-
ries. This divergence is further emphasized by the behavior
of the associated Lyapunov exponents, which initially evolve
in a similar manner but begin to diverge significantly beyond
B = 0.95. This suggests that for values of S close to one, the
chaotic behavior intensifies, potentially becoming too strong to
permit synchronization.

While the absence of synchronization in chaotic linear sig-
nal dynamics is significant, it is not the only scenario in which
agents fail to synchronize. Indeed, under certain conditions and
signal configurations, clusters of aligned opinions can form, re-
flecting the graph topology’s influence.

Polarized cluster formation
Let us now examine the formation of clusters of opinions
under two scenarios, leveraging Proposition 4 to highlight the
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Figure 7: The trajectory from k = 0 to k = 10,000, 000 with successive zoom
for sg = s with parameters: g = 0.916, y = 0.5, and initial condition p(0) =
p = land 6(0) = —0.5. We observe that this trajectory exhibits a fractal pattern.
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Figure 8: Chaotic de-synchronization highlighted by 87 L@ plotted over 50 steps
over a randomly generated connected undirected graph for sy = Id. For § =
0.35, opinions reach FSO over a limit cycle in a few iterations, whereas, for
B = 0.97 consensus is never reached (verified up to 100 steps). Parameters:
vy =05, N =50, p(0) = p = 25 and 6(0) taken as i.i.d. random uniform
variables on [—1, 1].

impact of graph topology, particularly its symmetry, on equi-
librium states. We focus on two distinct graph topologies: a
block stochastic graph (blocks represented by complete graphs
that are connected through few edges) and a sparser 2D-lattice
graph. These structures reveal that the formation and behav-
ior of opinion of clusters (stability, polarization, periodicity)
significantly depend on the initial conditions and the graph’s
structure. Specifically, we observe stable polarized clusters in
block stochastic graphs as shown in Figure 10 for the former
scenario.

On the other hand, Figure 11 provides insights into the dy-
namics on a 50 X 50 square lattice, where initial opinions are
randomly distributed and evolve through communication with
adjacent nodes. This simulation underscores the formation of
resilient clusters that maintain their integrity over numerous it-
erations, converging to clusters on limit cycles, as can be seen
from the opinion trajectory of the nodes in Figure 11.

The primary distinction between the two cases is that in the
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Figure 9: Bifurcation diagram and Lyapunov exponents for agents 5 over a fully
connected graph and the system for 0.9 < 8 < 1 for s = Id. For 8 < 0.95,
agents synchronize whereas for 8 close to 1, synchronization does not occur
anymore. Parameters: y = 0.2, p = 4.5, p(0) = 30 and 6(0) taken as i.i.d.
random uniform variables on [—1, 1].
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(a) Clustered graph. Left: initial conditions. Right: after 50 iterations.
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(b) Evolution of @ and environment over 50 iterations. Initial conditions: p(0) = 175 and
6(0) taken as i.i.d. random uniform variables on [—-1, 1].

Figure 10: Evolution of the opinion on a randomly generated clustered graph
for sy = s. We observe that a polarized opinion cluster forms over the graph
cluster. Parameters 8 = 0.2, y = 0.44, N = 300 and p = 350.

first, the environment reaches an equilibrium and then emits
a constant signal, allowing the OD to converge to the stable
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Figure 11: Visualization of Opinion Dynamics on a 50 x 50 square Lattice for
sp = s. The resultant opinions after 500 iterations are represented by each
colored square cell. Agents engage in communication with their adjacent cells
(above, below, left, and right). The first sub-figure represents opinions over the
last 50 iterations of the nodes in the white square. We observe a periodic evo-
lution that maintains the structure of the cluster. The sub-figure below presents
the air pollution evolution over the last 50 iterations. Parameters: 8 = 0.49,
y = 0.6, p(0) = p = 3500, 6(0) taken as i.i.d. random uniform variables on
[-1,1]

equilibrium shown in Figure 10. Conversely, in the second case,
the structure of the clusters is preserved but is driven by the
air pollution oscillating around p. The formation of clusters
typically occurs in a short amount of time, as depicted in Figure
10.

Small-world

This section focuses on numerical simulations conducted on
small-world networks, which are analogous to social networks
due to their high clustering and short path lengths relative to
random networks. Small-world properties are quantified using
two metrics: the small-world coefficient o~ and the small-world
measure w. A network is considered a small-world if o > 1,
and its classification between lattice-like (w ~ 1) and random-
like (w =~ —1) structures is indicated by w values around zero.



Additionally, the diameter of the graph, the longest of all the
shortest paths between pairs of nodes, can provide further in-
sight into network topology.

We analyze two graphs from the NetworkX Python library to
demonstrate these concepts. The first graph represents the net-
work of American football games between Division IA colleges
during the regular season of Fall 2000 [26], and the second de-
picts a portion of a Facebook social network [27]. Our goal here
is to demonstrate that the behaviors of dynamics (3) observed
in the previous section are scalable and the numerical analysis
can be extended to various types of graphs.

T T
0.00 0.25

Opinion

T
—-0.25

(a) Graph of American football clubs, where edges represent games between clubs. The
graph contains 115 nodes and is a small-world network with o = 4.13 and w = —0.1. Left:
initial conditions. Right: after 100 iterations.
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(b) Evolution of 8 and environment over 100 iterations. Initial conditions: p(0) = 175 and
6(0) taken as i.i.d. random uniform variables on [—-1, 1].

Figure 12: Evolution of the opinion on the football club graph for sy = 5. We
observe that polarized opinion clusters form even if the graph does not exhibit
obvious clusters. Parameters 8 = 0.2, ¥ = 0.2, and p = 1000.

Figure 12 highlights the polarization of opinions in two main
clusters despite the absence of clear separation in the initial
graph (see Figure 12a). This behavior mirrors that observed
in regular grid graphs (see Figure 11), suggesting that graph
regularity is not necessary for cluster formation; rather, it is in-
fluenced by parameters 8 and y. We remark that the cluster
formation is relatively fast and is achieved before the signal p
reaches the threshold p as shown in Figure 12b.

In Figure 13 we consider a portion of a Facebook social net-
work [27] and we plot the equilibrium reached in opinions. The
behavior of the network heavily depends on the initial state
of opinions. With the same parameters but a different initial
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Figure 13: Facebook Network graph, representing anonymized users within ten
friend lists. Edges correspond to friendships. The graph contains 4039 nodes
and has a diameter of 8. For more details, see [? ]. The displayed opinions are
at equilibrium for sy = 5, = s with § = 0.05. Parameters: g = 0.1, y = 0.2,
and p = 25,000. Initial conditions: p(0) = 23,750 and 6(0) as i.i.d. random
uniform variables on [—1, 1], except for biased clusters at top-left and bottom-
right around 6 = —0.95.

condition, the coupled system can reach a limit cycle or ex-
hibit chaotic behavior (please check video limit cycle and video
chaos). Notably, FSO is rarely observed in simulations, likely
due to the topological clustering inherent to community-based
friend networks.

These observations confirm that the behaviors noted previ-
ously can occur in diverse small-world network structures, not
limited by the regularity or specific topology of the graphs.

Remark 5. While not explicitly demonstrated in this section, it
is important to note that these dynamical behaviors (FSO, con-
vergence to one equilibrium, limit cycles, and chaotic patterns)
are not unique to the specific signals used in the presented ex-
amples. Similar behaviors can be replicated with a variety of
other signaling functions for both opinions and atmospheric
pollution. This indicates that the underlying dynamics of the
system are robust to changes in the way agents interact and re-
spond to the air pollution dynamics, suggesting a broad appli-
cability of our findings across different types of network-driven
processes.

6. Conclusion

In this paper, we have introduced and analyzed a nonlin-
ear opinion dynamics model coupled with an external signal.
Specifically, we consider that the external dynamics represent
a very simple pollution model in which the emission level de-
pends on the emissions of the individuals in the social network.
Conversely, opinions are influenced by both the signal from
their neighbors and the pollution level. We have shown that
different behaviors are possible, ranging from convergence to a
steady state to a chaotic behavior of the coupled dynamics. The
chaotic regime is usually characterized by a strange attractor
and numerical simulations demonstrate fractal patterns. An-
other interesting phenomenon observed is that of chaotic de-



synchronization, where agents that synchronize in limit cycles
or equilibria get de-synchronized due to the chaotic behavior.
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Bifurcation analysis of an opinion dynamics model coupled with an
environmental dynamics

Anthony Couthures!, Anastasia Bizyaean, Vineeth S. Varmal:3, Alessio Franci?, Irinel-Constantin Morirescu

Abstract— We consider an opinion dynamics model coupled
with an environmental dynamics. Based on a forward invariance
argument, we can simplify the analysis of the asymptotic
behavior to the case when all the opinions in the social network
are synchronized. Our goal is to emphasize the role of the
trust given to the environmental signal in the asymptotic
behavior of the opinion dynamics and implicitly of the coupled
system. To do that, we conduct a bifurcation analysis of the
system around the origin when the trust parameter is varying.
Specific conditions are presented for both pitchfork and Hopf
bifurcation. Numerical illustration completes the theoretical
findings.

Index Terms— Bifurcation analysis, Opinion dynamics, Non-
linear systems

I. INTRODUCTION

Modeling the dynamics of climate change and environ-
mental processes is of pressing importance and has received
significant attention over recent decades. It is noteworthy
that opinion dynamics play an important role in the environ-
mental processes and vice-versa. On one hand, individuals’
opinions and behaviors are shaped by social interactions.
Such interactions are often modeled via networked or multi-
agent systems where consensus, polarization, and other col-
lective phenomena emerge [1]-[4]. On the other hand, human
actions can have a profound and sometimes irreversible
impact on the environment. This duality is particularly ev-
ident in contexts such as climate change debates, sustain-
able behavior adoption, and collective decision-making in
environmental policy [5], [6]. Although Opinion Dynamics
(OD) and environmental processes have been extensively
addressed separately, the interplay between the two remains
insufficiently explored. Some research directions considering
this interaction include the evolutionary game perspective
[7], [8] and the dynamical systems one [9], [10].

In this paper, we propose and analyze a coupled model that
integrates opinion dynamics with environmental feedback
as a continuous-time extension of recent work [10]. Each
agent in the network holds a continuously evolving opinion
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representing, for instance, a spectrum of attitudes from
pro-environmental to anti-environmental behavior. Agents
update their opinions based on two distinct influences: (i)
social interactions with neighbors, mediated by a signal
function, and (ii) the perceived state of the environment,
which is itself affected by the collective behavior of the
agents. The environmental state evolves according to a linear
dynamic equation controlled by aggregate opinions, and
agents indirectly perceive the environmental condition via
a response function. This formulation captures the inherent
feedback loop between individual behavior and the state of
the environment.

The main contributions of this paper are summarized as
follows. We consider a simplified model coupling the opinion
and environment dynamics. Mathematically, the model is
formulated as a system of ordinary differential equations
in which both the agents’ opinions and the environmental
state evolve continuously over time. Our first technical result
establishes the forward invariance of the synchronization
manifold (all the opinions in the social network coincide).
Next, under appropriate assumptions, we conduct a detailed
analysis of the Fully Synchronized Opinion coupled with the
Environment (FSOE) dynamics of the system, characterizing
the conditions under which the system exhibits singular
points. In the FSOE setup, we conduct a bifurcation analysis
demonstrating both pitchfork and Hopf bifurcations emanat-
ing from the trivial equilibrium. In other words, we charac-
terize the range of parameters guaranteeing the presence of
oscillating behaviors between opinions and environment.

The rest of the paper is organized as follows. In Section II,
we describe the coupled opinion—environment model along
with the setup under consideration. Section III states a
preliminary result on the forward invariance allowing to
reduce the analysis to the FSOE case. Section IV is devoted
to the analysis of the FSOE dynamics, including the charac-
terization of equilibria, the identification of singular points,
and the bifurcation analysis. Finally, Section V presents short
numerical simulations that illustrate the system’s behavior
under different parameter settings. We conclude the paper in
Section VI with a summary of the main results.

Notation We will denote by R and R the set of real
and non-negative real numbers, respectively. For a vector
x € RY, we denote by z; the i-th component of x. The
components of the matrix A € RM*N are denoted aj;.
The i-th vector of the canonical basis of RY is e; and
1 is the vector of RN with all components equal to 1.



We also use the standard notation diag(z) € RN*¥ for
the diagonal matrix with diagonal elements given by the
vector « € RY™. For a function f X — X, we denote
Fix(f) = {x € X | f(z) = «} the set of fixed points of f
in X.

II. PROBLEM FORMULATION

We consider the classical multi-agent framework in which
N individuals/agents belonging to the set V = {1,...,N}
interact according to an undirected fixed graph G = (V, ).
We denote by A € RV*¥ its adjacency matrix, i.e., a;j = 1
if (¢,7) € € and a;; = 0 otherwise. We denote, by D €
RNXN its degree matrix, i.e., D = diag (d) where d; =
Z;VZI a;; for all ¢ € V. The graph G is connected if one can
find a path in the graph connecting any two different agents.

Since D~1A is a stochastic matrix, from the Perron-
Frobenius theorem, we have the following result.

Lemma 1 (Perron-Frobenius): Let G be a connected
graph. Then, the normalized adjacency matrix D! A has a
simple eigenvalue 1, and all other eigenvalues have modulus
strictly less than 1. Moreover, the vector 1 is the right
eigenvector associated with the eigenvalue 1 of D~ A.

Each agent i € V is associated with a continuously
evolving opinion x;(t) € X := [—1,1], representing their
preference toward a certain behavior. Specifically, x;(¢) is
closer to —1 for pro-environmental attitudes and closer to
1 for non-environmental (or unsustainable) tendencies. The
overall state of opinions is collected in the vector x(t) =
(Ii(t))iey e xV.

The agents update their opinions by observing the behavior
of their neighbors, which is captured by a continuously
differentiable non-decreasing signal function s : X — AX.
The collective perceived behaviors is given by the vector
s(x) whose components are s(x;),i € V.

The environment is modeled as a state &(¢) € R>q, cap-
turing the collective impact of the network’s influence. The
behavior of each agent ¢ influences the environment through
an increasing control function u : XN — [Umin, Umax)s
where 0 < %Umin < Umax- The environmental dynamics is:

Te6 = —vé+ u(x),

where 7 € [0, 1] represents the environment’s natural recov-
ery rate (in the absence of human action) and 7, > 0 is a time
constant reflecting the speed of the environmental dynamics.

Agents indirectly perceive the environmental state through
a non-increasing function r : R — X, which maps deviations
from a threshold € into a response satisfying r(é¢ — &) < 0 if
é>candr(é—e)>0ife<e.

Assumption 1: The threshold e is
[umin /'77 Umax /’Y] .
This assumption ensures that the environment is at the same
scale as the threshold. This allows agents to influence the
environment in a meaningful way [10].

For analytical convenience, we recenter the environmental
variable by writing € = € + e, where e € R represents the
deviation from the threshold. The environmental dynamics

such that e €

is then reformulated as:
Te€ = —ye + u(x) — ve. (1)

Accordingly, r(e) > 0 when e < 0 (i.e., when the environ-
ment is better than the threshold) and r(e) < 0 if e > 0.

The opinion of each agent evolves according to the dy-
namics:

N

Tedi = —x; + Br(e) + ! diﬂ ;azjs(%’)a ()
where 7,, > 0 is the time constant for the opinion dynamics
and f € [0, 1] quantifies the trade-off between environmental
and social influences. In particular, the parameter S plays a
critical role: for 5 < 0.5, agents place more trust in the
signals from their neighbors, whereas for 8 > 0.5 they
give greater weight to the environmental signal. Similar OD
models can be found in [10]-[12]. Such models can capture
other behaviors than global synchronization like agreement,
disagreement, clustering, and oscillations, making them en-

compass more realistic behaviors than the linear OD.
The coupled system (1) and (2) can be expressed in a
matrix-vector form. Defining the system state as y(t) =
(z(t), e(t)), the dynamics can be written in a compact form:

_[re(—z+ Br(e)1+(1 - B)D~ As(x))
B Te(—ve +u(z) — ve)
III. PRELIMINARY RESULTS

y=F(y) .3

A. Forward Invariance of Synchronization manifold

We will now establish the forward invariance of the
synchronization manifold

S={(me) e XN xR|xz=pl,peX}.

Proposition 1: Let G be a connected graph. Then, the
synchronization manifold S is forward invariant for (3).
Proof: Let (x,e) € S, i.e., x = pl for some p € X.
Then, for all ¢, € V), one has

 — i =7, (ei —€;) (Br(e)l + (1 — B)D 'As(z) — )
=7.(1-75)(e; — ej)T(D_lAs(pl) — pl)
=7(1=B) (s(p) —p) (e — ;) ' 1 =0.

Since 1 is the eigenvector associated with the eigenvalue 1 of
D' A, from Lemma 1. Thus, the synchronization manifold
is forward invariant. ]

The forward invariance of the synchronization manifold
S ensures that once the system reaches the synchronization
manifold, it remains there for all future times. Meaning that
once all agents reach the same opinion, they will remain
synchronized ever after. This property is crucial for the
analysis of the system’s behavior, as it allows us to focus
on the dynamics over S and study the system’s stability and
bifurcations in a reduced space.

The attractiveness of the synchronization manifold S de-
pends on the properties of the signal function s and graph
topology. For example, as shown in [13, Proposition 3], for



global underestimation function, i.e., z(s(z) —x) < 0 for all
x € [—1,1], with any connected graph the synchronization
manifold is globally asymptotically stable. For more results
on the attractiveness and attraction basin of S, we refer to
[13], where synchronization for the dynamics (2) have been
studied without environment coupling (i.e, for § = 0).

B. Oddness of the dynamics

Assumption 2: The functions s, r, and » are smooth odd
functions. Moreover, the control function u satisfies u(x) =
—u(—x) + 2ve for all z € XN,

Under Assumption 2, the dynamics (3) is odd. Indeed, for
all y = (z,e) € XN x R, one has:

F(—y) = {Txfl(_wv_e)] _ {_Tzfl(wve)] — _F(y).

Tefg(—$7—€) _TefQ(w7€)

This assumption is particularly useful. Indeed, in Section
IV, we will analyze the dynamics (3) of the system over
S using the Lyapunov-Schmidt reduction method [14]. This
method requires, in general, a lot of computational effort
since it involves a Taylor expansion of the third order of the
Jacobian matrix. Under Assumption 2, the dynamics function
exhibits an odd symmetry in the state variable, making the
quadratic terms of this extension vanish and simplifying the
analysis. Moreover, this assumption is also meaningful from
a modeling perspective, as it aligns with the expectation
that opposite behaviors occur around the neutral opinion and
environment threshold.

IV. ANALYSIS OF SYNCHRONIZED AGENTS DYNAMICS

In this section, we assume that the states of the agents are
identical, meaning that € S, i.e., there exists a p € X such
that x = p1. With a small abuse of notation, we will denote
by u(p) the function u(pl). The dynamics with opinion in
S is then given by:

(4a)
(4b)

TP = —p+pr(e)+(1—PB)s(p)
—ve +u(p) — e

Te€

We call (4a) the Fully Synchronized Opinion (FSO) dynam-
ics and denote y = (p, e) its state.

Then, one can define the Fully Synchronized Opinion
coupled with the Environment (FSOE) dynamics (4a)-(4b)
through the function F: X x R x [0,1]2 = X x R as:

—m+6d@+ﬂ—ﬁﬁ@q.

—ve+u(p) —ve ©)

F(%/@ﬁ):[

A. Equilibria

Let us define the instrumental function g : X — X as:
u(x)
g(x) = pr - e+ (1-75)s(x).
Proposition 2: Let y* be an equilibrium of the FSOE

dynamics. Then, y* = (p*,u(p*)/vy) where p* is a fixed
point of g.

Proof: Let y* = (p*,u(z*)/y — €) be an equilibrium
of the FSO dynamics. Then, one has the following from the
environmental dynamics:

e=0&e" =ulp’)/y—e.
Substituting this into the opinion dynamics yields:
p=0sp"=pr(e)+(1-p)sp’)
& pt=pr (u(? - e) + (1= P)s(p*) & p" =g").

|

The equilibrium points of the FSOE dynamics are then

given by the fixed points of the instrumental function g. The

function g may have multiple fixed points, leading to the

existence of multiple equilibria of (4a)-(4b). In the following,

we focus our analysis at y* = (0,0), that is always an
equilibrium for any § and ~ under Assumption 2.

B. Singular points

In this subsection, we analyze the conditions under which
the Jacobian of the FSOE dynamics becomes singular. Iden-
tifying these singular points is essential as they mark the
parameter values at which the linearization of the system
loses full rank, thereby signaling potential bifurcations and
qualitative changes in the system’s behavior.

Our approach is as follows. First, we derive the explicit
form of the Jacobian matrix of (5). In particular, establishing
conditions under which the leading (i.e. maximal real part)
eigenvalues of the Jacobian lie on the imaginary axispaves
the way for rigorously proving the existence of pitchfork and
Hopf bifurcations in later sections.

The Jacobian matrix of F' is given by:

DyF(y,B,7)= h 1 Tfl} [(1 - @'S&;g(f)) -1 ﬁr_’(;) |

The following proposition provides the conditions under
which the Jacobian matrix of the FSOE dynamics has
singular points. In the following, we will note 7 = 7. /7.

Proposition 3: The Jacobian matrix Dy F'(y, 8,~) has:

1) at least one eigenvalue equal to zero if and only if
o (p)r(e)8

=T B -1 ©

and (1 — 8)s'(p) > max(1, —u'(p)r'(e)8 + 1).
2) two real eigenvalues equal to zero if and only if the
conditions of 1) are satisfied and

L —u/(p)r'(e) = /Ap
s'(p) 275'(p)? ’

with Ag = u'(p)r'(e)[u'(p)r'(e) =475 (p)(s'(p) = 1)].
3) two conjugated complex eigenvalues with to zero real
part if and only if

y=7((1-p)s'(p) - 1), (7)

B=1-



with 1 < (1 — B)s'(p)
(8-, min(B, 1)), where

1 —u/(p)r'(e) £ \/Ag

~5(p) 275'(p)? '
Moreover, the eigenvalues are given by +iwy with

Wy = \/det(DyF(y, B,7))-
Proof: We prove each of the three statements in turn.
The Jacobian D, F'(y, 5,7) := Dy F has a zero eigenvalue
if and only if its determinant vanishes. A direct computation
yields

< 14+ 1/r and B €

B =1

(A= B)s'(p) —1) +u'(p)r'(e) .

det(D,F) = —
Dy F) TaTe
Thus, setting det(D,F') = 0 one obtains
pu'(p)r'(e)

=
1-B)s'(p) - 1
This relation is meaningful provided that (1 — §8)s'(p) >
max(1, —u/(p)r’(e)s + 1) since v/ (p)r'(e) < 0 and v €
[0,1].
For the Jacobian to have a double zero eigenvalue, both
the determinant and the trace must vanish. The trace is
1-0)s'(p) —1
Tr(D,F) = A-p)s'p) ~1 x
Tz Te
Then, the Jacobian has two eigenvalues equal to zero if and
only if its trace and the determinant are equal to zero. This
yields the following system of equations:

(0O

(1-B)s'(p) — 1

Then, one can retrieve the parameter 3 as the solution of the
following equation:

(1= B)s'(p) = 1) +u/ (P’ ()8 = 0
& 78%' () + (w/ (P (e) — 275/ () (' (p) = 1) ) 8
+(s'(p) — 1) =0. ®)

Denoting Ag = u'(p)r’(e)[u'(p)r'(e) — 47s"(p)(s'(p) — 1)),
one has that the equation has a real solution if and only
if W/(p)r'(e) < 475 (p)(s’(p) — 1). Under the assumption
u'(p)r'(e) < 0 and s'(p) > 1 (implied by the condition in
(1)), a real solution exists. The two solutions are given by

1 —u'(p)r'(e) £ /Ay
s'(p) 275'(p)? '

A further inspection shows that only [_ satisfies the
additional requirement (1 — 3)s'(p) > 1.

Finally, the Jacobian has two complex conjugate eigenval-
ues with zero real part if and only if (i) the trace vanishes
and (ii) the discriminant of the characteristic polynomial is
negative. The characteristic polynomial is

P(X) = X? - Tr(DyF) X + det(D,F).

and v = 7((1 - B)s'(p) — 1).

Br=1-

with discriminant

Ap = Tr(D,F)* — 4det(D,F). 9)

Setting Tr(D,F') = 0 again yields
v=1((1-8)s'(p) - 1),

Moreover, to ensure that the eigenvalues are non-real, we
require Ap < 0, which is equivalent to det(D, F') > 0. This
inequality leads to

Y (1 =p8)s'(p)— 1)+ (p)r'(e)8 < 0.

In light of our previous derivations, this condition is satis-
fied for 5 € (S_, min{f4,1}), with the additional constraint
that 1 < (1 — 8)s’(p) < 1+ 1/7. Moreover, the eigenvalues
are given by *iwg, where wy = /det(DyF(y,3,7)). M

This proposition provides a complete characterization of
the singular point of the Jacobian matrix of the FSOE
dynamics (4a).

Remark 1: Tt is noteworthy that the condition s'(p) > 1
is necessary for the Jacobian of the FSOE dynamics at y =
(p, e) to become singular. In other words, at the opinion state
p, the signal function s must act as an amplifier of the agents’
opinions for it to be singular.

C. Bifurcation analysis

The following result provides conditions for a pitchfork
bifurcation at the equilibrium (p,e) = (0,0) of (4a)-(4b).
Theorem 1: Suppose Assumption 2 holds and that 5*
and v* = ~(B*) satisfy (6) at (p,e) = (0,0). Then, the
Jacobian of the FSOE dynamics (4a)-(4b) at the equilibrium
y* = (0,0) has a zero eigenvalue associated with the critical
eingenvector
AT
v = [1 u'(0)/y }
Moreover, if

u/(0)3

Cc= (1 _ 6*)5///(0) + ﬁ*TW(O) 7*3 + Mu///

por (0)

is nonzero, then a pitchfork bifurcation occurs at y* as 3
passes through (*. In particular, the bifurcating branches
emerge along the subspace generated by v.

Proof: From proposition 3, when g* verifies (6), we
know that the Jacobian of the FSOE dynamics (4a)-(4b) at
the equilibrium y* = (0, 0) is singular. Inspired by [15], we
perform the Lyapunov-Schmidt reduction of the equilibrium
equation F(y, 8*,v*) = 0. At (y*, 8*,7*), the linearization
D, I is singular and has a one-dimensional kernel. Let v and
w be the corresponding right and left eigenvectors associated
with the zero eigenvalues. One has

v=[1 u(0)/y* and w=[1 B*'(0)/7*].

Then, P = ww'/||w| is the projection onto the kernel
of DyF(y*,6*,v*) and Q = I — P is the projection
onto its range. One can write a general nearby solution as
y = zv + &w, where z € R the coordinate along the kernel
and £ € R the coordinate along the range. Let = 8 — 8*
denote the unfolding parameter. The equilibrium equation
F(y,B*,~*) = 0 is then equivalent to the system
PF(y,B*+u,~v*) = 0and QF (zv+£&w, B* +u,v*) = 0.

]T



By construction, one has QF(y*,5*,v*) = 0. Since
QD,F(y*, 5*,~*) is invertible, the implicit function theo-
rem ensures that there exists a unique function h(z, 1) such
that QF (zv + h(z, p)w, B* + pu,v*) = 0 and h(0,0) = 0.
Then, a nearby solution to the equilibrium equation is given
by y = zv + h(z, ).

Substituting this ansatz into F(y, 8* + p,7*) = 0 and
projecting onto the kernel (by multiplying on the left by
w") yields the reduced bifurcation equation ®(z, 1) = 0.

Since the functions s, r, and u are odd, their Taylor
expansions about the origin contain only odd-order terms.
This symmetry ensures that no quadratic term appears in the
expansion of ® in z. Thus, expanding in powers of z and u
we obtain

D(z,p1) = apz + écz3 + 05, uzd, pu?z) = 0,
with some constant
a=w'dsF(y*, 57" ) =w' [%;S(O) O}T =0,
since 7(0) = s(0) = 0. The third-order terms are given by:

(1 — 5*)5///(0)}11/61[1
+ 6*7"W(0)h2k2l2
UW(O)hlklll

for Yy = (p, e), h = (hl,hQ), k= (kl,k'g) and [ = (l1,l2).
Then, the cubic coefficient c is given by

c=w' [Df;F(y*,ﬁ*,’y*)(v,v,v)}

B (1 _ ﬁ*)sm(()) N ﬁ*r’”(O)u/(O)?’ N B*T/(O)U/H(O)

- *3 * :
Tx Tz TeY

Consequently, if ¢ # 0 a pitchfork bifurcation occurs at
y* as B = B*. Precisely, two nontrivial symmetric solutions
bifurcate from z = 0, along the v direction, when the sign
of u changes. |

From an environmental view-point, this pitchfork bifur-
cation captures the idea that small changes in the trust
parameter [ can trigger sudden transitions between collective
opinion states. Close to a pitchfork bifurcation, dynamics
are bistable: the state can converge to either of two stable
equilibria, depending on perturbations or initial conditions.
In the environmental setting, either the collective opinion
strongly favors pro-environmental actions, resulting in a
well-preserved environment, or the prevailing sentiment op-
poses environmental efforts, leading to environmental degra-
dation.

Remark 2: Although the pitchfork of Theorem 1 happens
at an unstable trivial equilibrium, it is this bifurcation that
gives rise to bistability in the FSOE dynamics.

In addition to the pitchfork bifurcation, the trivial equilib-
rium also exhibits a Hopf bifurcation for a different range of
parameter .

Theorem 2: Suppose Assumption 2 holds and let 5* and
~* = ~(B*) satisfy (7) with equilibrium y* = (0,0). Then, a
Hopf bifurcation yielding a family of periodic orbits occurs
at y* as § = [*. Moreover, the bifurcating limit cycle is

* ok % 7-33_1
DzF(y7577 )(h7k7l)_|: 0 7_1:|

e

unique and stable for § < §* if the coefficient hyy defined
in (11) satisfies Re(hsa1) # 0.

Proof: By [14, Theorem 3.4.2], the existence of pe-
riodic orbits follows if the system (4a)-(4b) satisfies two
conditions at the equilibrium y* = (0,0): the eigenvalues of
the Jacobian matrix D, F(y*, 3*,~v*) are purely imaginary,
and the derivative of the real part of the eigenvalues with
respect to 3 is nonzero.

First, by Proposition 3, the eigenvalues of the Jacobian
matrix at y* = (0, 0) are purely imaginary, satisfying the first
condition. Moreover, in a neighborhood of (y*, 3*,~*), the
characteristic equation of the Jacobian D, I has discriminant
(9) with Ap < 0, giving eigenvalues

\ _ T(DyF(y, B,7)) +iv/=Br(y, f.7")

2 )

with Ap given by (9).

The second condition is also satisfied since the real part of
these eigenvalues is Re(\) = Tr(Dy F(y, 8,7*))/2. Differ-
entiating with respect to 3, we obtain dgRe(A\) = —s'(0) /74,
which is nonzero since s’(0) > 1. This proves the existence
of the periodic orbits.

The stability and uniqueness of the limit cycle results
from [16, Theorem 3.3]. First, let us provide the normal
form of the bifurcation. At (y*,5*,v*), the linearization
D, F is singular and has a two-dimensional center subspace
associated with the purely imaginary eigenvalues +iwg. Let
q and ¢ be the right eigenvectors and p and p be the left
eigenvectors associated with the eigenvalues iwy and —iwy,
respectively. They are given by

7, ' B*r'(0) Ny ,
q—{ iwo — a and p—[Te u’(0) zwo—a],
where a = 7, 1((1 — 8%)s'(0) — 1) = 7, 1"

By [16, Lemma 3.3], for  sufficiently close to 5* and
setting u = B — %, the FSOE dynamics (4a)-(4b) can be
transformed via a complex variable z into

2=Az+h(z,z,p), (10)
with h(z, 2, 1) = O(|2|*) a smooth function of z and z.
Expanding & in powers of z and Z,

B 1 okt _ kol
M) = D p g gz (P F (0t 200 5
k+i>2

By [16, Lemma 3.6], equation (10) can be rewritten as
5= Az + 1222 + O(|2|"), where ¢; is the first Lyapunov
exponent given by

~ haoh11(2A + 1)) |haa |

lhool*  ha
c = 2N 9 +

A=) 2

3

Since s, r and u are odd functions, one has that hy; = 0
for k+1 even, leading to ¢; = hg1 /2. The coefficient ha; is



Limit cycle
— — - Unstable
Stable

10 F - - —
0.5 r @ Bifurcation point
@ Hopf bifurcation
J
2 00f - e

-1.0 ¢ ; . . .
0.00 0.25 0.50 0.75 1.00
B

Fig. 1: Bifurcation diagram for the FSO dynamics (4a) with
v = 0.2. Solid lines denote stable equilibria, dashed lines
denote unstable equilibria, dots mark bifurcation points, and
the green region shows the amplitude of the stable limit cycle
emerging from the Hopf bifurcation.

given by
h21 = pTDZF(y*7B*77*)(Q7q’ q)
*\ I .0 3

3
T

+ (11)

u”(0) (iwy + a) (877 (0))°

2 I
Tl’

BW”@Mmm+axmo—@ﬂ_

with a = 7,9 and wy = \/det(D,F(y*, *,~4*)). If
Re(hz21) # 0 one has Re(c1) # 0 and from [16, Theorem
3.3] there is a unique stable limit cycle that bifurcates from
the equilibrium y* via a Hopf bifurcation for § < *. H

In summary, our bifurcation analysis reveals two dis-
tinct types of qualitative transitions in the coupled opinion-
environment dynamics. The pitchfork bifurcation indicates
a sudden, symmetry-breaking shift in collective behavior,
whereas the Hopf bifurcation signals the emergence of
oscillatory dynamics, which may model the recurrent cycles
of environmental collapse and recovery observed in prey-
predatory systems.

V. NUMERICAL SIMULATIONS

We illustrate the results of Theorem 1 and 2 with nu-
merical simulations. We consider the following functions
s(z) = tanh(3z), r(z) = tanh(—3z) and u(z) = = — ~e,
where e = 0.5 is the environmental threshold. We set 7, =
Te = 1 and v = 0.2. We compute the bifurcation diagram
for the FSO dynamics (4a) with respect to the parameter
B in Figure 1. We observe a pitchfork bifurcation around
B = 0.24 and a Hopf bifurcation around 5 = 0.60 in Figures
2 and 3, respectively.

Remark 3: As illustrated in Figure 1, the system also
exhibits saddle-node bifurcation involving the equilibria that
emerge from the pitchfork bifurcation of Theorem 1. Due to
lack of space, we omit a detailed analysis of these saddle-
node bifurcations; such an analysis could be carried out using
techniques analogous to those in Theorem 1.

VI. CONCLUSIONS

In this paper, we introduce and analyze a continuous-
time opinion-environment model as an extension of [10],

e Equilibrium
Limit cycle

(a) B =0.24 (b) B=0.25

Fig. 2: Phase portraits for two value of 8 and v = 0.2. The
system passes from 5 equilibria for 5§ = 0.24 to 1 equilibrium
with a stable limit cycle for 8 = 0.25.
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Fig. 3: Phase portraits for two value of 8 and v = 0.2. The
stable limit cycle for 8 = 0.59 collapses into an equilibrium
at # = 0.61 illustrating the Hopf bifurcation of Figure 1.

capturing the interplay between social interactions and envi-
ronmental feedback. We establish positive invariance, explore
singularities of the FSOE dynamics, and demonstrate pitch-
fork and Hopf bifurcations using a rigorous mathematical
framework.
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Abstract

The strategic challenge of climate policy lies in designing international agreements that handle the tensions inherent
in managing a global public good, where the uneven distribution of costs and benefits creates incentives for free-
riding. While the game-theoretic literature on International Environmental Agreements (IEAs) provides analytical
clarity on coalition stability, Integrated Assessment Models (IAMs) capture complex geophysical dynamics but often
abstract from strategic incentives. This paper bridges these approaches by embedding a nonlinear, path-dependent
geophysical module directly into the utility structure of a dynamic, open-loop game of international climate policy. We
show that, despite the complexity introduced by the climate module, the resulting interaction forms a state-transitive
weighted potential game, guaranteeing the existence of a pure-strategy Nash Equilibrium. Using this framework, we
generate three key insights. First, the classic “paradox of cooperation” is endogenous to the perception of catastrophic
climate economic damage: higher perceived damage can strengthen incentives for cooperation. Second, truncating
analysis at 2100 can dramatically underestimate the true strategic incentives for both cooperative and unilateral action,
highlighting the importance of long-term foresight. Third, adaptive institutional mechanisms, akin to the ratchet
structure of the Paris Agreement, are superior to static long-term commitments in achieving robust and effective
climate outcomes. Our results demonstrate that integrating realistic geophysical risk into strategic models provides
a tool for understanding and designing climate agreements, offering both theoretical and policy-relevant insights for
addressing the global climate challenge.

Keywords: International Environmental Agreements, Noncooperative Games, Potential Games, Catastrophic
Climate Damages, Strategic Foresight

1. Introduction

The central challenge of climate policy in the era of the Paris Agreement is designing international agreements
that can navigate the strategic tensions emerging in managing a global public good. Mitigating climate change re-
quires a coordinated, global effort, yet the costs and benefits of action are unevenly distributed, creating important
incentives for nations to free-ride on the abatement efforts of others [1, 2]. This core dilemma has animated decades
of research and negotiation, seeking to understand the conditions under which international cooperation can emerge
and be sustained [3].

The foundational game-theoretic literature on International Environmental Agreements (IEAs) offers a central, if
pessimistic, baseline for this problem. Seminal work by [4] and [5] famously demonstrates the “paradox of cooper-
ation”: when the potential gains from cooperation are large, the incentive to free-ride is also at its strongest, leading
to stable coalitions that are too small to be effective [6]. This result has been rigorously confirmed even decades later
[7]. Because IEAs must be self-enforcing in the absence of an international authority, understanding the stability
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conditions of coalitions is capital [8]. The comprehensive body of work in this area suggests that achieving broad,
meaningful participation is a complex strategic challenge [9, 10].

However, the study of climate policy has largely evolved along two large but often parallel tracks, creating a
disciplinary fracture. While the game-theoretic literature prioritizes strategic abstraction, the field of Integrated As-
sessment Models (IAMs) offers a comprehensive, simulation-based approach. Pioneered by the DICE model of [11]
for the cooperative framework and the RICE model [12], IAMs couple a classical economic growth framework with
simplified representations of the climate system, a methodology detailed in works like [2] and further developed over
decades [13]. These models are important for the scenario analysis that constructs major policy assessments, such as
those by the Intergovernmental Panel on Climate Change (IPCC), which relies on a panel of IAMs to explore mitiga-
tion pathways [14, 15]. Recognizing this fracture, some research has tried to bridge the gap by embedding coalition
formation analysis within IAMs, though typically through numerical simulation rather than formal analytical proofs
[16, 17].

This disciplinary fracture is not merely a matter of epistemology; it has profound implications. The analytical
clarity of IEA models is often purchased at the price of abstracting away from crucial geophysical dynamics. Con-
versely, while “black box” IAMs capture more physical complexity, their reliance on stylized, often quadratic, damage
functions has been a subject of intense critique [18, 19, 20, 21]. Moreover, until recently, the environmental model
of IAMs were not aligned with the physical reality of the climate system, leading to a significant disconnect between
the economic and physical models [22, 23, 24]. A more fundamental concern, articulated in the seminal work of [25],
is that these models are ill-suited to capture catastrophic economic damages. The author argues that deep structural
uncertainty about the climate-economy relationship implies a “fat tail” of low-probability, high-damage outcomes
that could dominate any rational cost-benefit analysis [26, 27]. This theoretical concern is supported by scientific
evidence identifying multiple potential “tipping elements” in the Earth’s climate system [28, 29], whose inclusion has
been shown to substantially increase the economic damages of climate change [30]. This raises a critical, unanswered
question: how do strategic incentives for cooperation change when the possibility of such nonlinear, catastrophic
damages is embedded within a formal, analytically tractable game-theoretic framework?

Efforts to move beyond the static IEA framework have largely followed two paths. One approach incorporates
dynamics through the lens of differential games, typically analyzing Markov Perfect Equilibria in the context of stock
pollutants [31, 32, 33]. A second, more recent line of research focuses on the role of direct political and social
influence. For instance, [34] models cooperation as an “imitation game,” demonstrating that exogenous peer pressure
and network topology can be main drivers of cooperative behavior, helping to overcome the free-rider problem.

This paper proposes a novel methodological path that bridges the gap between the IEA and IAM approaches by
coupling the analytical rigor of game theory with the geophysical realism of [AMs. We focus on the endogenous
strategic incentives created by the climate system itself. We develop and analyze a dynamic, open-loop game of inter-
national climate policy that embeds a path-dependent geophysical module coupled with nonlinear damage dynamics
directly into players’ utility functions. This module is built using the structure of IPCC-vetted Simple Climate Models
(SCM) [35, 36, 37]. Our central theoretical contribution is to prove that, despite the introduction of nonlinear and
path-dependent dynamics, the resulting game possesses the structure of a state-transitive weighted potential game
[38, 39, 40]. This structure, distinct from both the imitation-game and standard differential-game approaches, is the
key that unlocks our analysis, rendering an otherwise intractable problem analytically tractable.

Leveraging the analytical tractability of this potential game framework, we generate three main findings. First, we
demonstrate that the “paradox of cooperation” is not a universal constant but is endogenous to the shared perception
of physical risk, providing a direct strategic consequence to the concerns raised by [26]. Second, we reveal the
critical role of strategic foresight and the potential for a “tyranny of the terminal horizon”, showing that the common
practice of truncating analysis at 2100 may severely underestimate the true economic incentives for both cooperation
and unilateral action. Finally, we show that institutional frameworks similar to the “ratchet mechanism” of the Paris
Agreement, that allow for adaptive, iterative re-commitments, are game-theoretically superior to both myopic policies
(which ignore the future) and static long-term commitments (which suffer from end-of-horizon effects).

The remainder of this paper is structured as follows. Section 2 develops our climate-economic framework, linking
country-level benefit and damage functions to a nonlinear geophysical model, and formally defines the interaction as a
dynamic, open-loop game. Section 3 presents our central theoretical result: we prove that this complex game possesses
the structure of a state-transitive weighted potential game, which directly guarantees the existence of a pure-strategy
Nash Equilibrium (NE). Section 4 then investigates the properties of this equilibrium, providing a full characterization
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via the Karush-Kuhn-Tucker (KKT) conditions and establishing sufficient conditions for its uniqueness.

Having characterized the non-cooperative outcome, Section 5 analyzes the core problem of cooperation. We
formally demonstrate the inefficiency of the Nash Equilibrium relative to the Social Optimum (SO) and prove the
inherent instability of the fully cooperative Grand Coalition, thereby deriving the foundational “paradox of coopera-
tion” within our dynamic setting. Finally, Section 6 presents a detailed numerical analysis that calibrates the model
to real-world data, quantifies our theoretical findings, and explores the strategic implications of perceived economic
damage from climate change, foresight, and alternative policy frameworks. Section 7 concludes with a discussion of
policy implications and directions for future research.

2. A Game of Emissions and Climate Dynamics

In this section, we construct a mathematical model (namely, a game model) to analyze the interactions between a
set of countries that produce emissions. Constructing such a game amounts to modeling the behavior of the different
countries involved. The proposed construction aims to find a good tradeoff between tractability (to allow both the
mathematical and numerical analyses to be conducted) and realism (by integrating key components that drive decision-
making). More specifically, we develop a game-theoretic model of international climate policy that links country-
level economic decisions to a dynamic, nonlinear geophysical model of the global climate. The model is structured
around three core components: the economic environment defining players’ costs and benefits, the geophysical module
converting the total CO, emissions into temperature change, and the formal game structure defining the strategic
interaction.

2.1. The Economic Environment

We consider a global economy composed of a set of N countries, indexed by n € N := {1, ..., N}. The game takes
place over a discrete-time horizon of T periods, indexed by t € 7 := {1,..., T}. For example, when modeling climate
change in five-year increments over the 2020-2100 horizon, we set T = 16. In each period, country n chooses an
action a,,, representing its level of Greenhouse Gas (GHG) emissions, in CO, equivalent. Each country’s choice is
constrained to a compact and convex action set, a,; € A, = [e;“i“, ey, e,’fi“ > 0. Let a; = (ay;,...,ay;) denote the
profile of actions/emissions in period ¢.

Benefits from Emissions. Emissions are a byproduct of productive economic activities. We model this relationship
using a country-specific benefit function, B,(a,,). This function serves as a reduced-form representation of the gross
economic welfare (e.g., GDP) generated from emitting a,,. We impose standard regularity conditions:

Assumption 1 (Benefit Function). For all n € N, the benefit function B, : A, — R is twice-continuously differen-
tiable, strictly increasing (B, > 0), and strictly concave (B; < 0).

Assuming the benefit function to be increasing with the emission level is reasonable and has been motivated in
various studies (see e.g., [41, 42] for pioneering papers and [43, 44] for more recent works). Strict concavity reflects
diminishing marginal economic returns to emissive activities, a standard feature in IAMs where abatement becomes
progressively more expensive. Note that some results provided in this paper, such as the existence of a pure Nash
equilibrium, do not require these assumptions.

Damages from Climate Change. Global GHG emissions contribute to a rise in global mean temperature [45, 46],
which in turn causes economic damages. This notion has been widely accepted by the economic literature (e.g., see
[47, 12, 27, 48]) but has started to be quantified after concrete climate change catastrophes (e.g., see [49, 50, 51]).
Climate change is, except for some specific countries!, a pure public bad; all countries are affected by the global
temperature, regardless of their individual contribution. We model this through a global damage function, D, which
is driven by the global mean atmospheric temperature anomaly, 6*. To account for the fact that countries exhibit
heterogeneous vulnerabilities to such a global temperature change, we scale these impacts using a set of strictly
positive weights, w, > 0. The total damage incurred by country n is thus w, D(6*):

!For instance, precipitation levels in the Sahara Desert are projected to increase, while the rise in average temperatures in Siberia may be
perceived as a local climatic advantage: https://interactive-atlas.ipcc.ch/.
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Assumption 2 (Damage Function). The global damage function D : R — R is twice-continuously differentiable,
strictly increasing (D’ > 0), and strictly convex (D" > 0).

Strict convexity of the damage function captures the widely accepted assumption, that is supported by empirical
and process-based studies [52, 53], that economic damages from climate change accelerate as atmospheric temperature
rises (due to well-known positive feedbacks like ice-albedo [54], permafrost [55], or Amazon deforestation [56]).

2.2. Geophysical Dynamics: From Emissions to Temperature

A key feature of our model is the explicit dynamic and nonlinear relation between aggregate GHG emissions
choices E; = ny:] a,; and the resulting change in global mean atmospheric temperature 6% . This process is governed
by a standard Simple Climate Model (SCM)2, consistent with the structure of models used by the IPCC [37, 35].

Let the state of the geophysical system at the beginning of period ¢ be described by a state vector x,. The details
about the system state can be found in Appendix A.1; the state is a vector made of various CO, concentrations (for
the atmosphere and ocean typically) and temperatures (also for the atmosphere and ocean). The model translates
emissions into temperature through a two-step process, which can be summarized by the following reduced-form
equations.

First, the atmospheric CO, quantity at the end of periodz + 1, C
within the period and the inherited state of the carbon cycle:

at

& 1» 18 a linear function of the aggregate emissions

C?}rl = Yc(x;) + BcE;. (D

Here, y¢(x;) represents the evolution of atmospheric carbon based on the initial state x;, while the parameter Sc > 0
captures the marginal impact of current emissions.

Second, the global mean atmospheric temperature at the end of period 7 + 1, 6% , is a function of this new carbon
state and the preceding state. This relationship is nonlinear by nature due to the physics of radiative forcing:

071 = Ye(x,) + B In(CYL ). @)

The term yy(x,) captures the system’s thermal inertia and the influence of exogenous factors, while the parameter
By > 0 represents the temperature’s sensitivity to atmospheric carbon. The logarithmic form is a direct consequence
of the physics of radiative forcing and is a critical feature of our analysis.

A detailed presentation of the SCM’s state—space formulation can be found in Appendix A.l.

Remark 1 (Uniformly Mixed Pollutant). The structure of the geophysical model implies that the marginal effect
of any country’s emissions on global temperature is identical for all countries, i.e., 06" | [|0a, = 00" |0ay for all
n,k € N. This formalizes the public bad nature of climate change and is a key driver of the strategic incentives in the
game.

A full derivation of the functions ¢, ¥4, and the parameters S¢, By from the underlying linear state-space models
of the carbon and temperature cycles is provided in Appendix A.2.

2.3. Utilities, Strategies, and Equilibrium

We now combine the economic and geophysical components to formally define the game of interest. The instanta-
neous utility for country z in period ¢ is the difference between its benefits from emissions and the economic damages
caused by the resulting temperature increase:

up(ar; x;) = By(an) — WnD(g?Jtrl(at;xt))’ 3)

where the notation ¢ | makes explicit the dependence of the end-of-period temperature on the actions taken within
the period, a,, and the state at the beginning of the period, x;,.

2Simple in the computational complexity [24].



A pure strategy for player n is a complete action plan of emissions over the entire time horizon, denoted by the
vector a,, = (a,1,...,a,r) € f(; = H,T=1 A, (note that this vector implicitly depend on the horizon T but it is omitted
for notation simplification since T is not varying). The set of all feasible strategies for all players is given by n is

Al =TIV AL, The total utility for player n for a given strategy profile a = (ay,...,ay) € A’ is the sum of its

n=1

instantaneous utilities:
T

Un(a; x,) = Z Uni(@s; X1), “)
1=1
where the state x, for ¢+ > 1 is endogenously determined by the sequence of actions (aj,...,a;—;) evolving from
the initial state x;. Note that the utility function depends on the horizon parameter 7', but is omitted for notation
simplification for the same reason as the action profiles.
We analyze this interaction as an open-loop game where all players simultaneously choose their entire strategy
vector a, at the beginning of the game.

Definition 1 (Open-Loop Climate Policy Game). The game Iy is defined by the tuple T'y := (N, {3{;},@,, {Uptnen)-

The game has a distinctive structure. While the physical environment is dynamic, with a state that evolves in a
path-dependent manner, the strategic interaction is modeled as a one-shot, simultaneous-move game. Each player
chooses their entire strategy vector a, at the outset. Therefore, the solution concept we analyze throughout this paper
is the open-loop Nash equilibrium.

Our non-cooperative analysis focuses on characterizing the pure-strategy Nash equilibrium of this game.

Definition 2 (Open-Loop NE). A strategy profile a* = (aj,...,a}) constitutes a pure-strategy Nash Equilibrium
(NE) if, for every player n € N, the strategy a* is a best response to the other players’ equilibrium strategies a*, =
(a’[, . -~’a2—1’a2+1’“-’“7\/)- That is:

Vne N, Va,eAl, Uya.,a’,;x)) > Uya,a’,;x).

For clarity, we will start by analyzing the one-stage version of this game, which corresponds to the case where the
planning horizon 7' = 1.

2.4. Comments on the chosen game model and solution concept

The choice we have made here is to model the problem of interdependent emission decisions as a one-shot game
model. The rationale behind this modeling choice is fourfold: (i). Discrete-time dynamic game models, such as
repeated games, Markov games, or time-difference games, are built upon the one-shot game (also called a stage
or component game). Analyzing the one-shot model is, therefore, a critical first step; (ii). While dynamic games
are mathematically more general, they are not necessarily more accurate for this context. In terms of governmental
decision-making, one-shot models often better reflect human behavior; a similar approach was utilized in modeling
the Covid-19 pandemic (see, e.g., [57] ), where government policy is modeled as a sequence of updated one-shot
games rather than a single, long-term and complex dynamic game; (iii). Computing all feasible strategies for a
dynamic game is typically a hard problem. In contrast, the proposed model provides a high-quality approximation of
the feasible utility region; (iv). The proposed model is highly tractable, making it better suited for explainability and
the interpretation of results.

Regarding the construction of the one-shot game model, it achieves a favorable tradeoff between realism and
tractability. For instance, while the cost term could be made more granular by incorporating an individualized damage
function D,,, doing so would cause the game to lose its weighted potential game structure. This specific structure
is advantageous because it guarantees the existence of a pure Nash equilibrium regardless of the specific assump-
tions made regarding B,,, D, or the underlying system dynamics. In contrast, related works often rely on ad hoc or
conditional equilibrium analyses that only hold under restrictive parameters. Furthermore, this structure facilitates
computation, as iterative procedures like sequential best-response dynamics are guaranteed to converge. Adopting
the Nash Equilibrium as the primary solution concept is appropriate, as sovereign nations ultimately make decisions
driven by their own self-interest and autonomy. The NE constitutes, by definition, a self-enforcing agreement where
no country has a unilateral incentive to deviate.



3. Non-Cooperative Equilibrium Analysis

Having defined the proposed CO, emission game, we now turn to the analysis of its non-cooperative outcome.
The dynamic and nonlinear nature of the climate-economic relation would typically render a full characterization of
the NE intractable. However, we show that our game possesses an underlying structure: it is a weighted potential
game [38]. This allows a complete analysis, from guaranteeing existence to characterizing the equilibrium conditions.

3.1. The Potential Game Structure and Existence of Nash Equilibrium

We first establish the potential game property, which proves the existence of a pure-strategy NE. We begin with
the one-stage (T = 1) case for analytical clarity, then extend the result to the full planning game (7" > 1).

The One-stage Game (T = 1). The strategic interdependence in the one-stage game is captured entirely through the
single global temperature variable 6*. This feature implies a strong structure, as shown in the following proposition.

Proposition 1 (Potential Structure of the one-stage game). The static climate policy game I'y is a weighted potential
game with weights w,. A potential function ¢ : A — R is given by:

N
Bn n t
pax) =) % - D(6" (@ x1). 5)

n=1

Proof. The proof follows directly from the definition of a weighted potential game [38]. For any player »n and any two
distinct actions a,, @, € A,, the change in utility, u,(a,, a_,)—u,(a,, a_,), can be checked to be equal to w,[¢(a,, a_,)—
$(@n, a-n)]- 0

The Planning Game (T > 1). Extending this result to the planning game I'y requires showing that the potential
structure is preserved over the entire time horizon as the state of the system, x,, evolves. This is possible since the
instantaneous game possesses a property known as state-transitivity.

Definition 3 (State-Transitive Weighted Potential Game [40]). An instantaneous game with utility functions u,(a,; x,)
is a state-transitive weighted potential game if there exists a function ¢(a;; x;) and positive weights w, such that for
any action profile a, and any two states x,, X,, the following holds for alln € N:

up(@s; x;) — up(@s; %) = wy|dlas x,) — dlas; %,)].

Proposition 2 (State-Transitivity of the Instantaneous Game). For any period t, the instantaneous game with utility
functions u,(a;; x;) is a state-transitive weighted potential game with weights w, and potential function ¢(a;; x;) as
defined in (5).

Proof. For any a,,x;, ¥;, the benefit term B,(a,) is independent of the state. Thus, the change in utility depends
only on the change in damages: u,(a; x;) — uy(a; %) = —w,[D(6*(a;; x;)) — D(6*(a;; %,))]. Similarly, the change
in the potential function is ¢(a;; x,) — ¢(a,; %) = —[D(6*(a,; x,)) — D(6*(a;; %,))]. The result follows immediately by
multiplying by w,,. O

The state-transitive property of the instantaneous game allows us to construct a potential function for the full
planning game, as the potential accumulates additively over time.

Proposition 3 (Potential Structure of the Planning Game). The open-loop dynamic game, i.e., the planning game
['7, is a weighted potential game with weights w,. The potential function ® : AT — R is given by the sum of the
instantaneous potentials, ¢(a;; x;), over the entire time horizon:

T
D@ x)) = ) ¢lagx), ©)
t=1

where x, is the state determined by the action history (a, ..., a;—1) from x;.
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Proof. The proof combines the properties of a weighted potential game [39] and a state-transitive weighted potential
game [40]. Let {x,},T:1 be the state trajectory that results from the strategy profile a, starting from x;. Similarly, let
{i,}thl be the state trajectory resulting from a = (@, a_,), also starting from the same initial state x;. For any period
t, let a; and a, = (a,,, a_,;) denote the corresponding action profiles within that period. Then, the result follows from:

T T
Uya;x1) - U,(@;x1) = Z up(as; ;) — Z U (@3 X1)
=1 =1
T T
Z Un(@r; X1) — Up(@p5 Xp) + U (@s5 Xp) — (@3 Xp) = Z wy (Plas; x,) — dlas; X,) + ¢las; X)) — (ag; x;)

=1 =1

T
Wa Y Bla;x) - $l@a; %) = w, (D(a; 1) - D@ x1)).
t=1

Since this holds for any player n € N and any unilateral deviation from a, to @,, the planning game I'7 satisfies the
definition of a weighted potential game. O

The existence of a potential function for the planning game is an important result. It directly implies the existence
of a pure-strategy equilibrium, which is the main result of this subsection.

Proposition 4 (Existence of Nash Equilibrium). Under Assumptions 1 and 2, the planning climate policy game Iy
has at least one pure strategy NE.

Proof. The action space for each player, A”, is a product of compact sets and is therefore compact. The full action
space AT = [], A" is also compact. The benefit and damage functions are continuous by assumption, and the
geophysical state-transition functions are continuous. Therefore, the total utility function U, is continuous for all
n, and the planning potential function ®(a;x;) is a continuous function over the compact set A”. By the Extreme
Value Theorem, ® must attain a global maximum on A”. Any such maximizer is a pure-strategy Nash Equilibrium
of FT . O

Remark 2. The sufficient condition to ensure the existence of at least one pure NE is the continuity of both the benefit
functions and the damage function.

4. Equilibrium Properties: Structure and Uniqueness

Having established the existence of an NE, we now investigate its fundamental properties. This section begins
by characterizing the equilibrium conditions. We then utilize this framework to analyze the structural ordering of the
equilibrium set and, finally, to establish sufficient conditions for uniqueness.

4.1. Characterization of the Nash Equilibrium

The economic trade-off at the center of the non-cooperative equilibrium is best understood by first examining the
case of an interior solution, i.e., a,; € (e,';‘i“,enmax) foralln € N and ¢t € 7. Here, each country freely chooses its
emissions level to balance the marginal benefits and marginal costs. In particular, exhibiting conditions under which
the equilibrium action is €)'®* is relevant since it allows us to better understand why governments do not try to decrease

n
their CO, emissions.

Proposition 5 (First-Order Conditions for an Interior Equilibrium). Let a* be an interior Nash Equilibrium of the
planning game U'r. Then for each player n and each period t € T, the following necessary condition must hold:

B, (a,,) = waMu(a®), (7

where the private marginal cost of emissions, M,,(a*), is the cumulative sum of all future marginal damages caused
by an additional unit of emission in period t:

L aD@O) ZT]Z D/(6%,) d] A7 boFxco,
Oay In(2) cav

s=t r=s s+1

My(a*) = ~dlATbc ], (®)

s=t
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where the introduced parameters are given in Appendix A.l.

The above condition provides the core economic intuition: in equilibrium, each country pollutes up to the point
where its own marginal benefit equals its own private marginal cost, ignoring the costs inflicted upon other nations.

While intuitive, this condition only holds for interior solutions. The complete characterization of any Nash Equi-
librium, including those at the boundaries of the action space, is given by the more general Karush-Kuhn-Tucker
(KKT) conditions.

Proposition 6 (General Equilibrium KKT Conditions). A strategy profile a* is a Nash Equilibrium of the planning
game 't only if for each player n € N and each period t € T, there exist Lagrange multipliers A,, 2 0 and A,, 2 0
such that:

(i) Stationarity: B
B;(a:;z) - WnMnt(a*) + /_lm - /lnt =0.

(ii) Complementary Slackness:
A, —e™ =0 and ()™ -a)=0.

Proof. The conditions are the standard necessary conditions for the solution to each player n’s constrained optimiza-
tion problem, holding the strategies of other players a*, fixed. The term M,,(a*) is derived from the Lagrangian as
shown in Appendix B.1. O

The KKT conditions include the interior solution as a special case: for an interior equilibrium (e™" < a*, < e™),
both multipliers must be zero, and the stationarity condition collapses to the simple equality in (7). The multipliers
themselves have a clear economic interpretation: A, is the shadow price of the upper emissions constraint, represent-
ing the net marginal benefit the player would gain from being allowed to emit more. It is positive only when the player

is at a boundary equilibrium where a;, = e;**.

4.2. Boundary Equilibria and the Role of Economic Development

The KKT framework provides a tool through which to analyze the economic drivers of different equilibrium
outcomes. The possibility of a boundary solution, where a;, = e3®*, is not merely a technicality but a formal repre-
sentation of an economic and political reality.

As discussed in the previous section, the Lagrange multiplier A,, can be interpreted as the shadow value of the
emissions constraint. When A,,, > 0, it signifies that the player faces a development constraint: their marginal benefit
from emissions is so high that it remains above their private marginal cost even at their maximum possible emission
level. This situation represents an industrializing nation where emissions are tightly coupled with economic growth
and development. For such a player, the best response may be a dominant strategy of maximum emissions, rendering
the strategic element of abatement trivial.

Conversely, a mature or post-industrial economy is more likely to have a marginal benefit curve that declines
sharply, allowing for an interior solution where the multipliers are zero and B, (a;,) = w,M,(a”). This represents a
larger strategic environment where countries actively weigh the costs and benefits of abatement at the margin.

To ensure our analysis focuses on this strategic interaction, we impose the following condition, which rules out
the existence of dominant strategies and ensures that an interior equilibrium is at least possible for all players.

Assumption 3 (Condition for Non-Trivial Strategic Choice). For all players n and periods t, the marginal benefit
at the maximum emission level is sufficiently low that it does not exceed the lowest possible private marginal cost a
player could face:
B (e;™) < min  {w, Mu(ey™, a-n)}.
a_,L,EﬂZm

This assumption allows us to focus on the central strategic trade-offs of the planning game, ensuring that far-
sighted players face a non-trivial choice between development and abatement. However, we note that this condition
depends on the full, cumulative marginal cost M,,. In the case of myopic agents (which we analyze as a benchmark in
Section 6), players ignore future damages, effectively perceiving a much lower marginal cost. Consequently, myopic
players may fail to satisfy this condition and revert to a dominant strategy of maximum emissions (a,, = €;*), a
behavior that correctly characterizes the “business-as-usual” tragedy of the commons.
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4.3. Structural Ordering of Nash Equilibria

Beyond characterizing a single equilibrium, we can make a statement about the structure of the entire equilibrium
set. The strict concavity of the benefit functions imposes a strong ordering on any potential multiple NE. The following
proposition shows that if two NE differ, they must be ordered in a specific way across all players within a given time
period.

Proposition 7 (Nash Equilibrium Ordering). Assume that for alln € N and t € T, B, is strictly concave. Let a* and
a* be two distinct NE of I'y. If for some period t and some player n, their emissions differ (e.g., a,, < ay), then for
that same period t, all other players’ emissions must be weakly ordered in the same direction, i.e., ay, < dy; for all
k € N. Furthermore, equality (a,; = a,:) can only hold if the action of player n is at a boundary of its action set,

A € {e)"", ey}

Proof. The proof proceeds by contradiction. Assume for some period ¢, there exist players n and & such that a,; < a@,,
and ay; > ay,. We use the planning first-order conditions from Proposition 6 for both players under both equilibria.
The strict concavity of B, and By leads to a contradiction, as it implies both ay, < ay, and ay, > dy,. The argument is
presented in Appendix B.2. O

This result rules out equilibria that are tangled, i.e., equilibria where some players’ emissions are not ordered
across the two equilibria. It implies that if multiple equilibria exist, they can be Pareto-ordered in terms of per-
period emissions. This structure is necessary for understanding the potential for coordination failure and is a base to
analyzing uniqueness.

4.4. Sufficient Conditions for Uniqueness

While Proposition 7 structures the NE set, it does not guarantee NE uniqueness, which facilitates the game anal-
ysis, e.g., for predicting the game outcome. We now provide sufficient conditions that collapse the set to a unique
point. These conditions place restrictions on the relative curvatures of the benefit and damage functions. For clar-
ity, we present first some conditions for uniqueness in the one-stage game and then provide an extended one for the
planning game.

Proposition 8 (Sufficient Conditions for Uniqueness in the one-stage game). Under Assumptions 1 and 2, the one-
stage game 'y has a unique NE if any of the following sufficient conditions hold for all feasible action profiles:

(i) Rapidly Accelerating Damages: The elasticity of the marginal damage function with respect to atmospheric
carbon concentration is greater than one. Formally, for any two concentration levels C* < C*:

D/(eat(gal)) S gat
D/(Q‘“(Ca‘)) e
(ii) Rapidly Diminishing Benefits: There exists at least one player n whose marginal benefits diminish faster than
the inverse of the carbon concentration. Formally, for any two action profiles a, a where a, < a,:
B (a,) _ C"(a)

< .
B (a,) — C*(a)

(iii) Sufficiently Exponential Damage Function: The potential function ¢(a) is strictly concave in a. A sufficient
condition for this is:
D/ eat
D" (") > D@
Be
Proof. (i) and (ii) are proved by contradiction. Assuming two distinct equilibria and using the ordering property from
Proposition 7 and the first-order conditions from Proposition 5 leads to a violation of the stated condition. (iii) follows
from the property that a strictly concave potential function has a unique maximizer, which corresponds to a unique
Nash Equilibrium. The proofs are in the Appendix B.3. O



While the static case identifies several independent paths to uniqueness, not all of them generalize to the planning
game. Specifically, the inter-temporal summation in the marginal cost term complicates the comparison of first-order
conditions. However, the structural properties of the game (those based on its strategic interaction or the curvature of
its potential function) provide foundations for proving uniqueness in the full planning game I'r.

Proposition 9 (Sufficient Conditions for Uniqueness in the Planning Game). Under Assumptions 1 and 2, the planning
game 't has a unique Pure-Strategy NE if either of the following conditions holds for all feasible action profiles and
resulting state trajectories:

(i) Strategic Substitutes: For any period s € T, the marginal damage per unit of carbon,

D'(6*, | (E))
s E)= —
8s(E) ct ()

b}

is a non-decreasing function of aggregate emissions in any period u < s.

(ii) Sufficiently Exponential Damage Function: The planning potential function ®(a) is strictly concave in the
full action profile a. A sufficient condition for this is that for any reachable state:
/ at
D//(eﬂt) Z D (8 ).
B

Proof. For (i), the proof first establishes that the stated condition on the marginal damage function g,(E) ensures
the game has strategic substitutes. We then use this structural property in a proof by contradiction. Assuming the
existence of two distinct NE and comparing their first-order conditions leads to a violation of the strict concavity of
the benefit functions. Therefore, the equilibrium must be unique.

For (ii), the proof follows from the same argument in the static case I'; by summing the potential function at each
state, which is concave under this assumption.

The detailed proofs are in Appendix B.4. O

The significance of Proposition 9 lies in its unification of the mathematical condition with the game’s core strategic
nature. In contrast to the static analysis (in the One-stage case), which offers a collection of “unrelated” technical
assumptions, the dynamic result demonstrates that uniqueness is a direct consequence of the problem’s structure as a
game of strategic substitutes. This property implies that as opponents increase their emissions over time, the marginal
cost of any new emission rises for all players. It is this strategic feedback, where aggressive play by others diminishes
one’s own incentive to pollute, that tames the multi-period interaction to a unique non-cooperative trajectory.

5. Inefficiency and Strategic Stability of International Environmental Agreements

Having characterized the fully non-cooperative equilibrium, with the solution concept of NE, we now turn to the
central challenge of international climate policy: achieving cooperation. This section proceeds by first defining the
critical benchmark to the non-cooperative solution: the fully cooperative Social Optimum (SO). We then demonstrate
the tension at the root of the problem by proving the inherent strategic instability of full cooperation. Finally, we
characterize the inefficiency of the NE solution concept, thereby formalizing the core paradox that motivates the study
of partial agreements.

5.1. Analytical Benchmarks: Non-Cooperation and the Social Optimum

To analyze the problem of cooperation, we compare the outcomes of a game played under two opposite paradigms,
following the canonical IEA literature [5].

e The non-cooperative outcome corresponds to a situation where each country acts purely in its self-interest.
The resulting strategy is the open-loop Nash Equilibrium a*, as derived in the preceding sections.
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o The socially optimal outcome, or first-best, corresponds to a hypothetical situation where all countries form a
Grand Coalition and act to maximize their collective welfare. The resulting emissions profile, denoted by a5°,
is the solution to:

N
max W(a; x;) := Z Un(a; x1), ©
ac AT =l

where W is the total welfare of all the agents.

The first-order conditions for the SO reveal its rigid nature: each player’s marginal benefit from emissions must
be equated not to their private marginal cost, but to the full global marginal social cost.

Proposition 10 (First-Order Conditions for the Social Optimum). Let a®° be an interior social optimum. Then for
each player n and each period t, the following condition must hold:

o N T 6D(93I,SIO N o

’ S+

B, (ay) = (Z wk] D= [Z wk]Mm(a 1), (10)
k=1 s=t k=1

Proof. The proof follows from deriving the KKT conditions for the constrained optimization problem in (9). The
derivation is analogous to that in Proposition 6 and is omitted for brevity. O

Similar conditions to Proposition 6 and 10 are obtained for the non-interior SO. However, we will see in the next
section that non-interior SO are particular cases where SO and NE overlap.

5.2. Strategic Instability of Full Cooperation

The core strategic tension of climate policy is revealed by evaluating a single country’s incentive at the socially
optimal profile. While a3° is best for the collective, it is not individually rational for any single player, giving rise to
a strong incentive to free-ride.

Proposition 11 (Incentive to Defect from the Social Optimum). At an interior Social Optimum a°, every player
n € N has a strict incentive to unilaterally increase their emissions. That is, the gradient of player n’s utility function,
evaluated at a®°, is strictly positive in all components:

6Un(a;x1)

>0 VteT.
Oay, a=aS°
Proof. A detailed proof is provided in Appendix C.1. O

This incentive to defect renders full cooperation strategically not rational. To formalize this conclusion, we employ
the standard model of IEA formation, which proceeds as a two-stage game [5].

i) Stage 1: The Membership Game. Each country n € N simultaneously decides whether to join the climate
coalition (become a signatory) or not (remain a non-signatory). This results in a coalition C C N.

ii) Stage 2: The Emissions Game. Given the coalition structure C, all countries choose their emissions profiles.
Signatories act cooperatively to maximize their joint welfare, while non-signatories act non-cooperatively to
maximize their individual welfare, with each group taking the actions of the other as given.

The solution concept is a subgame perfect equilibrium. An agreement is considered self-enforcing, or stable, if
no single country has an incentive to change its membership status.

Definition 4 (Coalition Stability). Let C be a coalition of signatories. The coalition C is stable if and only if it
satisfies:

i) Internal Stability: No signatory n € C can increase its utility by unilaterally leaving the coalition.
U,(a*(C)) 2 Uy(a*(C\ {n})) VneC,
where a*(C) is the NE for the coalition C.
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ii) External Stability: No non-signatory j ¢ C can increase its utility by unilaterally joining the coalition.
Uia (C) > U@ (Cu{j) VYj¢C.

With this framework, the implication of the free-rider incentive becomes a formal result: the Grand Coalition is
inherently unstable.

Corollary 1 (The Inherent Instability of the Grand Coalition). The Grand Coalition C = N is not internally stable.

Proof. This is a direct consequence of Proposition 11, which proves that every member of the Grand Coalition has a
strict incentive to defect from the cooperative profile a3° = a*(N). The utility from defecting is thus strictly greater
than the utility from cooperating, violating the condition for internal stability. O

5.3. Inefficiency of Non-Cooperation

Having established that the SO solution concept is strategically unstable®, we now compare it with the NE strategy.
The misalignment of incentives ensures that the NE is not only different from the social optimum but also results in
unambiguous over-pollution under reasonable conditions.

Proposition 12 (Non efficiency of interior NE). An interior Nash Equilibrium a* cannot be an SO.

Proof. Assume for contradiction that an interior Nash Equilibrium a* is also a Social Optimum. Then for any (n, 1),
the first-order conditions for both must hold simultaneously:

N

B)(ay) = waMy(a") and B;<a:;,):[z wk]Mm<a*)
k=1

Equating the right-hand sides yields w, M, (a*) = (X, wi)Mu(a*), which simplifies to (3., wi)Mu(a@®) = 0.
Since wy > 0 and the marginal damage term M,,(a”) is strictly positive for an interior solution, this is a contradiction.
Thus, an interior NE cannot be a Social Optimum. O

Proposition 13 (Over-Pollution in the Nash Equilibrium). If the damage function satisfies conditions that guarantee
a unique equilibrium (e.g., Proposition 9-(ii)), then emissions in the Nash Equilibrium are inefficiently high compared
to the social optimum, i.e., a* > a>° component-wise.

Proof. A formal proof is provided in Appendix C.2. The logic relies on the strict concavity of each player’s utility
function. The strictly positive gradient at the social optimum a5° (from Proposition 11) ensures that the optimal
response to cooperation involves higher emissions, pushing the non-cooperative equilibrium towards over-pollution.

|

This analysis confirms the central paradox of cooperation within our dynamic framework: the attracting outcome
(a*) is inefficient, and the efficient outcome (a°°) is unstable. We observe and quantify this inefficiency in the follow-
ing numerical section.

6. Numerical Analysis

Having established the theoretical bases of our game, we now proceed with a numerical analysis to explore its
quantitative properties. We simulate the game for a set of N = 6 key players: China, USA, EU, India, Russia,
and a “All Other Countries” (AOC). Those players will aggregate their utility over a time horizon to the year 2100
(corresponding to T = 16 five-year periods). The objective is to quantify the outcomes under different solution
concepts and, most importantly, to explore the conditions under which meaningful cooperation can emerge. All
simulations were implemented in Python, with the replication code available at [61].

3Note that the considered cooperative point might become an NE by introducing mechanisms such as pricing or by reformulating the considered
problem as a dynamic game.
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Player | e™ ¢™x | GDP™ | 3, ra | e, | GDPYES"
China | 0 23 | 1463 | 1.1847 | 1.15 | 2 0
USA | 0 10 | 1929 | 1.1941 | 16 | -2 0

EU | 0 63| 1389 |1.1248| 2 | -5 0
India | 0 54 25 109074 | 05 | -4 0
Russia | 0 3.5 | 142 | 1.2866 | 1.25 | -4 0
AOC | 0 27 | 1164 | 1.1847 | 07525 0

Table 1: Player parameters used in the numerical analysis, calibrated from [58, 59]. Emissions bounds (¢["", ¢M*) are in GtCO,/yr and are taken as
twice the current emission (from [58]) to take into account potential emission increase. Max GDP (GDP;'*) is in 10'1 US$ (2011). Vulnerability
weights (w,,) are from [60].
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(a) Heterogeneous Player Incentives: Calibrated Benefit Functions. (b) Two Strategic Worlds: Calibrated Damage Functions.

Figure 1: Core components of the game-theoretic model. (a) The calibrated benefit functions for the six players/regions, based on (11). The
diverse shapes, from the sharply concave, post-industrial profiles of the USA and EU to the extended growth profile of India, represent the
heterogeneous economic incentives and development stages that drive strategic behavior. (b) The two archetypal damage functions that define
the strategic worlds of the analysis. The Marginal Damages function (12) models a conventional world of smoothly increasing costs, while the
Catastrophic damage function (13) models a world with a Tipping point dynamic, creating fundamentally different strategic scenarios.

6.1. Model Calibration and Experimental Design

To illustrate our theoretical framework, we must specify functional forms and parameters for the players’ utility
functions and the underlying geophysical model. These choices represent crucial assumptions about economic real-
ities and climate damage that define the strategic environment of the game. Our experimental design is structured
along two primary dimensions: first, the perceived severity of the climate threat (the “state of the world”); and second,
the institutional protocol for decision-making (the “rules of the game”).

Benefit Functions: Modeling Heterogeneous Economies. To operationalize the general benefit function B,(a,,) from
Assumption 1, we require a specification that is flexible enough to capture the diverse economic structures of the
players. We adopt a sigmoidal (logistic) functional form, which can represent the full lifecycle of an economy’s
emissions-growth relationship. The specific form is:

GDPI™ (1 - GDP,*"**")

B, (ay,) = (@) = fu(emn)

(ful@n) = fulel™) + GDPE" x GDPI™, (11)

with the logistic function f,(a,) = (1+e~""@=¢))=!_ For simplicity and because of its prevalence in government policy,
we consider a GDP-based benefit function. However, future iterations could incorporate more holistic social wellness
metrics, such as the Genuine Progress Indicator [62], which accounts for environmental externalities, or the Human

13



Development Index [63], which integrates health and education outcomes. Other alternatives include the Inclusive
Wealth Index [64] to better reflect natural capital depletion or subjective measures like Gross National Happiness
[65].

This S -shaped curve represents the various stages of economic development. The initial increasing part represents
an early-stage, industrializing economy (e.g., India in our model) where emissions are tightly and increasingly coupled
with rapid GDP growth [66, 67]. The final plateau part represents a mature, service-based economy (e.g., the EU or
USA) that has begun to decouple emissions from growth and exhibits diminishing marginal returns to pollution.

By parameterizing this function differently for each player, as detailed in Table 1 and visualized in Figure 1a, we
explicitly model the heterogeneity of incentives. This moves beyond the symmetric-player assumption common in
early IEA models and is crucial for understanding the real-world challenges of coalition formation.

Geophysical Model Parameterization. To ensure our strategic analysis is grounded in a credible representation of the
climate system, we employ an SCM parameterized to align with the projections of more complex Earth System Models
used by the IPCC [24]. Specifically, we use the carbon cycle module from [36] and the temperature module from
[35]. As shown in Figure 2, the model’s response to standard emission scenarios (e.g., Representative Concentration
Pathways (RCP) [68, 69, 70]) is consistent with established scientific benchmarks.
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Figure 2: Validation of the SCM against standard climate scenarios. The three panels show the calibrated SCM’s response under standard emis-
sions trajectories, including the IPCC’s Representative Concentration Pathway (RCP). The model correctly reproduces the key dynamic relation-
ships between atmospheric carbon concentration (left), radiative forcing (middle), and global mean temperature anomaly (right). The consistency
of these projections with established climate science benchmarks validates the SCM as a credible physical foundation for the strategic analysis.

Defining Two Strategic Worlds with the Damage Function. The objective of our experiment is to investigate how
the strategic environment evolves in response to the perceived severity of climate-related damages. We do this by
defining two distinct and archetypal worlds, each anchored by a specific damage function that represents a different
understanding of climate damage under realistic SMC modeling. In both worlds, damages from the function D
are calculated as a percentage of GDP, and the function is scaled by a player-specific vulnerability weight w, =
w,GDP™, where w, is a geographical vulnerability factor from the FUND model [60].

e The Marginal Damages World: This scenario represents the conventional view of climate change as a standard
externality with smoothly increasing costs (e.g., [71, 48, 72]). It is defined by a standard quadratic damage
function, representative of forms used in many integrated assessment models:

Dy(6) = 0.16(6™)% + 0.256™. (12)

Strategically, this world gives rise to a game of managing a marginal externality, where the gains from cooper-
ation are expected to be modest, and the classic free-rider problem is anticipated to be dominant.

e The Catastrophic Risk World: This scenario simulates a world with nonlinear risks and a potential “Tipping
point”, reflecting concerns from climate science [30, 73]. The damage function is specified as a piecewise
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function that accelerates increasingly after a threshold:

0.0044(6*)? if 0 < 2°C

13
0.0044(6%)? + 0.04(6* — 2)3 if ¢* > 2°C (13)

Dc(6") = {

This Catastrophic function is quadratic for warming below 2°C, then becomes dominated by a steeply convex
cubic term thereafter, representing the accelerating damages that might occur after crossing a critical climate
threshold. Strategically, this world gives rise to a game of collective risk avoidance, creating a “climate cliff”
where the value of cooperation may be orders of magnitude larger.

These two specifications, which are visualized in Figure 1b, anchor our analysis and allow us to test whether the
perception of climate damage is a sufficient condition to reshape strategic incentives.

Three Policy Frameworks: Myopia, Commitment, and Adaptation. Within each strategic world, we analyze the game
under three distinct interaction protocols. These frameworks are designed to capture a spectrum of strategic foresight,
from extreme short-termism to perfect, long-term commitment, and a more realistic adaptive alternative.

e The Myopic Benchmark (Repeated One-stage): In this framework, players are pathologically short-sighted.
Every five years, they solve a static, one-shot game (T = 1), choosing their emissions to maximize only their
utility in that single period. They are completely blind to the future, path-dependent consequences of their
actions on the climate stock. This serves as a benchmark for myopic, non-strategic behavior.

e The Full Commitment Framework (Planning): This corresponds directly to the open-loop Nash Equilibrium
analyzed in our theoretical sections. Players are perfectly far-sighted and solve the full dynamic game at the
outset, choosing a complete emissions trajectory from 2020 to 2100 (7 = 16) to which they credibly commit.
This framework isolates the strategic incentives under the assumption of perfect, unwavering foresight and
serves as a crucial theoretical benchmark.

o The Adaptive Framework (Receding Horizon): This framework provides a more realistic model of policy-
making that blends foresight with adaptation. Players plan over a long horizon (e.g., T = 16), but they only
implement the first five-year step of their optimal plan. At the next five-year interval, the state of the climate
system has evolved, and they resolve the entire planning problem from that new state forward. This iterative pro-
cess of planning, acting, and re-planning captures the spirit of adaptive governance. It is the game-theoretically
analogous to the “ratchet mechanism” of the Paris Agreement, where commitments are periodically revisited
and strengthened.

By simulating the non-cooperative and socially optimal outcomes at the intersection of these two worlds and
three frameworks, we can provide a robust, quantitative assessment of the conditions under which meaningful climate
cooperation can emerge.

6.2. The Endogenous Value of Cooperation

Having defined our two strategic worlds, we now test our central hypothesis: that the strategic environment of
climate policy is endogenous to the severity of the damage function. To provide the cleanest test of this hypothesis,
we compare NE and SO outcomes under the Planning (full-commitment to 2100) framework. This framework, in
which players optimize their strategies over the entire horizon up to the year 2100, allows us to cleanly isolate the
impact of the damage function’s shape by holding the strategic time horizon fixed and common across both scenarios.
Figure 3 presents the main result of this comparison.

The results illustrate, as before, a transformation of the strategies when climate change is perceived as a catas-
trophic threat. Panel 3a quantifies the economic value of achieving full cooperation (i.e., the formation of the Grand
Coalition). To measure the gain induced by cooperation, let us define the global welfare gain as:

N N
AW = W0 — W i= W@ x) = W@ixn) = ) Un@sx) = ) Un(@™ix),

n=1 n=1
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Figure 3: The Cooperation Dividend is Endogenous to Perceived Climate Damage. All simulations use the Planning framework to isolate the
effect of the damage function. (a) The global welfare gain (AW) realized by moving from the NE to the SO. The benefit of transitioning from
non-cooperative (NE) to social-optimum (SO) behavior is most pronounced in a high-risk scenario, where the welfare dividend is nearly an order
of magnitude greater. (b) The absolute temperature outcomes by 2100, showing that perceived climate damage induces greater unilateral abatement
even in the non-cooperative equilibrium.

where x; is given by the model (see Appendix A) and the action profiles a™F and a5° are obtained numerically.

In the Marginal Damages world, the welfare dividend is modest, amounting to AW = $0.70 Trillion. This
outcome reflects the classic “paradox of cooperation”, where the gains from cooperation are relatively small. Thus,
even with a proper climate model, cooperation provides only a weak incentive to overcome the free-rider problem.
In stark contrast, the Catastrophic Damages world fundamentally alters this result: the welfare dividend increases by
nearly an order of magnitude to AW = $6.06 Trillion. In this high-stakes environment, forming the Grand Coalition
represents a first-order economic priority.

Panel 3b reveals the underlying physical and strategic dynamics driving this economic result. We observe two key
mechanisms:

o We identify a strong effect of perceived damage on non-cooperative behavior. The Nash Equilibrium outcome
is itself significantly better in the Catastrophic Damages world (2.71°C) than in the Marginal Damages world
(3.03°C). This demonstrates that the mere presence of a potential tipping point disciplines even self-interested
players into adopting a more cautious, lower-emissions strategy, leading to greater unilateral abatement.

e The substantial welfare dividend is driven by the high economic valuation of the cooling that cooperation pro-
vides. In both worlds, moving from the NE to the SO yields a similar amount of cooling: approximately 0.19°C
in the Marginal Damages world and 0.18°C in the Catastrophic Damages world. However, in the Catastrophic
Damages world, this modest reduction in temperature averts a region of steeply accelerating damages. It is
the immense economic value of this cooling, which moves society from a dangerous outcome (2.71°C) to a
significantly safer one (2.53°C), that explains the $6.06 Trillion welfare gain.

Together, these findings provide our first result: the incentive to cooperate on climate change is not a fixed pa-
rameter but is a direct consequence of the shared perception of physical risk. When the threat is understood to be
nonlinear and potentially catastrophic, the value of designing effective, cooperative institutions becomes critically im-
portant. This principle, established here in a clean experimental setting, motivates our subsequent analysis of strategic
foresight and adaptive policy frameworks.

6.3. Strategic Foresight and the Amplifying Effect of Damage Function

While the perception of climate damage disciplines behavior, the extent to which players act on that risk depends
on their strategic foresight: the length of their planning horizon (7). We now explore this interaction.
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Figure 4: The Impact of Strategic Foresight (7)) and Perceived Damage. All simulations use the Planning framework with a 2100 horizon.
(a) Projected 2100 temperature for non-cooperative (NE, solid lines) and cooperative (SO, dashed lines) outcomes. (b) The “Cooperation Premium,”
measured as the percentage gain in global welfare from achieving the SO over the NE. (c) The economic value of foresight, measured as the
percentage gain in NE utility for a given horizon compared to a myopic one-stage (T = 1, i.e., 5-year) case. The plots demonstrate that perceived
damage creates significant, non-negligible incentives for both foresight and cooperation. Specifically, governments have a strong incentive to adopt
a long-term horizon (large 7') rather than relying on a sequence of successive short-term plans (small T').

Figure 4 presents a synthesized view of the game’s outcomes, demonstrating how foresight and damage perception
jointly determine environmental outcomes and economic incentives when players plan to a fixed 2100 horizon.

Panel 4a illustrates the direct environmental impact of strategic foresight. As the planning horizon (7") extends,
projected warming decreases across all scenarios. This mechanism is a direct consequence of our theoretical model: a
longer horizon means the dynamic private marginal cost (M,;) accumulates future damages over more periods, forcing
even non-cooperative players to internalize more of the externality. This effect is strongly amplified by perceived
economic damage. Extending the horizon from 5 to 75 years yields only a modest ~ 0.2°C reduction in the Marginal
Damages world, but it delivers a substantial ~ 0.5°C reduction in the Catastrophic Damages world. When the future
is perceived as dangerous, far-sighted planning is a central tool for climate damage management.

Panels 4b and 4c quantify the nuanced economic incentives underpinning these physical outcomes. To ensure
comparability across different planning horizons, we define WNE(T') and WSO(T) as the total cumulative global welfare
over the full simulation period (2020-2100, i.e., 16 steps) resulting from players adopting a planning horizon of T'.
For cases where T < 16, the game is repeated sequentially until the year 2100 is reached, and the utilities are summed
over the entire trajectory.

We measure the economic gain using two distinct metrics. First, the Cooperation Premium (Panel 4b) represents
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the relative welfare gain achieved by forming the Grand Coalition compared to the non-cooperative outcome, for a

fixed level of foresight T':

WSO(T) _ WNE(T)
|WNE(T)|

Second, the Value of Foresight (Panel 4c), or the normalized gain in NE, measures the private economic incentive
to extend one’s planning horizon. It is calculated as the percentage increase in non-cooperative welfare gained by
adopting a horizon T relative to the myopic baseline of 7 = 1 (5 years):

Cooperation Premium (7) = x 100.

WNE(T) _ WNE(l)

100.
|WNE(1)| X

Value of Foresight (T') =

Note that we normalize by the absolute value of the baseline utility to strictly measure the magnitude of improvement,
as utility values may be negative depending on the damage calibration.

In the Marginal Damages world (blue squares), the economic gains from both cooperation and foresight are
consistently negligible, confirming that in a low-damages world, players have little incentive to either cooperate or
plan for the long term.

The story is fundamentally different in the Catastrophic Damages world (red circles). Panel 4b shows that the
Cooperation Premium, representing the welfare gain from forming the Grand Coalition, is now significant, peaking at
over 6% for myopic players. This demonstrates that perceived damage creates a meaningful, non-negligible incentive
to cooperate. However, this incentive diminishes as players become more far-sighted.

Conversely, Panel 4c shows that the economic value of foresight itself is also substantial under catastrophic dam-
age. A non-cooperative player with a 75-year horizon is nearly 8% better off in utility terms than a myopic one
(5-year horizon). This shows that far-sighted, self-interested behavior is not only environmentally beneficial but also
economically rational.

Finally, reading these panels together reveals a sophisticated interaction. In the Catastrophic damage scenario, the
premium for explicit cooperation (Panel 4b) is highest when foresight is low, and it decays as the utility gains from
unilateral long-term planning (Panel 4c) increase. This leads to our second major finding: under conditions of severe
climate damage, sufficient strategic foresight can act as a partial substitute for explicit cooperation. The shared
threat becomes such an important coordinating device for far-sighted actors that it forces a convergence of selfish and
socially optimal behavior, doing some of the work that a formal treaty would otherwise have to do.

6.4. The Critical Role of the Terminal Horizon in a Catastrophic Damage World

Our analysis thus far has established that perceived damage amplifies the value of both cooperation and foresight
within a standard 2100 policy horizon. However, the physical impacts of 21st-century emissions will persist for
centuries. The choice of a 2100 end-date, while conventional, is therefore an arbitrary and potentially misleading
assumption. We now test how the economic incentives for cooperation and foresight change as we extend the terminal
horizon of the game itself (7') if agents are short-sighted: if they only want to maximize over Tepg < T steps.

To rigorously compare these scenarios, we generalize the metrics defined in Section 6.3 to account for the vari-
able duration of the game. Let Teng € {2050,2100,2150} denote the terminal year of the simulation. We define
WNE(T, Teng) and WSO(T, Teng) as the cumulative global welfare accumulated from 2020 up to Teng, given a recurring
planning horizon 7.

The Cooperation Premium for a specific terminal year is calculated as the relative welfare gain of the Social
Optimum over the Nash Equilibrium, accumulated over that specific duration:

WSO(T’ Tend) - WNE(T» Tend)
|WNE(T, Tend)|

Cooperation Premium(7T'; Teng) = x 100. (14)

Similarly, the Value of Foresight measures the private economic incentive to extend one’s planning horizon within a
game of fixed duration T.,q. It is defined as the percentage improvement in non-cooperative welfare relative to the
myopic baseline (T = 1, i.e., 5 years) calculated over the same duration:

WNE(Ta Tcnd) - WNE( 1 5 Tcnd)

Value of Foresight(T'; Teng) = |WNE(1 T )|
> Lend

x 100. (15)
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Figure 5 presents a critical result. We replicate the analysis from Figure 4 for the Catastrophic Damages world,
but for three different terminal game horizons: 2050, 2100, and 2150. The y-axis in both panels is on a logarithmic
scale to capture the full range of outcomes.
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Figure 5: Economic Incentives are Exponentially Sensitive to the Terminal Time Horizon. Both panels plot outcomes in the Catastrophic
Damages world for games ending in 2050, 2100, and 2150. Note the logarithmic scale on the y-axis. (a) The Cooperation Premium (percentage
gain of SO over NE) is negligible for a 2050 horizon, significant for 2100, and an order of magnitude larger for 2150. (b) Similarly, the private
economic value of long-term planning (normalized gain in NE utility) is close to zero for a 2050 horizon but becomes immense when the horizon
is extended to 2150.

The findings demonstrate that the economic stakes of climate policy are critically dependent on the time horizon
that policymakers are willing to consider.

Panel 5a shows the impact on the incentive to cooperate. If the game is assumed to end in 2050 (blue line), the
Cooperation Premium is near zero and even negative as the planning horizon increases: the shift occurs when the
planning horizon is 2060 (even if the utility functions are truncated at 2050). In such a truncated world, the worst
consequences of climate change are never realized, and the game strategically resembles the Marginal Damages
case. Extending the horizon to 2100 (orange line) reveals the significant premium discussed in our previous section.
However, extending the horizon further to 2150 (green line) causes the premium to increase by another order of
magnitude, starting at nearly 100% (a doubling of welfare) for myopic players (5-year horizon).

Panel 5b reveals an even more concerning effect on the private incentive for long-term planning. The economic
gains from foresight for a non-cooperative player are negligible with a 2050 horizon. With a 2100 horizon, they are
significant. But with a 2150 horizon, they become astronomical. For example, a self-interested player adopting a
30-year planning horizon (relative to a 5-year one) sees their utility increase by nearly 50%. This demonstrates that
unilateral, far-sighted climate action is not just an ethical choice but a natural, rational economic strategy, provided
the policymaker’s horizon is sufficiently long (75 years in this case).

This leads to our third major result: the standard practice of limiting climate-economic analysis at 2100 may cause
a systematic and severe underestimation of the true economic incentives for both international cooperation and
unilateral long-term planning. The “paradox of cooperation” is, in large part, an artifact of an artificially shortened
future. When the long-run, path-dependent nature of catastrophic climate damage is properly accounted for, the
economic case for ambitious climate policy becomes overwhelmingly strong.

6.5. The Game-Theoretic Superiority of the Receding Horizon Framework

Having established the critical importance of perceived economic damage and strategic foresight, we now address
a central question for policy design: which institutional framework is best suited to navigate this high-stakes envi-
ronment? We compare the three frameworks defined in our experimental design within the Catastrophic Damages
world: myopic One-stage, full-commitment Planning, and adaptive Receding Horizon. Figure 6 presents the results,
providing a clear hierarchy of policy effectiveness.
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Figure 6: The Perils of Myopia and the Superiority of an Adaptive Policy Framework. All simulations are conducted under the Catastrophic
damage function. (A) Projected global temperature variation for non-cooperative (NE, filled markers) and socially optimal (SO, open markers)
equilibria under the three policy concepts. (B) The corresponding individual emissions pathways for four key players/blocs. The disastrous
temperature outcomes of the One-shot concept are driven by the myopic, high-emission strategies of players like the USA and India. The Receding
Horizon framework consistently yields the best environmental outcomes.

The analysis reveals three major findings. First, the results show that myopic policymaking leads to disastrous
consequences. The One-shot trajectories (triangles) lead to catastrophically high warming, with the non-cooperative
One-shot NE exceeding 3.0°C. The Figure 6b panels reveal the mechanism: myopic players with high marginal
benefits from emitting (e.g., USA, India) have a dominant strategy to emit at or near their maximum capacity, as they
are blind to the devastating long-term consequences.

Second, the results confirm the value of strategic foresight. Both the Planning (pentagons) and Receding Horizon
(diamonds) frameworks, which incorporate long-term consequences, lead to outcomes in a much safer climate space
as illustrated in Figure 6a. The simple act of planning, even non-cooperatively, is sufficient to discipline players away
from the most reckless emissions strategies and to avoid the worst of the climate cliff (the part where the damage
function increases exponentially).

Third, and most critically for policy design, our findings reveal the structural superiority of the Receding
Horizon framework. In both the non-cooperative and cooperative cases, the Receding Horizon concept (diamonds)
yields a better end-of-century climate outcome than the static Planning concept as illustrated in Figure 6a. The fully
cooperative Receding SO path (open diamonds, dotted line) results in the lowest final temperature of any scenario.

The mechanism behind this superiority is revealed in the emissions pathways shown in Figure 6b. The static
Planning framework, while far-sighted, suffers from a critical flaw known as a terminal date effect. Because players
optimize only up to the year 2100, they treat damages beyond that date as having zero cost. This creates a perverse
incentive to defer abatement efforts toward the end of the planning period, as the long-run consequences of late-stage
emissions are not fully internalized. This behavior is evident in India’s Planning SO path, which is relatively flat
compared to the steep and continuous emissions decline incentivized by the adaptive Receding Horizon framework.

The Receding Horizon framework solves this problem through its process of periodic re-optimization. By con-
stantly extending the planning window into the future, it ensures that there is no final period where the long-term
consequences of emissions can be ignored. This provides incentives for a steady and sustained abatement path from
the outset, particularly for developing economies, and prevents the end-of-game strategic behavior that can undermine
static long-term plans.

This provides our final major result: institutional designs that encourage or require iterative re-commitment and
periodic updates to climate strategies are not merely politically pragmatic; they are game-theoretically superior for
achieving more ambitious environmental goals. The underlying principle of periodically reviewing and strengthening
commitments finds strong theoretical support in this strategic framework.
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6.6. From Aggregate Gains to Individual Incentives: A Pareto Analysis

Our analysis has established that cooperative and far-sighted frameworks are superior in aggregate terms. How-
ever, the stability of any agreement hinges on individual player incentives. To better understand this, we must disag-
gregate the results and examine the trade-offs facing each player. Figure 7 provides this disaggregated view, plotting
each player’s total utility against the resulting 2100 temperature outcome for the six key solution concepts, all within
the Catastrophic damage world.
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Figure 7: Individual Player Trade-offs Between Utility and Climate Outcomes. Each panel plots the total utility for a single player (y-axis)
against the projected 2100 temperature (x-axis) under the Catastrophic damage scenario. The scatter plot shows the space of possible outcomes,
with the color indicating the temperature. The six key equilibrium concepts are overlaid: NE (filled markers) and SO (open markers) for the One-
shot (triangle), Planning (pentagon), and Receding Horizon (diamond) frameworks. The figure reveals the heterogeneous nature of the Free-Rider
Problem, as the utility cost of achieving better climate outcomes varies significantly across players.

Each panel in the figure represents the strategic choice set for an individual player. The cloud of possible outcomes
demonstrates the fundamental trade-off: achieving better environmental outcomes (moving left to lower temperatures)
generally requires accepting a lower private utility. The equilibrium concepts represent key focal points within this
trade-off space. This disaggregated view yields two critical insights.

First, the analysis confirms the universal irrationality of myopic policy. For every player, the One-shot NE outcome
(solid black triangle) is in an unequivocally poor position: it results in the highest temperature and a suboptimal level
of utility compared to other non-cooperative strategies. Every player is better off by incorporating some degree of
foresight, even unilaterally.

Second, and more critically, the figure reveals the heterogeneous nature of the Free-Rider Problem by visualizing
the individual cost of cooperation. This can be seen by comparing the non-cooperative and cooperative outcomes
for the best-performing framework, the Receding Horizon (comparing the solid black diamond to the open white
diamond).

e For players like China, the USA, and the EU, the cooperative outcome (Receding SO) is actually positioned
higher or at the same level on the utility axis than the non-cooperative one (Receding NE) and performs better
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than the other solution concept. For these developed or major economies, the avoided catastrophic damages are
so valuable that they realize a net utility gain from full cooperation.

e For players like India, Russia, and All-Other-Countries, the story is starkly different. The Receding SO
outcome results in a significantly lower utility than the Receding NE and other solution concepts. For these
players, the strict abatement required by the Grand Coalition imposes a development cost that outweighs their
specific avoided damages. Their incentive to free-ride is therefore maximizing; they are rationally better off
in the non-cooperative planning equilibrium than in the social optimum. This result numerically confirms the
structural tension identified in Corollary 1: the Grand Coalition is not internally stable because specific key
players face a substantial private loss from joining.

Ultimately, this analysis provides a clear and sobering conclusion. While a shared perception of catastrophic
damage creates a large collective incentive to form the Grand Coalition, it does not guarantee its stability. The cost of
cooperation is not borne equally, and the Free-Rider Incentive persists. This confirms the foundational tension of IEA
theory: the most effective agreement (the Grand Coalition) is not stable.

7. Conclusion

This paper bridges the gap between the strategic abstraction of IEA literature and the geophysical complexity
of IJAM. By embedding a nonlinear, path-dependent climate module directly into the utility structure of a dynamic
open-loop game, we proved that the resulting interaction constitutes a state-transitive weighted potential game. This
theoretical contribution renders a complex system analytically tractable, guaranteeing the existence of a pure-strategy
open-loop Nash Equilibrium and providing sufficient conditions for its uniqueness. Our numerical analysis, calibrated
to real-world economic and geophysical data, yields three distinct insights into the incentives for climate cooperation.

First, we show that the “paradox of cooperation” is endogenous to the damage function. In a “Marginal Damages”
world, the free-rider incentive dominates, and the gains from cooperation are negligible. However, in a “Catastrophic
Damage” world characterized by tipping points, the strategic landscape shifts. The threat of nonlinear damages tames
non-cooperative players, significantly increasing the welfare gains from cooperation and making the formation of a
Grand Coalition a first-order economic priority.

Second, we demonstrate the crucial role of the planning horizon. We find that limiting analysis to the year 2100
creates a “tyranny of the terminal horizon” that systematically underestimates the economic case for action. Extend-
ing the horizon reveals that long-term foresight is not merely fair for future generations but individually rational.
Crucially, we find that under conditions of serious climatic damage, strategic foresight acts as a partial substitute for
coordination: as players extend their planning horizons, the NE converges significantly toward the SO, reducing the
cooperation premium.

Third, we establish the game-theoretic superiority of the adaptive framework. We compared a static “Full Com-
mitment” approach against an adaptive “Receding Horizon” one. The adaptive approach, which mimics the periodic
re-commitment structure of the Paris Agreement, consistently yields superior environmental outcomes. By continu-
ously pushing the planning window forward, the Receding Horizon framework eliminates the “terminal date effect”
where abatement incentives collapse at the end of a fixed plan.

Our analysis relies on an open-loop equilibrium concept, which assumes a capacity for commitment over the plan-
ning period. While this provides a necessary benchmark, future research should explore Feedback or Markov Perfect
Equilibria to capture the purely dynamical nature of political decision-making. Nevertheless, our results confirm that
when the physical reality of catastrophic damage is properly integrated into strategic models, the economic incentives
for both unilateral foresight and international cooperation are far stronger than standard models suggest.

Appendix A. The Simple Climate Model (SCM) in Detail

Appendix A.1. State-Space Representation

As stated in the main text, the geophysical model links emissions E; to the change in global mean atmospheric
temperature 6, . The system’s state is x; = (C;,6;). The dynamics are governed by two coupled linear state-space
models, which we present here for completeness.
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The carbon cycle dynamics are given by:

Ci1 = AcC, + beE,
C;ﬁl = dECt+l

+

(A.1)

where C; € R™ is the vector of carbon stocks, Ac is the m X m transition matrix, b € R™ is the emissions distribution
vector, and d¢ € R™ is a selection vector that extracts the atmospheric stock.
The temperature dynamics are driven by radiative forcing, F,;:

0111 = Agl; + boF 1y
9;“1 = d(;rotﬂ

+

(A.2)

where 6, € R™ is the vector of thermal reservoir temperatures, Ay is the m’ X m’ transition matrix, by € R™ maps
forcing into the thermal reservoirs, and dy € R™ selects the atmospheric temperature. Radiative forcing, F,,1, is given
by:

— C?j-l exo
Fi11 = Faxco, log, ol F (A.3)

t+1°
ref

where F7Y) is exogenous emission that are not decided by players taken as in REMIND model (see [74]).

Appendix A.2. Derivation of the Reduced-Form State Transition Functions
For use in the main text, we derive the one-step relationship between aggregate emissions E, and the resulting

1 at at
atmospheric carbon C?, | and temperature 67, .

Atmospheric Carbon Concentration. Substituting the first line of (A.1) into the second yields:

C'dl

t+1

= dg(ACCt +bcE) = (dEACCz) + (deC)Et-

This corresponds to the reduced-form equation in the main text, C%;,

= Y c(C;) + BcE;, where we define:
e Yyc(Cy) = dEACC,, representing the contribution from the prior carbon state.

e fBc = d[bc, representing the marginal contribution of current emissions.

Atmospheric Temperature. Substituting (A.3) into the first line of (A.2) and then substituting the result into the second
line gives:

ref

gat _ dT A0 bolF 1 C?‘t‘l Fexo
i+1 = @g | AeU: + Dy | ['2xCO, 108, C T

= (d] Ag, + dj boF}Y)) + (d bgF2xco,) 10g,(C ) — (d] byFaxco,) 108, (Crer)

t+1 1+1
Using the identity log,(x) = In(x)/ In(2) and grouping terms, we can write:

d; byFxco,

1n(Cref) 1[1(2)

7 byFasco,
o [dg Agl, + d] by -~ 20 +

+1 +1 ln(z)

} In(C* ).

This corresponds to the reduced-form equation in the main text, 9;&1 = Y(x;) + By In(C ;‘}rl), where we define:

o Yo(x,) = dgAé;()t + d;beF X0 = Bo In(Crer), representing the temperature evolution based on the prior thermal

state and exogenous forcing.

e By = (d] byF1xco,)/ In(2), representing the temperature sensitivity to atmospheric carbon concentration.
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Table A.2: Key Geophysical Model Parameters

Parameter Symbol  Value Unit
Pre-industrial CO, concentration  Cper 592.14 GtC
Forcing from CO, doubling Foxco, 3.7 W/m?
Carbon Cycle Model - Joos et al. (2013) -
Temperature Module - Geoffroy et al. (2013) -

Appendix A.3. SCM Parameterization

The numerical results presented in this paper are based on standard, well-vetted SCMs from the literature. Specif-
ically, the carbon cycle model is parameterized according to Joos et al. (2013), and the temperature module follows
Geoffroy et al. (2013). The specific values for the matrices and vectors are available in the authors’ publicly available
replication code. Key global parameters are listed in Table A.2.

Appendix B. Proofs for Section 4

Appendix B.1. Proof of Proposition 6: General Equilibrium KKT Conditions

Proof. By the definition of a Nash Equilibrium (Definition 2), the strategy vector a;, for any player n must be an
optimal solution to that player’s individual utility maximization problem, holding the strategies of all other players
a’, fixed. For each player n, this problem is:

T
maximize  Uy(ay,a’,) = > [Bu(an) = wuD(E2, (a5, )]

a,eAL -1

subjectto @, —ef*™* <0, VreT

n

e;“i“ —-a,; <0, VYieT.

Under Assumptions 1 and 2, the objective function is continuously differentiable, and the constraints define a convex
set. Therefore, the Karush-Kuhn-Tucker (KKT) conditions are necessary for optimality. We formulate the Lagrangian
for player n’s problem with non-negative multipliers 1,, and A, for the upper and lower bound constraints, respec-
tively:
L@, A, 4,) = Un(@n, @) + D Lu(€l™ =) + 3" A, (an = ™).
1=1 =
The KKT conditions require that at the optimum a;, the partial derivative of the Lagrangian with respect to each

choice variable a,, must be zero (stationarity), and the complementary slackness conditions must hold.
The stationarity condition for each 7 € 7 is:

5.1:”

0a,;

_au,

a* 0ay, ~ At /_lm =0

a*

We now evaluate the partial derivative of the utility function. An emission in period ¢, a,,, only affects the benefit
function in period ¢ and the damage function in periods s > ¢. Thus,

ou,
oa,,

aD(Odt*l)

Ba,,,

= Bll’l(a:;l) ~—Wn

.
a s=t

Let M,,(a”) denote the private marginal cost of emissions for player » at time ¢, defined as the summation term:

o ODE)

M(a*) = b
nt

s=t
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Substituting this into the stationarity equation yields condition (i) of the proposition:
By (ay,) = waMu(a*) + 4, = Ay = 0.
The complementary slackness conditions are standard and yield condition (ii):
A (@, —eM™ =0 and (e —al)=0

We derive the expression for M,,(a*) by applying the multivariable chain rule through the geophysical model.
The derivative of damages in a future period r > ¢ with respect to emissions at 7 is:

8D( al*l) — DI(Q&H )603}:1
Oay,

The term 96", /da,, represents the marginal effect of an emission pulse at time 7 on the atmospheric temperature at
a future time r. This temperature is affected by the entire history of forcing from ¢ to . The derivative is therefore a
sum over this history:

39?‘:1 _ 067, OF sy 6Csf1
(961,1, —t aFX.'_l 6CS+] aan[

The components of this derivative are the impulse response functions of the linear geophysical model and the deriva-
tive of the forcing equation:

e The effect of an emission pulse at ¢ on atmospheric carbon at s > t: ac&;;*l [O0ay; = dgAg’bC.

e The effect of atmospheric carbon on forcing at s: dF .1 /0C™, = Faxco,/ In(2)C2*

s+1 s+1°

o The effect of a forcing pulse at s on atmospheric temperature at r > s: aagfl JOF ¢ = dgA;_sbg.
Substituting these into the expression for M, (a*) = Y1 OD(0™)/da,,; gives:
9 _ Faxco _
Mo(a*) = Z; DO Z (dg A5 by) (m) (deAy ’bc)} .

The double summation is over the domain {(s,7) | t < r < T,t < s < r}. Changing the order of summation to the
equivalent domain {(s,7) | t < s < T, s < r < T} and rearranging terms yields the expression in the proposition:

D(gal*l) dTAr bbngxCOz T 7 s—t
Mu(a*) = Z Z( In(2) o ede bc)'

s=t r=s

Because these necessary conditions must hold for every player n € N and every time period ¢ € 7, the proof is
complete. O

Appendix B.2. Proof of Proposition 7: Equilibrium Ordering
Proof. The proof proceeds by contradiction. Assume that for some period ¢, the equilibrium ordering does not hold.
This implies there exist two players, n and k, such that their emissions are not co-ordered across the two equilibria,
1.e., ay; < ay and ay; > dy,.

From Proposition 6, any Nash Equilibrium must satisfy the KKT conditions. For any player j € A and any period
t, the stationarity condition is:

B},(aj,) - Wij;(a) + /—ljt - /ljt =0.

A crucial observation is that the private marginal cost term, M(a), is independent of the player index j because
emissions are a uniformly mixed pollutant (as noted in Section 2). We can therefore denote this common marginal
cost at equilibrium a by M;(a). Rearranging the stationarity condition, we have for any player j:

Bay)+A, -1
M(a) = Al A

Wj
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Since this must hold for both players n and k in both equilibria a and @, we can write:

Bi(@w) + A, — du _ Bilaw) + A, — A

B.1)
Wn Wi

B (Gne) + A, — At _ B () + Ay — Ak B.2)
Whn Wi

Our initial assumption about the ordering of actions allows us to simplify the Lagrange multipliers via the comple-
mentary slackness conditions.
e The condition a,,; < @, implies that a,, cannot be at the upper bound (a,, < e;***) and &,, cannot be at the lower
bound (&, > e;""). This requires 4,, = 0 and 4,, = 0.
o Similarly, the condition ay, > d, implies that a;, cannot be at the lower bound (ay, > e}("i") and ay; cannot be at

the upper bound (G, < e;"**). This requires 4,, = 0 and jkt =0.
Substituting these into Equations (B.1) and (B.2) yields:

By(aw) + A,  Bylaw) - A mlm@y@_&@ng

Wy Wi Whp Wi

Subtracting the second identity from the first gives:

B (@n) = B)(@w) + A, + A Bilaw) = By(aw) — u — 4,

Wy, Wik
We now analyze the sign of the numerators.

e On the left-hand side: Since B, is strictly concave, its derivative B, is strictly decreasing. Our assumption
Gp < G thus implies B)(an) > Bj(Gy). As the Lagrange multipliers are non-negative (4,, > 0, Ap 2 0), the
entire numerator is strictly positive.

e On the right-hand side: Similarly, since By is strictly concave, B is strictly decreasing. Our assumption az, > dj

implies B (ax) < By(Gx). As the Lagrange multipliers are non-negative, the terms A, and —Zkt are non-
positive. Therefore, the entire numerator is strictly negative.

The equality requires a strictly positive number to be equal to a strictly negative number, which is a contradiction.
Thus, our initial assumption must be false. It must be that if a,; < a,, for some player n, then a;, < a, forall k € N.
To prove the final statement on boundary conditions, assume ay; = dy, for some player k, where ay, is an interior

point: ay, € (e]‘:‘i“, ey ™). By complementary slackness, all of player k’s Lagrange multipliers must be zero: 4,, = A =

A, = A = 0. The two KKT equalities become:

Buaw) + 4y, _ Bila) B () = A Bian)
wy B Wk Wn B Wik

Since ay; = dy,, the right-hand sides are identical. Equating the left-hand sides and rearranging gives:
B;(“m) - B;(&nt) = _(4,,, + ;lnt)-

The left-hand side is strictly positive (as established before), while the right-hand side is non-positive. This is a
contradiction. Therefore, if ai, = dy,, the action must lie on a boundary, ay, € {e;'"", ¢,"**}. O
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Appendix B.3. Proof of Proposition 8 (Sufficient Conditions for a Unique NE)

The proposition states three independent sufficient conditions for the uniqueness of the Nash Equilibrium in the
one-stage game ['7. We prove that if any of these conditions hold, the existence of two distinct equilibria leads to a
contradiction.

Let a* and @* be two distinct pure-strategy Nash Equilibria. Since they are distinct, there must be a first time
period, let’s call it #p € {1,..., T}, where their action profiles differ. By definition, a; = a; for all ¢ < t, and a;‘O * &;‘0.
This implies that the state of the system is identical for both trajectories at the beginning of period #y, i.e., x;, = %;,.
Without loss of generality, we can assume that 7y = 1 by setting x; = x;,.

By Proposition 7 (Equilibrium Ordering), this implies that for all players k € N, a; < a;. Consequently, the
aggregate emissions are ordered: E* = ¥, a; < 3, &, = E*. This leads to ordered atmospheric carbon concentrations,
C* < C* and temperatures, 6°* < 6.

Both equilibria must satisfy the KKT conditions from Proposition 6. For player n, since a, < &, the complemen-
tary slackness conditions imply that EZ = 0 (as a,, is not at the upper bound) and 2; = 0 (as &, is not at the lower
bound). The first-order conditions for player n for each equilibrium are therefore:

B (a,) + 4, = w,M,(a) (B.3)
Bi(@}) ~ 1, = waM,(@") (B.4)
where for the one-stage game, the private marginal cost is M, (a) = D’(6*(a)) - Beb../C*(a).
Proof of (i): Rapidly Accelerating Damages. Subtracting (B.4) from (B.3) and rearranging yields:

Bi(a) - By@)+ A+, D) D@F)
ngé'bé - Catx Cat* :

By Assumption 1, B, is strictly concave, so B, is strictly decreasing. Since a,, < a;,, we have B, (a;) — B, (a,) > 0. As
the Lagrange multipliers are non-negative, the left-hand side of the equation is strictly positive. This implies:

Dr Hat* Dr éat* D/ éat* D/ Gat* D/ éat* C%at*
@) D@ _ D@ _Dem) @) _

0 < = = < f— .
Cat* Cat* Cat* Cat* DI (gal*) Cat*

This contradicts condition (i) of the proposition, which states D’(6**)/D’(#**) > C**/C**. Thus, two such distinct
equilibria cannot exist.

Proof of (ii): Rapidly Diminishing Benefits. Rearrange the KKT conditions in (B.3) and (B.4) and multiply by their
respective carbon concentrations:

B (a;)C™ = w,Beb.D' (") = A:C** and B (@;)C" = w,Beb.D'(6") + Zc”a‘*.
Subtracting the first equation from the second gives:
B;(Zl;)ém* _ B;(a;)cat* — W,,ﬂgbé(D’(éat*) _ Dr(gat*)) + (inéat* + iqcat*).

By Assumption 2, D is strictly convex, so D’ is strictly increasing. Since #** < 6**, we have D’(6**)—D’(6**) > 0.
The term involving the Lagrange multipliers is also strictly positive (as at least one of a;, or &;, must be interior for the
two equilibria to be distinct). Therefore, the right-hand side is strictly positive. This implies:

c - B (@)

/o~ %\ Avatx / * atx / * atx /(= atx
0 < BL@)C" = B(a)C"" = Bi(a)C" < B@)C" = = B

This contradicts condition (ii) of the proposition, which states B, (a:)/B,(a;) < C**/C**. Thus, two such distinct
equilibria cannot exist.
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Proof of (iii): Sufficiently Convex Damage Function. The existence of a Nash Equilibrium is equivalent to the exis-
tence of a maximizer of the potential function ¢(a) from (5). A unique Nash Equilibrium is guaranteed if ¢(a) has a
unique maximizer, which is true if ¢(a) is strictly concave in a. The potential function is:

o Bilay)
k(ak
pa)=> — D" (a)).
Wi
k=1
The first term, >,(By/wy), is strictly concave in a because each By is strictly concave by Assumption 1. Thus, ¢(a) is
strictly concave if the second term, —D(6*(a)), is concave in a. This requires the Hessian of —D(6"(a)) with respect to
a to be negative semi-definite. The (i, j)-th element of this Hessian is —4*D(6™)/da;0a ;. All these partial derivatives
are equal. Let us compute the second derivative with respect to a single action a,:

aD(Hat) 1Y /pat 612“ 1Y /pat @
Ga = D5 = D@ Ghc
FDE) _ 8 (D'EB) _ C - D' (6™)/da, — D' (6) - OC* /Dy,
02 "8a,\ = Bebo (cay?
_(Bc)Be Bo (Bc)?

at 17 ¢ nat /¢ pat _ 17 ¢ nat 7 pat
=" [C DO g~ D@ )] = oy [ 685 — D' (6")].
For —D(6™) to be concave, we require 0>(-D)/da? < 0, which is equivalent to 8?D/da? > 0. This condition holds if
D" (6*)Bs— D’ (6*) = 0, which is precisely condition (iii). Since the Hessian matrix of —D has this term on its diagonal
and off-diagonal, this condition is sufficient for its negative semi-definiteness, ensuring concavity. As the first part
of ¢ is strictly concave, the entire potential function is strictly concave, guaranteeing a unique maximizer and thus a

unique Nash Equilibrium. d

Appendix B.4. Proof of Proposition 9
The proposition states two independent sufficient conditions for the uniqueness of the Nash Equilibrium in the
planning game. We prove each condition separately.

Proof of (i): Strategic Substitutes. The proof proceeds in two main parts. First, we establish that the stated condition
on g,(E) ensures the game is submodular (i.e., has strategic substitutes). Second, we use this structural property to
prove that the equilibrium must be unique.

Establishing that the Game has Strategic Substitutes. A game has strategic substitutes if the marginal utility of any
player’s action is non-increasing in the actions of other players (or other actions of the same player at different
times). This is true if the cross-partial derivatives of the utility function are non-positive: 0%*U,|daydar; < 0 for
all (n, 1) # (k, s).

The utility for player nis U,(a) = ZTTZI B,(a,;) — w, ZTTZI D(Hiﬁrl ). The partial derivative with respect to a,, is:

ou,
Oay,

= B;,(ant) - Wan‘(a)7

where M,,(a) is the private marginal cost. Differentiating with respect to another action, gy, gives:

PUs _ OMu(a)

damdars " Oags
Since w,, > 0, the condition for strategic substitutes (0%U,,/dandars < 0) is equivalent to requiring OM,,(a)/days > 0.
The marginal cost is M, (a) = Z,T:, K, - g-(E(a)), where K, are positive constants from the geophysical model.
Its derivative with respect to ayy is:

My o 0g,(E) OE, o g, (E)
- K, - : = K, - .
Dag Z TOE,  dayy Z ' BE,

r=max(t,s) r=max(t,s)

The proposition’s condition is that g,(E) is non-decreasing in emissions E;, which means dg,(E)/0E; > 0. Since
K,; > 0, every term in the summation is non-negative. Therefore, M,,/day; > 0, which confirms the game has
strategic substitutes.
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Proving Uniqueness. Because the game has strategic substitutes and is played over a compact action space, the set of
Nash Equilibria is non-empty and forms a complete lattice. This guarantees the existence of a greatest equilibrium,
a™, and a least equilibrium, ™", with respect to the standard vector ordering. We prove uniqueness by showing that
these two equilibria must be the same.

Assume for contradiction that a™ # a By the definition of least and greatest equilibria, we must have
a™" < g™ component-wise (i.e., al‘g‘“ < ap™ for all k, 7). Since they are distinct, there must exist at least one pair
(n,t) for which the inequality is strict: @™ < am‘”‘.

This ordering of actions implies an ordering of aggregate emissions, carbon concentrations, and temperatures for
all periods s € {1,...,T}: EMn < Emax C* min Chlt WX and Hal’mi“ < ghmax,

s+1 = T+l
Both @™n and ama" must satlsfy the KKT condmons For the pair (n, 1), the condition a™™ < @™ implies (by

max

complementary slackness) that /lm = 0and A;)** = 0. The first-order conditions are:

Bi(am™) + A% = w, M,y(@™)  and  B@i™) =4, = waMu(@™™).

Subtracting the second equation from the first yields:
B (amm) _ (amaX) + /_lnmtin + /_lnmtax =w, (Mm(amin) _ Mm(amaX)> )

By Assumption 1, B, is strictly concave, so B/, is strictly decreasing. Since a™" < ™, the term B, (a™") — B/(a™
is strictly positive. As the Lagrange multipliers are non-negative, the left-hand side (LHS) is strictly positive. This
implies the right-hand side (RHS) must also be strictly positive:

Mo (@™™) — My (a™™) > 0. (B.5)

However, in the previous, we established that the condition on g¢(E) implies that the game has strategic substitutes,
meaning dM,,/days > 0 for all actions. This implies that the function M,,(a) is non-decreasing in all of its arguments.
Since ™" < @™ it must be that:

M (@™) < My (@™).

This is equivalent to M,,(a™") — M, (@™) < 0. This result contradicts (B.5), which established that the difference
must be strictly positive.

The contradiction implies our initial assumption was false. Therefore, a™" = a™*, and the Nash Equilibrium is
unique. O

Proof of (ii): Sufficiently Convex Damage Function. A unique Nash Equilibrium is guaranteed if the planning poten-
tial function, ®(a), is strictly concave in the full strategy vector a. The potential function is:

D(a;x)) = [Z > B (“’”)] - (Z D(6" l(a))]

t=1 n=1

The first component, the sum of weighted benefits, is strictly concave in a as it is a sum of strictly concave functions
of single variables (by Assumption 1).

Therefore, ®(a) is strictly concave if the second component, the total discounted damage — ZtT | D@62 (a)), is
concave in a. Since the sum of concave functions is concave, it is sufficient to show that each term D(Gat (@) is
concave in a for any given r € {1,...,T}.

The proof for the static case (Proposition 8, part (iii)) established that the function —D(#") is concave with respect
to the vector of single-period emissions a, if the condition D”(#*) > D’(6™)/By holds. This proof relied on the fact
that the temperature 6* is a concave function of aggregate emissions E, = 3, ay.

We can extend this logic directly. For any future period r, the temperature 6%, is a function of the history of
aggregate emissions (Ey,. .., E,). The mapping from the full strategy vector a to thls vector of aggregate emissions
is linear. The reasoning from the static case proof shows that if D" (6) > D’(6)/By, the function —D(Q“‘ ,) is a concave
function of the aggregate emission history. Since the composition of a concave function with a linear map is concave,
each term —D(G:“H(a)) is concave in the full strategy vector a.

Thus, the total damage component is a sum of concave functions and is therefore concave. As the benefit compo-
nent is strictly concave, the entire potential function ®(a) is strictly concave. A strictly concave function on a compact
convex set has a unique maximizer, which corresponds to the unique Pure-Strategy Nash Equilibrium. O
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Appendix C. Proofs for Section 5

Appendix C.1. Proof of Proposition 11

Proof. The proof demonstrates that at the socially optimal profile a5°, every player n has a unilateral incentive to
increase their emissions in every time period.

A defecting player n solves the following optimization problem, taking the other players’ cooperative actions a
as fixed:

SO

—-n

SO
max Uy(a,,aZ,).
a,eAl
To determine the direction of deviation from the cooperative strategy a>°, we analyze the gradient of player n’s utility
function with respect to their own strategy vector a,, evaluated at the social optimum a5°. The components of this
gradient, for each time period ¢t € 7, are:

ou,

oa = B:z(aztO) - Wnan(aSO)7
nt

a=as°

where M, (a5°) = Zf:, GD(H?EQSIO) /0a,, is the marginal physical damage path evaluated at the social optimum.
From the first-order condition for an interior social optimum (Proposition 10), we have:

N
B (ay)) = (Z wk] Mu(@®).
k=1

Substituting this into the gradient expression yields:

N
o= (Z Wk] M (@5°) = w, M, (a©) = [Z Wk] M, (@),

k=1 k#n

ou,
Oay,

Since wy > 0 for all k by definition, and the marginal damage term M,,(a5°) is strictly positive for an interior solution,
every component of the gradient is strictly positive:

ou,
6ant

>0 VteT.

a=a%0

This result shows that at the socially optimal point, player n can increase their total utility by marginally increasing
their emissions in any time period. O

Appendix C.2. Proof of Proposition 13

Proof. From Proposition 11, we know that for any player n, it is optimal for them to unilaterally increase their emis-
sions from the cooperative profile. To ensure that this incentive leads to a unique optimal defection a? that is strictly
greater than aﬁo, the defector’s objective function U, (a,, aﬁg) must be strictly concave in the choice variable a,,. The
defector’s utility is U,(a,, aE‘,?) = Zthl B.(a,) — wy, Z,Tzl D(G;‘frl(a,,, a§£,))). The benefit term is strictly concave in a,
by Assumption 1. The condition assumed in the proposition, D" (6) > D’(6)/py, is precisely the condition required to
ensure that the damage component, —w,, >, D(Gj‘frl ), is concave in a,, (as established in the proof of Proposition 9-(ii)).

Therefore, the defector’s problem is the maximization of a strictly concave function over a convex set. For such a
function, the fact that the gradient at point a3 is strictly positive in all components proves that the unique maximizer,

aP, must be component-wise strictly greater than a>° O

n -
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Appendix C

Résumé de la these en francais

C.1 De l'impératif sociétal au défi scientifique

Le vingt-et-unieme siecle traverse une phase décisive dans la lutte pour la stabilisation du cli-
mat terrestre. Alors que la température atmosphérique moyenne mondiale a déja augmenté de
plus de 1.3°C par rapport aux niveaux préindustriels, la question n’est plus de savoir si nous
dépasserons la limite des 2°C fixée par l’Accord de Paris, mais de combien nous la dépasserons.
Bien que '’humanité possede la compréhension scientifique et la capacité technologique néces-
saires pour amorcer une transition vers un avenir bas-carbone, les progres collectifs restent de
maniere alarmante insuffisants.

Cet écart grandissant entre ’'ambition et les résultats met en évidence que la décarbonation
ne peut se réduire a un défi technologique ou économique : il s’agit avant tout d’un probleme
socio-technique. La stagnation des politiques climatiques s’explique principalement par deux
obstacles majeurs :

(i) La compétition stratégique et économique : La stabilité climatique est un bien public
mondial. Le décalage entre les bénéfices collectifs et les cotits individuels encourage les
comportements de passager clandestin (free-riding), conduisant a la classique « tragédie
des biens communs ».

(ii) Les dynamiques socio-comportementales : Le succés des politiques climatiques dépend
de l'acceptation sociale. Or, nos sociétés font face a une forte inertie comportementale et &
une polarisation croissante, exacerbée par la structure des réseaux d’influence (chambres
d’écho, désinformation).

Pour comprendre ces blocages, il est nécessaire de dépasser les modeles purement de-
scriptifs pour aller vers une compréhension mécaniste. Cette thése vise a combler les lacunes
existantes entre les modeles climato-économiques (IAMs), la théorie des jeux et les modeles de
dynamiques d’opinion. L'objectif est de construire une synthése intégrant les choix stratégiques,
les dynamiques non-linéaires d’influence sociale et les rétroactions d'un environnement en co-
évolution.

C.2 Un parcours de recherche en trois étapes
L'analyse de ce systeme socio-environnemental complexe a été structurée en un programme
de recherche en trois étapes, allant d’une approche macroscopique a une analyse fine des

dynamiques non-linéaires sur les réseaux.
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C.2.1 Interactions stratégiques et théorie des jeux

La premiére étape logique de nos travaux s’est attachée a formaliser la dimension stratégique
de la décarbonation a I’échelle des nations. La question fondamentale qui a guidé cette phase
était de déterminer s'il est possible de modéliser les prises de décision stratégiques des Etats
en matiere de politique climatique sous forme de jeu, afin de comprendre les conditions
d’émergence d’accords climatiques stables et auto-réalisables (sans intervention extérieure).
Pour y répondre, nous nous sommes appuyés sur le paradigme de la théorie des jeux, qui offre
un cadre mathématique pour analyser les interactions entre plusieurs agents décisionnels via
I'optimisation de fonctions d’utilité et la recherche d’équilibres de Nash.

Etat de I’art : une fracture disciplinaire. La littérature en modélisation des politiques cli-
matiques s’est historiquement développée sur deux voies paralléles. D'une part, les Modéles
d’Evaluation Intégrée (IAMs), initiés par les travaux de Nordhaus (modele DICE [17, 18]), of-
frent une vision systémique couplant économie et climat. Bien qu’'indispensables pour 1’analyse
de scénarios, leur complexité en fait souvent des “boites noires”, par ailleurs limitées par des
modules climatiques initiaux simplifiés et des fonctions de dommages empiriquement fragiles
et trés sensibles au taux d’actualisation [9, 10, 34].

D’autre part, la théorie des jeux environnementale a privilégié une approche analytique
pure [11-13]. Le modéle canonique représente 1'utilité d’un agent comme un compromis entre
les bénéfices de ses propres émissions et les dommages résultant de la somme des émissions
mondiales. Si cette formulation abstraite permet d’obtenir des résultats mathématiques élé-
gants, elle fait I'impasse sur la complexité géophysique (dynamiques non linéaires, inertie
climatique). Cette abstraction a conduit a des conclusions théoriquement pessimistes, tel que
le fameux “paradoxe de la coalition” [40], et a creusé un fossé entre la pureté analytique et la
validation empirique.

Notre premiére contribution majeure consiste en une réponse directe a cette divergence, en
réintégrant un modéle climatique dynamique au sein d"un cadre théorique des jeux mathéma-
tiquement traitable.

La construction d’un jeu socio-environnemental. Cette recherche s’est articulée autour de
plusieurs étapes de complexification progressive, menées en collaboration avec le Dr. Bouchra
Mroué :

— Réintégration de la physique du climat : Nous avons remplacé la fonction de dommages
abstraite classique par des dommages dépendant de la température atmosphérique globale
(9AT), issue d’un modele climatique dynamique (SCM) couplé ([27-29]). Le résultat théorique
central de cette formulation est la preuve que ce jeu constitue un jeu de potentiel pondéré.
Cette propriété topologique est centrale : elle garantit 1’existence d’équilibres de Nash purs et
permet une recherche numérique efficace via la dynamique de meilleure réponse, évitant la
présence d"une boite noire.

— Dérivation de solutions analytiques : Dans un second temps, nous avons spécialisé ce
modele pour des fonctions de bénéfices et de dommages quadratiques. Cette étape a permis
d’obtenir une expression analytique pour 'équilibre de Nash pur et unique. Cela a rendu les
prédictions du modeéle explicites, démontrant quantitativement comment la perception de la
sévérité des dommages climatiques modifie directement les choix stratégiques des nations.

— Mimétisme et réseaux mondiaux: Les politiques climatiques n’évoluant pas en vase clos,
nous avons enrichi le modele en y intégrant un terme d’imitation, transformant 1'interaction
en un jeu sur réseau. Nous avons pu prouver formellement qu'une topologie de réseau plus
connectée (un monde globalisé) conduit systématiquement a des températures d’équilibre plus
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basses qu'un monde fragmenté en blocs concurrents, soulignant le role primordial de la diplo-
matie internationale et son devoir d’inclusion de tous les pays.

— Planification et adaptation (L'horizon glissant) : Enfin, nous avons étendu ’analyse
myopique a la prise de décision sur un horizon temporel. Nous avons prouvé que la structure
de jeu de potentiel est préservée dans un jeu de planification multi-étapes, et mis en évidence
une propriété d’ordonnancement (supermodularité) des équilibres. Sur le plan politique, nos
simulations révelent que les fonctions de dommages quadratiques standard sont beaucoup trop
optimistes pour induire la coopération nécessaire aux objectifs climatiques ; des dommages non-
linéaires plus séveéres sont requis. De plus, nous avons démontré que les politiques adaptatives
basées sur une stratégie d"horizon glissant (receding horizon) générent des issues climatiques et
des températures d’équilibre nettement inférieures aux engagements statiques a boucle ouverte.

Transition vers la dynamique des systéemes complexes. Si cette étude par la théorie des
jeux nous a fourni un cadre pour identifier les points d’équilibre stratégiquement stables (les
équilibres de Nash) et quantifier I'impact des leviers politiques, une limite fondamentale est
apparue. L'analyse des états stationnaires ne permet pas de capturer la dynamique temporelle du
comportement collectif en lui-méme.

Elle reste opaque sur le comportement transitoire et ne peut expliquer I'émergence de
phénomenes hors équilibre tels que les oscillations de 1'opinion publique ou les basculements
soudains de consensus politique. Cette prise de conscience a motivé un pivot conceptuel dans
notre recherche : passer de 1’analyse des choix stratégiques statiques a celle de 1’évolution
dynamique des opinions couplées a un environnement en co-évolution, marquant ainsi le
début de la seconde phase de nos travaux.

C.2.2 Co-évolution Opinion-Environnement

Face aux limites inhérentes a 1’analyse des équilibres de Nash, il est apparu important d’adopter
une nouvelle perspective pour capturer 1’évolution temporelle conjointe des opinions sociétales
et de 'environnement. La question centrale de cette deuxieme étape est alors devenue : que se
passe-t-il lorsque I'on couple explicitement les dynamiques sociales de formation d’opinion avec un état
environnemental qui co-évolue ?

= = = =
g g g 8
t t t t

(a) Consensus (b) Cons. oscillant (c) Polarisation (d) Pol. oscillante

Figure C.1: Comportements dynamiques observés du systeme couplé.

Pour y répondre, nous avons opéré une synthese entre deux domaines : les systémes
dynamiques non linéaires (pour les concepts de stabilité, d’attracteurs et de bifurcations) et la
dynamique des opinions (pour modéliser 1’évolution des croyances sur des réseaux sociaux).
Cette approche nous a permis d’observer quatre comportements dynamiques fondamentaux
du systeme Couplé : un consensus constant, un consensus oscillant, une polarisation constante,
et une polarisation oscillante (voir Figure C.1).
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Etat de l’art: L'essor des modéles socio-environnementaux couplés. Bien que l'idée d'une
co-évolution entre société et environnement ne soit pas nouvelle, sa modélisation analytique a
connu une accélération spectaculaire ces dernieres années, suivant trois grands paradigmes :

— Les jeux évolutifs et 1'éco-évolution : Initiée par des travaux en biologie mathématique
[47, 48], cette branche a introduit la notion de "tragédie des communs oscillante", démontrant
que la boucle de rétroaction peut générer des cycles auto-entretenus, ultérieurement explorés
via la théorie des jeux a champ moyen ou la théorie du controle [49, 51].

— L’approche épidémiologique : Utilisant des modeéles compartimentaux (ex. SIR), cette
approche traite la propagation des comportements ou des rumeurs (comme le déni climatique)
comme une contagion sociale [55, 56]. Son principal défaut réside dans1'utilisation de catégories
comportementales discrétes (ex. croyant / sceptique), peinant a capturer le spectre continu et
nuancé des opinions humaines.

— Les modeles multi-agents (ABM) : Issus de la physique sociale, ils simulent des régles
individuelles avec une forte hétérogénéité d’agents [59, 60]. S’ils sont excellents sur le plan
descriptif (par exemple pour modéliser I'impact du déni climatique [61, 62]), leur complexité
entraine souvent une perte de tragabilité analytique : ils montrent gue le phénomene se produit,
mais peinent a prouver mathématiquement pourquoi.

Le manque identifié : Au début de nos recherches, il manquait un cadre de modélisation
capable de synthétiser les forces de ces approches. Il y avait un besoin pour un modeéle fondé
sur une représentation continue de I’état d’opinion, tout en étant suffisamment structuré pour
permettre une étude analytique rigoureuse (via la théorie des bifurcations), sans sombrer dans
l'intractabilité des simulations non traitables.

Nos contributions : Dévoiler les mécanismes des comportements dynamiques. Pour
combler ce manque, nous avons développé et analysé un modele couplé :

— Exploration initiale en temps discret (Modéle CODA couplé) : Nous avons d’abord
couplé un modele d’opinion continue a actions discretes (CODA) avec une dynamique envi-
ronnementale (ex. la qualité de l'air ou le climat). Notre principale découverte fut que le
comportement du systéeme dépend de la "force de couplage" 3, c’est-a-dire la confiance ac-
cordée au signal environnemental. Si 3 est faible, le réseau s’auto-organise en clusters polarisés
classiques et robustes. Mais au-dela d'un seuil critique (5 > 0.5), ces équilibres sont détruits
: le systéme entre dans un nouveau régime caractérisé par des oscillations persistantes (cycles
limites) voire par un comportement chaotique. Cette étape a prouvé conceptuellement que la
boucle de rétroaction altére fondamentalement la nature du systeme.

— Analyse approfondie et réduction dimensionnelle : En poussant I'analyse de ce sys-
teme discret, nous avons pu établir I'invariance en avant de la variété de synchronisation
(I’espace ou tous les agents partagent la méme opinion). En prouvant que les trajectoires dé-
marrant sur cette variété y restent, nous avons pu réduire mathématiquement un probléme
complexe a N-dimensions a un systeme traitable a 2 dimensions (une opinion collective et un
état environnemental), et dresser une cartographie systématique des espaces de parametres.

— Temps continu et Théorie des bifurcations : Pour fournir une explication purement
mécaniste, nous sommes passés a un modéle en temps continu. En utilisant le parameétre
de confiance § comme parametre de contrdle, nous avons pu prouver mathématiquement
I'existence de deux transitions critiques :

(i) Une bifurcation fourche (Pitchfork bifurcation), qui marque le point oli un consensus unifié
perd sa stabilité et se scinde en deux états polarisés distincts, expliquant mécanistiquement
I"émergence d’une bistabilité sociétale.
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(ii) Une bifurcation de Hopf, ou1 un équilibre stable cede la place a un cycle limite oscillant.
C’est la preuve mathématique de l'origine des cycles d’attention publique, d’action et
d’inaction climatique observés dans la société.

Bilan et transition vers 1’étape finale. Cette deuxieme phase a marqué un tournant critique
dans notre étude. Elle a permis de dépasser les équilibres statiques et de prouver rigoureuse-
ment, via la caractérisation de bifurcations, non seulement ce qui se produit lors du couplage
opinion-environnement, mais aussi pourquoi et quand les phénomenes d’oscillations et de polar-
isation apparaissent.

Cependant, une limitation demeurait : pour rendre cette analyse de bifurcation mathéma-
tiquement traitable, nous avons di 1'étudier sur la variété de synchronisation (o1 tous les agents
finissent par s’accorder). Cette simplification laisse des questions cruciales en suspens : que se
passe-t-il dans un vaste réseau hétérogeéne o1l les agents ne se synchronisent pas complétement ? Com-
ment les clusters polarisés se forment-ils, maintiennent-ils leur cohérence et interagissent-ils face a des
signaux non linéaires ? Pour y répondre, une étude approfondie des propriétés topologiques
intrinséques des modeles de dynamique d’opinion était nécessaire, ouvrant ainsi la voie a la
troisiéme phase de notre recherche durant cette thése.

C.3 Troisiéme étape : Les mécanismes de la polarisation

La découverte des dynamiques complexes lors de 1'étape précédente a rendu impérative une
caractérisation analytique rigoureuse. Si nous avions compris comment le couplage engendre
des oscillations ou du chaos, il nous manquait une compréhension formelle des mécanismes
régissant les transitions pures entre le consensus et la polarisation (I’axe horizontal de notre
diagramme de phase). Cette troisieme étape, qui constitue le cceur mathématique du manuscrit,
répond a la question suivante : Comment la topologie du réseau et la non-linéarité des communications
dictent-elles la fragmentation ou I'unification d’une société ?

Etat de I’art succinct.” Historiquement, les modeéles fondateurs de la dynamique d’opinion
(comme le modeéle de DeGroot ou la dynamique Laplacienne [70, 71]) sont linéaires et prédisent
inévitablement un consensus global sur un réseau connexe. Pour expliquer la polarisation
observée dans la réalité, la littérature a di introduire des mécanismes de rupture : I’entétement
des agents (modeéles de Friedkin-Johnsen [83]), la confiance bornée (modéles de Krause [87]),
ou les interactions antagonistes (graphes signés introduit par Altafini [90]).

Nos travaux s’inscrivent dans une quatriéme voie, plus récente : 1'influence basée sur la
perception et I’action. Dans ce paradigme (qui inclut les approches par fonctions sigmoides
[92, 96, 126] ou les modeéles a actions discretes (CODA) [67, 101]), l'influence ne s’exerce pas
directement via 1’'opinion interne continue de 1’agent, mais via un signal (une action publique,
un vote) qui transforme cette opinion. C’est cette contrainte communicative qui devient la
source mathématique du désaccord.

C.3.1 Le modele COSA et la topologie de I’espace d’état (Chapitre 3)

Pour modéliser ce phénomene, nous avons développé le modele (COSA) (Continuous Opinion
Signaled Action), un cadre polyvalent qui généralise les modeles existants (notamment (CODA))
en autorisant une large classe de fonctions de communication non-linéaires. L'opinion interne

7 Un état de I'art plus détaillé est fournis dans la partie en anglais de cette these.
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continue d'un agent i, notée x; € [—1, 1], évolue selon :

bi(t) = 1 3 ais(as(0) — (1) (&)

' EN;

L’analyse dynamique et topologique de ce systéme nous a permis d’établir plusieurs propriétés
fondamentales :

— Coopérativité et absence de chaos: Enl’absence de rétroaction environnementale externe,
le systeme (COSA) est intrinsequement coopératif (son flux préserve l'ordre). Cette pro-
priété garantit que presque toutes les trajectoires convergent vers un ensemble d’équilibres,
excluant de facto les comportements oscillatoires ou chaotiques transitoires propres a
I'Etape 2.

— Structure globale de 1’espace d’état : Nous avons prouvé que 'hypercube global X' =
[—1, 1] est partitionné en sous-hypercubes positivement invariants. Fait remarquable, les
frontieres de ces hypercubes sont strictement définies par les points fixes instables de la
fonction scalaire 1D s(z). Ce résultat permet de localiser les trajectoires et de caractériser
les bassins d’attraction dans un espace en grande dimension en se basant uniquement sur
les propriétés de la fonction de signal.

C.3.2 Géométrie naturelle et seuil exact de synchronisation (Chapitre 4)

Sous quelles conditions le réseau parvient-il inévitablement a un consensus total, gommant
ainsi toutes les conditions initiales ? L'obstacle mathématique a cette démonstration résidait
dans la non-symétrie de 1'opérateur d’interaction (la matrice d’adjacence normalisée par les
degrés D1 A).

Pour le surmonter, nous avons introduit une géométrie naturelle pour le systéme, basée sur
un produit scalaire pondéré par les degrés : (u,v)p = u' Dv. Sous cette métrique, l'opérateur
redevient auto-adjoint, permettant une analyse de Lyapunov.

Ceci a conduit au résultat central de ce chapitre : la dérivation d'un seuil exact pour la
synchronisation globale. Le systéme converge vers un consensus si et seulement si :

KAy_1 <1 (C.2)

Cette équation offre une interprétation sociologique tres claire. Elle met en balance :
— An—1 (la seconde plus grande valeur propre de la matrice d’itération), qui quantifie la
force de cohésion structurelle dictée par la topologie du réseau.
— K (la constante de Lipschitz maximale du signal s(x)), qui représente le potentiel de
division inhérent a la psychologie des agents et a la non-linéarité de la communication.

C.3.3 Théorie structurelle des clusters et robustesse (Chapitre 5)

Lorsque la condition de synchronisation échoue (K Ay_; > 1), le systeme se fragmente et con-
verge vers des Equﬂibres Non-Totalement Synchronisés (NFSE), c’est-a-dire vers la polarisation.
Nous avons analysé la structure de ce désaccord selon deux paradigmes :

(i) Clusters parfaits et réduction de modéle : Nous avons démontré que la formation
de clusters parfaits (ot les agents d'un méme groupe atteignent un accord numérique exact)
n'est pas un comportement générique. Elle est strictement conditionnée par des symétries
topologiques du graphe, spécifiquement l'existence d'une partition réguliére (ou partition
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équitable). Sous cette condition, le modeéle peut étre réduit exactement a un systéme quotient
de dimension inférieure. Surtout, nous avons pu découpler mathématiquement la stabilité de
ces clusters en deux conditions nécessaires et suffisantes indépendantes : la stabilité du quotient
(qui régit la dynamique macroscopique inter-clusters) et la stabilité transversale (qui assure la
cohésion microscopique intra-cluster).

(ii) Clusters imparfaits et Stabilité Entrée-Etat (ISS) : Les réseaux réels étant généralement
dépourvus de symétries parfaites, nous avons développé un cadre novateur pour analyser la
synchronisation locale approximée. En mobilisant les outils de la Stabilité Entrée-Etat (ISS) issus
de la théorie du controle robuste, nous avons pu quantifier la résilience des clusters. Nous avons
prouvé que le désaccord interne d"un cluster reste borné de maniére robuste face aux influences
du reste du réseau. Plus spécifiquement, I’analyse ISS révele que ce n’est pas la force absolue de
I'influence externe qui détruit un cluster, mais sa variance. Des signaux externes contradictoires
vont fragmenter un groupe, tandis qu’une influence méme extréme mais uniforme maintiendra
sa cohésion interne, éclairant sous un angle mathématique la robustesse des chambres d’écho.

C.4 Conclusion générale

Cette thése offre une boites a outils mathématique pour comprendre pourquoi et comment
I'action collective, notamment face au changement climatique, peut échouer ou réussir. Le
modele (COSA), a travers l’analyse de Lyapunov en géométrie pondérée et I'approche ISS,
démontre que la polarisation et la fragmentation sociale ne sont pas de simples anomalies
comportementales, mais les résultats prévisibles et structurés de I'interaction entre la topologie
d’un réseau de communication et les biais non-linéaires de ses acteurs. Ces résultats théoriques
ouvrent de nouvelles perspectives, tant pour I'ingénierie du controéle des systémes multi-agents
que pour le design des politiques publiques environnementales.
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Résumé

Cette thése modélise et analyse des systemes socio-environnementaux complexes, une dé-
marche motivée par 1'urgence de 1’action collective face au changement climatique. L'approche
adoptée est multi-échelle (au sens spatial), allant du niveau stratégique macroscopique lors
des négociations climatiques au niveau microscopique des dynamiques d’opinion individu-
elles. La thése s’articule en trois axes principaux. Premierement, la théorie des jeux est ap-
pliquée a la modélisation des négociations climatiques. Deuxiémement, 1’étude du couplage
entre la dynamique d’opinion et I’état de I’environnement révele I'émergence de bifurcations
et d’oscillations. Troisiemement, ce manuscrit se concentre sur l'analyse des dynamiques
d’opinion sur des réseaux d’influence a travers le modéle que nous proposons : Continuous
Opinion Signaled Action (COSA). Ce modele capture des interactions non-linéaires ot les agents
communiquent via une fonction de signal. Nous démontrons les propriétés fondamentales du
systéme en liant son analyse a celle d’un systeme unidimensionnel (Chapitre 3). Nous établis-
sons les conditions de synchronisation complete et mettons en évidence un seuil spectral qui
lie la topologie du réseau a la fonction de signal (Chapitre 4). Au-dela de ce seuil, nous carac-
térisons la formation de clusters d’opinion, que nous distinguons en deux catégories : parfaits et
imparfaits. La synchronisation locale parfaite est conditionnée par des symétries structurelles
du réseau. En l’absence de telles symétries, nous introduisons une nouvelle définition pour les
clusters, dits imparfaits, et démontrons leur stabilité entrée-état face aux perturbations du reste
du réseau (Chapitre 5).

Mots-clés : Dynamique d’opinion, Théorie des jeux, Théorie du contrdle, Changement
climatique, Systemes non-linéaires, Synchronisation, Formation de clusters (Clustering).

Abstract

This thesis models and analyzes complex socio-environmental systems, a research driven
by the urgency of collective action in the face of climate change. The study is based on a multi-
scale approach (in a spatial sense), progressing from a strategic macroscopic analysis of choices
in climate negotiations to a microscopic analysis of individual opinion dynamics. The thesis
is structured around three main axes. First, game theory is applied to model international
climate negotiations. Second, the study of the coupling between opinion dynamics and the
state of the environment reveals the emergence of bifurcations and oscillations. Third, this
manuscript focuses on the analysis of opinion dynamics on influence networks through the
model we introduce: the Continuous Opinion Signaled Action (COSA) model. This model captures
nonlinear interactions where agents communicate via a signal function. We demonstrate the
fundamental properties of the system by linking its analysis to that of a one-dimensional system
(Chapter 3). We establish the conditions for full synchronization and identify a spectral threshold
that connects the network topology to the signal function (Chapter 4). Beyond this threshold,
we characterize the formation of opinion clusters, which we classify into two categories: perfect
and imperfect. Perfect local synchronization is conditioned by structural symmetries of the
network. In the absence of such symmetries, we introduce a new definition for imperfect
clusters and demonstrate their input-to-state stability with respect to perturbations from the
rest of the network (Chapter 5).

Keywords: Opinion dynamics, Game theory, Control theory, Climate change, Nonlinear
systems, Synchronization, Clustering.
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